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Blocks & Units Introduction

The present SLM on Decision Theory and Bayesian Analysis consists of eleven units
with three blocks.

The Block - 1 — Basic Elements and Bayes Rules, is the first block, which is divided

into three units, and deals with the fundamentals of decision theory.

The Unit - 1 — Introduction to Decision Theory & Bayesian Analysis, is the first
unit of present self-learning material, which describes some basic concepts, along with their

importance and scope with suitable examples.

In Unit — 2 — Basic Elements, is mainly emphasising on the basic elements of

decision theory to create a conceptual clarity.

In Unit — 3 — Bayes and Minimax Rules, focuses mainly on a comparative study of
Bayes and minimax rules, with a goal to make the real-world usefulness of these rules clear

to learners.

In Unit — 4 — Bayesian Interval Estimation, is being introduced the interval
estimation from Bayesian perspective. Also, this unit compares the same with the classical

approach.

The Block - 2 — Optimality of Decision Rules is the second block with four units, and
focuses on equipping the learner with the knowledge about the optimality criteria for decision

rules in Bayesian framework.

In Unit — 5 — Admissibility and Completeness, discusses the concept and criteria for
admissibility and completeness of decision rules. The object of this exercise is to give the

learner a sight to ensure the goodness of decisions.

In Unit — 6 — Minimaxity and Multiple decision Problem has been introducing the
problem of minimaxity, and the problem of making the decisions out of different available

options.
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Unit — 7 — Bayesian Decision Theory explores the decision theory in a Bayesian

manner. So this unit discusses different aspects from a Bayesian perspective.

Unit — 8 — Bayesian Inference dealt with the problem of inference in Bayesian

Scenario.
The Block - 3 — Bayesian Analysis has three units. This block comprises

Unit — 9 — Prior and Posterior Distributions, focuses on giving an insight about the
prior and posterior distribution to the learner. After this one will find oneself ready to choose

a suitable prior necessary for performing the Bayesian analysis.

In Unit — 10 — Bayesian Inference Procedures, discussed the inferential procedures
in addition to Unit-8 of Block-2.

Unit — 11 — Bayesian Robustness, discussed the concept of Bayesian robustness and
focuses on explaining how this concept helps the Bayesians to ensure the firmness of their

decisions. Furthermore, this unit discusses the MCMC methods for Bayesian calculations.

At the end of every block/unit the summary, self-assessment questions and further

readings are given.
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Block & Units Introduction

The present block of this SLM consists of three units.

The Block - 1 —Basic Elements and Bayes Rules, is the first block, which is divided
into three units,

The Unit - 1 — Introduction to Decision Theory & Bayesian Analysis, is the first unit of
present self-learning material, which describes some basic concepts, along with their

importance and scope with suitable examples.

In Unit — 2 —Basic Elements, the main emphasis is given to the basic elements of
Bayesian theory

The Unit — 3 —Bayes and Minimax Rules, is focusing mainly on related rules.

In Unit — 4 — Bayesian Interval Estimation, is being introduced the interval
estimation in Bayesian context.

At the end of every block/unit the summary, self-assessment questions and further
readings are given.
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UNIT - 1: INTRODUCTION TO DECISION THEORY &
BAYESIAN ANALYSIS

Structure

1.1 Introduction

1.2 Objectives

1.3 Various Aspects of Decision Making

1.4 Bayes theorem and Bayesian Data Analysis
1.5  Self- Assessment Exercise

1.6 Summary

1.7 Further Reading

1.1 Introduction

The world is full of uncertainty and making a good decision in this uncertainty has
always been a challenge for the decision makers. This Unit explores a bit about a few most
popular and broader classes of decision policies and their basis.

Decision theory is the study of how decisions are being made by individuals and
groups. Understanding how good decisions are made in various situations is important to
their respective professional fields such as mathematics, statistical analysis, psychology,
philosophy, scientific research, politics, economics, marketing and many more, wherever
decisions are being made. At its core, the decision theory is the study of individual’s logic
and the thought processes on decisions. This can aid in researchers and business
professionals' understanding of consumers that how and why they make certain selections.
For example, some decision-making models can help businesses predict what products
consumers may choose based on which may pose more utility for an individual.

Hence, Decision theory i.e. the theory of rational choice is a branch of probability and
all related fields like economics, marketing, politics, social sciences, psychology, and analytic
philosophy that uses the tools of expected utility and probability to model how individuals
should behave rationally under the  situations of  uncertainty. It differs from
the cognitive and behavioral sciences in that it is prescriptive and concerned with
identifying optimal decisions for a rational agent, rather than describing how people really do

make decisions. Despite this, the field is extremely important to the study of real human
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behavior by social scientists, as it lays the foundations for the rational agent models used
to mathematically model and analyze individuals in fields such

as sociology, economics, criminology, cognitive science, and political science.

1.2 Objectives

After studying this unit, you should be able to

e Concept of decision theory as a subject

e Explain types of decisions.

e (lassify the decision problems from the perspective of a statistician.
e Define various decision policies of importance.

e Describe Bayesian criteria for decision making.

1.3  Various Aspects of Decision Making

Our life is full of uncertainty and hence our decisions are always depending on our
experience. In order to make better decisions we always try to take help of more and more
information. Consider an example where the game being played only has a maximum of two
possible moves per player each turn. Then, obvious policy of a player will be of maximizing
the benefits, and the moves of the opponent will aim to minimize the gains of the first player.
Thus, the decision-making process 3 considers all the possible observations or information.
And hence it involves the making of a decision to a categorical proposition, intended to
achieve goals.

Statistical decision theory and Bayesian analysis are related at several levels. First,
they are both needed to solve real decision problems, each embodying a description of one of
the key elements of a decision problem. At a deeper level, Bayesian analysis and decision
theory provide unified outlooks towards statistics; they give a foundational framework for
thinking about statistics and for evaluating proposed statistical methods. The relationships
(both conceptual and mathematical) between Bayesian analysis and statistical decision theory
are so strong that it is somewhat unnatural to learn one without the other. Nevertheless, major
portions of each have developed separately. On the Bayesian side, there is an extensively
developed Bayesian theory of statistical inference (both subjective and objective versions).

This theory recognizes the importance of viewing statistical analysis conditionally (i.e.,
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treating observed data as known rather than unknown), even when no loss function is to be
incorporated into the analysis. There is also a well-developed (frequentist) decision theory,
which avoids formal utilization of prior distributions and seeks to provide a foundation for
frequentist statistical theory. The central thread of this material will be Bayesian decision
theory.

Bayesian analysis and, especially, decision theory also have split personalities about
their practical orientation. Both can be discussed at a very practical level, and yet they also
contain some of the most difficult and elegant theoretical developments in statistics. This
self-learning material contains a fair amount of material of each type. There is extensive
discussion on how to actually do Bayesian decision theory and Bayesian inference, including
how to construct prior distributions and loss functions, as well as how to utilize them. At the
other extreme, introductions are given to some of the beautiful theoretical developments in
these areas.

Decision theory, as its name implies, is concerned with the problem of making good
decisions and Statistical decision theory is particularly concerned with the making of good
decisions in the presence of statistical knowledge which sheds light on some of the factors
responsible for uncertainties involved in the decision problem. In this regard the reader
should be aware of some of the decision-making approaches being used by the decision
makers.

The optimistic approach would be the one that evaluates each decision alternative in
terms of the best payoff that can occur. The decision alternative that is recommended is the
one that provides the best possible payoff. For a problem in which maximum profit is desired,
the optimistic approach would lead the decision maker to choose the alternative
corresponding to the largest profit. For problems involving minimization, this approach leads
to choosing the alternative with the smallest payoff. Similarly, the conservative approach
evaluates each decision alternative in terms of the worst payoff that can occur. The decision
alternative recommended is the one that provides the best of the worst possible payoffs. For a
problem in which the output measure is profit, the conservative approach would lead the
decision maker to choose the alternative that maximizes the minimum possible profit that
could be obtained. For problems involving minimization, this approach identifies the
alternative that will minimize the maximum payoff. Another one is, minimax regret

approach to decision making where one would choose the decision alternative that
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minimizes the maximum state of regret that could occur over all possible states of nature.
This approach is neither purely optimistic nor purely conservative.

As an example, consider a situation of a soft drink company deciding whether or not
to market a new flavor. Two of the many parameters affecting its decision are the proportion
of people for which the new flavor will prove effective (say 01), and the proportion of the
market the new flavor will capture (say 02). Both of these will be generally unknown, though
typically on ground experiments can be conducted to obtain statistical information about both
of them. This problem is one of decision theory in that here the ultimate purpose is to decide
whether or not to market the new flavor, how much to market, what price to charge, what
color should be used, what size of packing be launched, etc.

Classical statistics is focused towards the use of sample information (the observations
received after the statistical investigation) in making inferences about unknown parameters.
Such classical inferences are, for most of the part, made without regard to the use to which
they are to be put. On the other hand, in decision theory, an attempt is to be made to combine
the sample information with other relevant aspects of the problem in order to make the best
decision. In addition to the sample information received after the statistical investigation, two
other types of information are also typically relevant. The first one is the knowledge of
various possible consequences of the decisions. Often this knowledge can be quantified by
considering the risk involved or more specifically by determining the loss that would be
incurred for each possible decision and for the various possible values of 0. (Statisticians
seem to be pessimistic creatures who think in terms of losses. Decision theorists in economics
and business talk instead in terms of gains (utility). As our orientation will be mainly
statistical, we will use the loss function terminology. Note that a gain is just a negative loss,
so there is no real difference between the two approaches.)

The incorporation of a loss function into statistical analysis was first studied
extensively by Abraham Wald; see Wald (1950), which also reviews earlier work in decision
theory. In the soft drink example, the losses involved in deciding whether or not to market the
product will be complicated functions of 0), and many other factors. A somewhat simpler
situation to consider is that of estimating 0), for use, say, in an advertising campaign. The loss
in underestimating 0) arises from making the product appear worse than it really is (adversely
affecting sales), while the loss in overestimating 8) would be based on the risks of possible
penalties for misleading advertising. The second source of non-sample information that is

useful to consider is called prior information. This is information about 0 arising from
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sources other than the statistical investigation. Generally, prior information comes from past
experience about similar situations involving similar 0. In the product example, for instance,
there is probably a great deal of information available about 0) from different but similar pain
relievers.

In literature, decision theory has been broadly classified as follows:

Normative decision theory, which is concerned with identification of optimal
decisions where optimality is often determined by considering an ideal situation i.e. the
decision maker is able to calculate the risks with perfect accuracy and is in some sense
fully rational. The practical application of this prescriptive approach (how people ought
to make decisions) is called decision analysis and is aimed at finding tools, methodologies,
and software (decision support systems) where risks are well-known in advance to help
people make better decisions.

Descriptive decision theory is concerned with describing observed behaviors with
some scope of variability often under the assumption that those making decisions are
behaving under some consistent rules. Like these rules may, for instance, have stochastic
transitivity axioms type an axiomatic framework or a procedural framework (like Amos
Tversky's elimination by aspects model), or reconciling the Von Neumann-Morgenstern
axioms with behavioral violations of the expected utility hypothesis, or they may explicitly
give a functional form for inconsistent (with respect to some independent factor like
time) utility functions (e.g. Laibson's quasi-hyperbolic discounting).

Prescriptive decision theory is concerned with predictions about behavior that positive
decision theory produces to allow for further tests of the kind of decision-making that occurs
in practice. In recent decades, there has also been increasing interest in "behavioral decision
theory", contributing to a re-evaluation of what useful decision-making requires.

In statistics we refer to another approach (sometimes treated as modern approach),
based on prior information, and observations as well as the assessment of the risk associated
with each decision, called the Bayesian Decision Making. This approach, unlike the
classical decision theory which uses minimax type approaches, makes use of the Bayesian

procedures and the famous Bayes’ theorem.
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1.4 Bayes’ Theorem and Bayesian Statistics

Bayes' Theorem is named after the Reverend Thomas Bayes, a statistician and

philosopher of 18th century. Bayes used conditional probability to provide an algorithm that
uses evidence to calculate limits on an unknown parameter. We know that for any two
disjoint events A and B, the conditional probability is defined as P(A | B) = P(BNA)/P(B)
provided P(B)>0 and if E;, E», E3 ,... are mutually disjoint events each with non-zero
probability of occurrence, then using Bayes' theorem for is stated mathematically as:
Bayes Theorem: Let an event A occur only if one of the hypotheses say Ei, Ez, E3,... Ey is
true. If the prior probabilities of these hypotheses are respectively P(E1), P(E2), P (E3) ...,
P(E.). The conditional probabilities P(A | Ei), P(A|E2), P(A|Es),..., P(A|En) are also
known. The posterior P(E; | A), =1, 2,...,n is given by

P(Ei | A)=P(A | E)P(E)/[Yi-12,...n P(A | E)P(E})]

provided at least one P(E;)>0, i=1, 2,...n.
Proof: We have
P(AE))=P(A | E)P(E;) = P(E; | A)P(A)

Hence,
P(E:i | A)=P(A | E))P(E)/P(A)
Now,
P(A) = Yic12....n P(AE) = Yic12....n P(A | E)P(E)
Thus,
P(Ei | A)=P(A | E)P(E)/[Yi-12....n P(A | E)P(E))]. (QED)

Thus, this theorem enables the user to move backward in the light of presently
available observations and the prior information about the unknown parameter. The whole
theory of Bayesian Statistics is based on this fundamental theorem.

Bayesian Statistics is a theory in statistics based on the Bayesian interpretation of
probability i.e. probability expresses some degree of belief in an event. This degree of belief
may be based on prior knowledge about the event, obtained as the results of previous

experiments, or on personal beliefs (called subjectivity) about the event.

AN EXTENSION OF BAYES THEOREM
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Another use of this theorem is in computing the probabilities of some future event that
depends on some current event which further depends on n mutually exclusive events such

that at least any one of them certainly occurs.

Bayes Theorem for Future Events: Consider a future event C such that the P(C | A) is the
probability of materialization of some future event C, given the probabilities P(C, A N Ey),
P(C, AN Ey),...,P(C, AN E,)is given by

P(C|A)=[Yi=12... P(C | AN E)P(A|E)PE)/[Ti=12...0 P(A | E)P(E)]
Proof: We know that event C occurs after A which further depends on events E;, i =1, 2,...,
n.
Thus,
P(C|A)=Yi12...P(CNEi | A)
=Yi12..0P(C |ANE)P(Ei |A)
= [Yic12,..0. P(C| A N En) P(A | Ei) P(E))/[Yi=12....n P(A | Ei)P(E})]

Hence the theorem.

MISCELLANEOUS EXAMPLES
Example 1. A bag contains 3 black(B) and 4 red (R) balls. Two balls are drawn at random
one at a time without replacement. What is the probability that the first ball selected is black

if the second ball is known to be red.

Solution: Let B; be the event of the first ball being black (BB, BR).
Let B> be the event of the first ball being red i.e. (RB,RR).

Let A be the event of second ball being red 1.e. (BR,RR).

We are to find P(B; | A).

Now see that A can happen with By or Bz i.e.
A=(AN BN (AN By

P(ANB1) =P(B)) P(A | By)

X

=2/7,

~ | w
|
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Similarly,

4 3 2
P(ANB.) = P(By) P(A | By) = - X —=:

2 2 4
P(A)=P(ANB) + P(ANBy) = —+— =~

So, the required Probability i.e. P(B1 | A) = P(A | B1)/P(A)

_2/7 1

47 2

Example 2. There are 4 bags, each containing 6 white balls and 3 black balls, and 3 bags
each containing 2 white 4 black balls. A black ball is drawn, what is the chance for it coming

from the first group?

Solution: Here, 4+3 i.e. 7 bags out of which 4 belong to the first group and 3 to the second
group. Hence, P1=4/7, P,=3/7.

If a bag is selected from the first group the chance of drawing a black ball is 3/9 i.e.

1/3. If it is drawing n from the second group, chance is 4/6 1.e. 2/3.
Thus p1=1/3 ,p2=2/3
Required probability = p1P1/(p1P1+p2P2)

= (1/3)(@&/T)/{(1/3)(4/T)+(2/3)(3/7)}

= (2/5).

Example 3. There are 3 bags and they contain 2 white and 3 black balls; 4 white and 1 black
ball respectively. The Probability of selecting each bag is same. A bag is selected at random

and a ball is drowned from it. (i) Find the chance that a white ball is drown.
(11) If it 1s known that the ball is white, what is the probability that it came from second bag?

Solution: Let A be the required event of getting one white ball and let Bi=1 23 be the events of

selecting the i™ bag. So,

P(B1) = The probability that the first bag is selected =1/3
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Similarly, P(B2) = P(B3) = 1/3.
P(A | B>) = The probability that a white ball is drawn while first bag is selected
=2C1/°C1=2/5.
Similarly, P(A | B2) =3/5, and P(A | B3) =4/5.
(1) P(A)= The probability that white ball is drawn from any of the bags
=Yi-123 P(Bi) P(A | B)
=P(B1)P(A | Bi)+ P(B2)P(A | B2)+P(B3)P(A | B3)

1 2+1><3+1><4
:_x_ — — — —
3 5 3 5 3 5

3

(i)  P(B2|A)=P(B2NA)P(A)
= P(B2)P(A | B2)/P(A)
= P(B2)P(A | B2)/{ =123 P(Bi) P(A | Bi)}

(1/3x3/5)

2
X_HoX_Hox

Example 4. There three boxes containing respectively 1 white, 2 red, 3 black balls; 2 white, 3
red, 1 black ball and 3 white, 1 red, 2 black balls. A box is chosen at random and from it two
balls are drawn at random. The two balls are one red and one white. What is the probability

that they come from the (a) first box, (b) second box, (¢) third box?

Solution: Let A be the event of getting two balls one red and one white and left B1, B2, B3 be

the events of being first box, second box and third box.

P(B1) = the probability that the first box is selected = 1/3
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P (B:) = the probability that the second box is selected=1/3
P(B3) = the probability that the third box is selected = 1/3

P(A | B1) = the probability that two balls one red and one white are coming from first box

2
=1C1x2C1/°Cr= —

15
.. 2
Similarly, P(A | By) = <
1
and P(A | B3) =2

Now, probability that the first box is selected and two balls are one red and one white
i.e. P(Bi | A)
By Bayes Theorem we get,

(P(B1) X P(4 / B1))
(P(B1) XP(A / B1) + P(B2) X P(A/ B2) + P(B3) x P(A [ B3))

P(Bi|A)=

(1/3 x 2/15) 2

T (1/3x2/15+1/3 x2/5+1/3x1/5) 11

Similarly, P(Bz | A) =

(P(B2) X P(A/B2))
(P(B1) x P(A/ B1) + P(B2) X P(A/B2) + P(B3) X P(A/B3))

(1/3 % 2/5) 6
 (1/3x2/15+1/3x2/5+1/3 x1/5) 11

And, P(Bs | A) =

(P(B3) X P(A/B3))
(P(B1) x P(A/ B1) + P(B2) X P(A/B2) + P(B3) X P(A/B3))

~ (1/3 x 1/5) 3
C(1/3x2/15+1/3 x2/5 +1/3 x1/5) 11
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Remark: Obviously the sum of 2/11, 6/11, and 3/11 is unity.

Example 5. The probability that a person can hit a target is 3/5 and the probability that
another person can hit the same target is 2/5 But the first person can fire & shoots in the time
and the second persons fires 10 shoots. They fire together. What is the probability that the

second person shoots the target.

Solution: Let A denote the event of shooting the target and B1 denote the event that the first

person shoots the target and B2 denote the event that the first person shoots the target.
Thus, P(B1 | A) is the probability that the first person shoots the target.

Now, with the given data we have,

P(A | Bi) = 3/5 and P(A | B2) =2/5.

The ratio of the shoots of the first person to those of the second person in the time is 8/10 i.e.

4/5.
Thus, we have,

P(B1) = (4/5) P(B2)
Then, by Bayes Theorem,
P(B:|A)=

(P(B2) X P(A/B2))
(P(B1) x P(A/ B1) + P(B2) X P(A/B2) + P(B3) X P(A/B3))

. P(B2).5)
G).P(BZ}.G)+P(BZ).(§)

—_— 1 —_—
6/5+1 11

Example 6. A bag contains 10 balls, either black or white, but it is not known how many of
each. A ball is then drawn at random and is found white, what is the probability that the bag

contains at least 5 white balls alternately?
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Solution: The number of white balls may be 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 i.e. there are ten

possible outcomes
Let Ai=12.....10 be the event that the number of white balls is i.
P(Aj) = pi, where i=1,2,34,....... 10.
Let B represent the event of drawing a white ball, then
P(B|A;)=i/10
1

and P(A; NB) = P(B | Ai) P(Ai) = 0P
Thus, the probability of i white balls originally is
pai|B)= P (%) = P(4;nB) (5)

B P(B)

10
= P(A; NBY (23;_1 P(A; N B))
= ((/10)*pi)/(Xi=1.2.....10(1/10*pi))

= p)/(Ti2y L * ;)

So, the required probability = ( L 5 L*p;)( L 1 L *P;)

=45/55=9/11 (if we take pi=1/10 for each 1).

Example 7. There are three similar coins, one of which is ideal and other two are biased. The
chances of head are respectively 1/3 and 2/3. A coin is selected at random and tossed twice. If

head occurs both times. Find the probability that the ideal coin was selected.

Solution: Let A be the event of getting head by tossing the selected coins twice. Also, let B,

B», and B3 be the events of selecting first (say ideal), second and third coin, respectively.
If the coin is tossed once then the probability of getting head = 1/2

The probability that the first coin is selected =P (B1) = 1/3

Similarly, P(B2) = P(B3) = 1/3.
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P(A | B1) = The probability when first coin is selected and head occurs in both tosses =1/2
x1/2 =1/4

Similarly, P(A | B2) =1/3x1/3=1/9 and P(A | B3)=2/3 x2/3=4/9
Thus, the required probability i.e. P(B1 | A)
=P(B1) P(A|B)/ (X P(By) = P(A/B;))

_ (P(B1)P(A/B1))
" (P(B1)+P(A/B1)+P(B2)+P(A/B2)+P(B3)P(A/B3))

i | =
w | | e

s
i

= | =
L | =
o |
L

—1/4/(1/4+1/9+(4/9)

=1/4%36/29=9/29.

1.5  Self- Assessment Exercise

1. Discuss about various real-world situations and decision policies used by the decision

makers.

2. State Bayes theorem and explain how it helps in decision making.

1.6 Summary

In our day-to-day life we come across a number of decision-making situations. And
there we take a decision that suits most to our objectives. Different situations and logics
affect our decisions. In section 1.3, some of the most popular situations have been discussed.
Section 1.4 explains the basis of such a policy in Bayesian sense followed by a few exercises,

summary of the unit and a list of suggested readings.

1.7  Further Reading

e Berger, J.O. (1985). Statistical Decision Theory-Fundamental concepts and methods,
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MScSTAT/MASTAT-301(N)/19



Dekking, Frederik Michel; Kraaikamp, Cornelis; Lopuhad, Hendrik Paul; Meester,
Ludolf Erwin (2005). "A Modern Introduction to Probability and Statistics". Springer
Texts in Statistics.

Ferguson, T.S. (1967). Mathematical Statistics- A decision theoretic approach,

Academic press.

Fisher, R.A. (1956) Statistical Methods and Scientific Inference. Oliver and Boyd,
Edinburgh.

Leonard, T. and Hsu, J.S.J. (1999) Bayesian Methods, Cambridge University Press.

Lindley, D.V. (1965). Introduction to probability and statistical inference from

Bayesian view point, Cambridge university press.

Mazhdrakov, M.; Benov, D.; Valkanov, N. (2018). The Monte Carlo Method.
Engineering Applications. ACMO Academic Press.

Robert, C.P. (1994). The Bayesian Choice: A Decision Theoretic Motivation,
Springer.

Robert, C.P. and Casella, G. (2004) Monte Carlo Statistical Methods, Springer
Verlag.

MScSTAT/MASTAT-301(N)/20



UNIT-2: BASIC ELEMENTS

Structure
2.1 Introduction
2.2 Objectives
2.3 Decision Theoretic Problem as a Game Problem and Basic Elements
2.3.1 Game Theory and Decision Theory
232 Decision Function and Risk Function
233 Randomization
2.4  Optimal Decision Rules
2.5  Unbiasedness
2.6 Invariance Ordering
2.7  Self- Assessment Exercise
2.8 Summary
2.9  Further Reading
2.1 Introduction

Decision Theory is the study of the reasoning underlying any decision. Statistical
Decision theory may be considered as the theory of making decisions in the presence of
statistical knowledge. In fact, all the problems of statistical inference i.e. of point estimation
to testing of statistical hypothesis, may be looked upon as problem of making decisions in the
face of uncertainty. In section 2.3, we shall consider a game problem to make the decision
theoretic problem and related concepts clear. Section 2.4 discusses the concept of optimality
of decision rules. Next in section 2.5 the concept of unbiasedness is covered in detail. Section
2.6, discusses the concept of invariance ordering followed by some exercises on these topics,

summary of the unit and suggested readings.

Before moving ahead, some concepts should be made very much clear to the reader.
The first element of the decision problem that the reader should be known, is the alternative
forms or values that may be assumed by the particular characteristic, say 0, under study. In

decision theory, the set of all possible values of this characteristic 0 is usually denoted by ©,
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is termed as the space of the possible states of nature. The next element that the reader should
know is the decision space 9D i.e. the set of all possible decisions d (or actions) relevant to the

problem under study.

Now in taking the decision d when 0 is the true state of nature, the decision maker
may or may not make some error. In any case, the amount of this error is treated as the loss
incurred (with respect to decision d, when the true state of nature is 0). Thus, this loss may be
denoted by L(0, d). This is called the loss function and this function L is depending upon 0
and d. This is the third element of any decision problem. In particular cases, this loss incurred

may be 0, otherwise it is a non-negative valued function.

Fourth element that the reader should know is the observable random variables that
provide a basis for making decision. It may be assumed that there are a few random variables
X1, Xo,..., Xn whose joint distribution is specified by the parameter/s 0, Fg being their joint
distribution function. To make some decision on some problem, we take a set of observations
on the random variables say x1, X2, ..., Xn and decision that seems appropriate in the light of

these observations is then taken.

2.2 Objectives

After studying this unit, you should be able to

e Explain the basic decision theoretic terms

Explain the decision problem as a game problem

e Explain the decision problem from the perspective of a statistician
e Define various components and topics of importance

e Describe Bayes and minimax criteria

e Describe the admissibility of decision rules

e Describe the invariance ordering

2.3 Decision Theoretic Problem as a Game Problem and Basic Elements

Suppose, you want to buy a new mobile phone. How do you decide which one is best
for you and from where to buy it? That is a decision problem. Now suppose that you have,

anyhow finalized the mobile you are willing to have.
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Then, Decision Theory is the study of the reasoning underlying this decision. It is
closely related to the well-known theory of games. In this chapter, firstly a decision problem
has been explained as a game problem. Then it is explained from the perspective of a
statistician. Various elements/components along with some other topics of importance have
also been defined in this section. Next this chapter is focused on Bayes and minimax criteria

and their description.

2.3.1 Game Theory and Decision Theory:

Basic Elements: the elements of decision theory are similar to those of the theory of

games. In particular, decision theory may be considered as the theory of two-person game, in
which nature takes the role of one of the players. The so-called normal form of a zero-sum

two-person game, henceforth to be referred to as a game, consists of three basic elements:

1. A non-empty set, ®, of possible states of nature, sometimes referred to as the
parameter space.
2. A non-empty set, a, of action available to the statistician.

3. Aloss function, L (6, a), a real-valued function defined on ® X a.

A game in mathematical sense is just such a triplet (®, a, L), and any such triplet

defines a game, which is interpreted as follows.

Nature choose a point 0 in ®, and the statistician, without being informed of the
choice nature has made, chooses an action a in a. as a consequence of these two choices, the
statistician loses an amount L (6, a). [the function L (6, a) may take negative values. A
negative loss may be interpreted as a gain, but throughout this book L (0, a) represented the
loss to the statistician if he takes action a when 0 is the * true state of nature’’.] Simple

through this definition may be, its scope is quite broad, as the following example illustrated.

Example2.1: Odd or Even: two contestants simultaneously put up either one or two

fingers. One of the players, call him player I, wins if the sum of the digits showing is odd,
and the other player, player II, wins if the sum of the digits showing is even. The winner in all

cases receives in dollars the sum of the digits showing, this being paid to him by the loser.

To create a triplet (O, a, L), out of this game we give player I the label ‘’nature’” and

the player II the label “’statistician’’. Each of these players has two possible choices, so that
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O= {1, 2} =a, in which ’1”” and 2’ stands for the decision to put up one and two fingers,

respectively. The loss function is given by the table 1.1.
Thus L (1, 1) =-2

Table 2.1

L(,2)=3,L(2,1)=3and L (2, 2) =-4 it is quite clear that this is a game in the
sense described in the first paragraph. This example is discussed later, in which it is shown
that one of the players has a distinct advantage over the other. Can you tell which one it is?

Which player would you rather be?

Example 2.2: Consider the game (0, a, L) in which® = (6,6, ), a =(a;,a,) and the loss

function L is given by the table 1.2:

(Table 2.2)
‘Statistician’
| aj a
‘Nature’ 6,| 4 1
g, -3 0

In game theory, in which the player choosing a point from © i assumed to me
intelligent and his winnings in the game are given by the function L (loss function of the

statistician or gain function of the nature), the only “’rational’’ choice for him isf1 . No matter

what his opponent does, he will gain more if he chooses 8, than if he choosesf, .thus it is
clear that the statistician should choose action a, instead of actiona, , for he will lose only

one instead of four. This is the only reasonable things for him to do.
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Now, suppose that the function L does not reflect the winning of nature or that nature
chooses a state without any clear objective in mind. Then we can no longer state categorically

that the statistician should choose actiona,if nature happens to chooses &, , the statistician

will prefer take action a; .

2.3.2 Decision Function & Risk Function

To give a mathematical structure to this process of information gathering, we suppose
that statistician before making a decision is allowed to look at the observed value of a random
variable or vector, X, whose distribution depends on the true state of nature, 6. The sample

space denoted as yis taken to be (a Borel subset of) a finite dimensional Euclidean space, and
the probability distributions of X are supposed to be defined on the Borel subsets, § of .
thus, for each 0 € O there is a probability measure Pgdefined on P, a corresponding
cumulative distribution function Fy(x/8) which represents the distribution function of X
when 0 is the true state of the nature (the parameter)

A statistical decision problem or a statistical game is a game (©, a, L) coupled with an

experiment involving a random variable X whose distribution Padepends on the state 6€0O

chosen by nature.

On the basis of the outcome of the experiment X=x (x is the observed value of X), the

statistician chooses an action d(x)e a .such a function d, which maps the sample space X in to
a, 1s an elementary strategy for the statistician in this situation .The loss is now the random
quantity L (6, d(x)).The expected value of L (0, d(x)) when 0 is the true state of nature is
called the risk function.

RO,d)=E{L(6,dC))} ... 2.1)

and represented the average loss to the statistician when the true state of nature 6 and the

statistician used the function d.

Definition 2.1: Any function d(x) that maps the sample space X in to a, is called a non-
randomized decision rule or a non-randomized decision function, provided the risk function
R (0, d) exists and is finite for all Be®. The class of all non-randomized decision rules is

denoted by D.
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R(9,d) =EgL(6,d(x)) = [L(6,d(x))dPy (x)............... (2.2)

With such an understanding, D consists of those functions d for which L(ﬁ- d(x}) is for
each 0e® a Lebesgue integrable function of x. In particular, D contains all simple functions.
On the other hand, the expectation in (2.2) may be taken as the Riemann or the Riemann-

Stieltjes integral.
R(0,d) = EgL(6,d(x)) = [ L(6.d(x)))dE, (x/0)......... 2.2)

In that case D would contain only functions d for whichL(8,d(x)) is for each ge@

Example 2.1: the game of “’odd or even’’ may be extended to a statistical decision problem.
Suppose that before the game is played the player called ’the statistician’’ is allowed to ask
the player called “’nature’’ how many fingers he intends to put up and that nature must
answer truthfully with probability 3/4. The statistician therefore observes a random variable

X (the answer nature gives) taking the value 1 or 2. If 0=1 is the true state of nature

_ x=2] . - [x
=1-F_,". Similarly, Py

;1] =1/4=1- Pg[izz] . There are exactly four
possible functions from x = {1,2} in to, a = {1,2}. There are the four decision rules,
d;(1)=1d,(2) =1 ;
dy(1) =1d,(2) =2 ;
dz(1) =2d3(2) =1 ;
dy(1) =2d,(2) =2
Rules d;and dignore the value of X, rule d, reflects the belief of the statistician that

the nature is telling the truth, and ruled;, that nature is not telling the truth. The risk Table

(2.1) is given as:

(Table 2.1)
D
d, d, d dy
1 —2 —3/4 7/4| 3
C 2 3 —-9/4 5/4 —4 <R(0,d)

MScSTAT/MASTAT-301(N)/26



It is a custom, which we steadfastly observe, that the choice of a decision function

should depend only on the risk function R(8, d) and no other wise on the distribution of the
random variable L(S. d(X )).

Notice that the original game (®, a, L) has been replaced by a new game (®, D, R), in
which the space D and the function R have an underlying structure, depending on a, L, and

the distribution of X, whose expectation must be the main objective of decision theory.

A “’classical’’ mathematical statistics consists three important categories:

1. a Consists of two points,a = {a;,a, }: decision theoretic problems in which a

consists of exactly two points are called problem of testing hypothesis.

Consider the special case in which ©® is the real line and suppose that the loss

function for some fixed number 8, given by the formulas:

L,if6 > 6,
L, a,) = {o ifo < 6,

and

0 iff > 6,
L(8, az) :{ Liff < 6,

Where [, and [, are positive numbers. Here we would like to take action
a, iff = 0, and action a, iff = 0,.the space D of decision rule consists of those functions
d from the sample space in {al as } with the property that Pa[d(x) = a, ] is well-defined

for all values of 6e®. The risk function in this case is ,
R(6,d) = EL(8,d(x))

=1, Pgld(x) = a, ]if6 > 6,

=1L, Pyld(x) =a, liff <6,

In this case probabilities of making two types of error are involved. Forf > @,
,Pgld(x) = a, ] is the probability of making the error of taking action a, when we should

take action a,and O is the true state of nature. Similarly, for
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< BpPgld(x) =a, ] =1 — Pyld(x) = @, ], is the probability of making the error of taking

action a, when we should take action a@; and 0 is the true state of nature.

2. a Consists of k points, {a, ,a; , ... ... a}, k = 3. these decision theoretic problems are

called multiple decision problems. For an example an experimenter is to judge which of

treatments has a greater yield on the basis of an experiment.

He may (a) decide treatment 1 is better, (b) decide treatment 2 is better, or (c) withhold

judgment until more data are available. In this exp. k=3

3. a Consists of a real ling, a = (—o0, 00).

such decision theoretic problems are referred to in a board sense as point estimation of a real
parameter. Consider the special case in which ©® is also a real line and suppose that the loss

function is given by the formula,
L(B,a) =c(0@ —a)? ,

Where, c is some positive constant. A decision function d, in this case a real-valued
function defined on a sample space, may be considered as an “’estimate’’ of the true unknown
state of nature 0. It is the statistician desire to choose the function d to minimize the risk

function.
R(6,d) = EL(8,d(x))

= CEQ(E — d(x})2 ,

The criterion arrived here is that of choosing an estimate with a small mean squared

error in some sense.

2.33 Randomization

It is often useful to recognize explicitly that in any decision problem, the statistician
may wish to choose a decision from D by means of an auxiliary randomization procedure of
some short, such as by tossing a coin. In other words, the statistician may wish to make a

mixed or randomized decision & by assigning probabilities py, ps, ... ... to the elements
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dy,ds, ...... of decisions from D and then one of the decisions 6 on the basis of these

probabilities is chosen.

More generally, a randomized decision for the statistician in a game (®, a, L) is a

probability distribution over a (it is understood that a fixed o-field of subsets of acontaining
the individual points of ais given). If P is probability distribution over a and Z is a random
variable taking values is a.whose distribution is given by P, the expected or average loss in

the use of randomized decision P is,

L(O,P) = EL(6,Z) eeeeeeeeeeen... 3.1)

Provided it exists. This formula is to be regarded as an extension of the domain of

definition of the function L(8, *) froma to the sample space of randomized decisions, for each
element a ea may, and shall, be regarded as the probability distribution degenerate at a ,that

is, the distribution giving probability one to point a. the space of randomized decisions, P, for
which L(8, P) exists and is finite for all 6 € © is denoted by a” .

With this definition, the game (®,a*, L) is to be considered as the game (0, a, L) in
which the statistician is allowed randomization. a”c¢ contains all the probability distributions
giving mass one to a finite number of points ofa.

By analogy, we may extend the game (®, D, R) to (®, D*, R) whereD" is a space
containing probability distribution over D. if & denotes a probability distribution over D, R(0

,0) is defined analogously to (3.1) as,
R(0,8) =ER(B,Z) ......cenen.... (3.2)

Where Z is a random variable taking values in D, whose distribution is given by 6.

Definition: 3.1: Any probability distribution 6 on the space of non-randomized
function, D, is called a randomized decision function or a randomized decision rule, provided
the risk function (3.2) exists and is finite for all 6 € ®. The space of all randomized decision
rule is denoted by D*. D* contains all the probability distributions giving mass one to a finite

number of points of D.
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The space D of non-randomized decision rules may, and shall, be considered as a
subset of the space D* of randomized decision rules D € D* by identifying a point d € D with

the probability distribution 6 € D* degenerate at point d.

One advantage in the extension of the definition of L (6, -) from @to@ and the
definition of R (0, ) from D to D* is that these functions become linear on a’and D*,

respectively. In other words, iff1€a’.P2ea” and 0 = a = 1.

P=aP, + (1 —a)Pea”
And  L(6,aP, + T—aP,) = L(6, P) = EL(6,2)

=aL(0,P))+ (1 —a)L(6,Py)................ (3.3)
Similarly, if §;ea”,6;ea” and 0 < & =< 1.then
6 =ad; + (1 —a)d,eD”
R(6,6) =ER(8,Z) =aR(8,6;) + (1 —a)R(6,65)......cccnn..ee. (3.4)

Example 3.1: Let the game be defined as,

l a; a asz
© 6, | 4 1 3
6, | 1 4 3

If nature chooses 6, action a; is preferable to action a,.if, on the other hand, nature
choosest,, actionas is preferable to action a, thusa; is preferred to either of the other action

under the proper circumstances. However, suppose the statistician flips a fair coin to choose

between actions a; anda,; that is suppose the statistician’s decision is to choose a,if the coin
comes up heads and choose a,if the coin comes up tails. This decision, denoted by 9, is a
randomized decision; such decisions allow the actual choice of the action in a to be left to a

random mechanism and the statistician chooses only the probabilities of the various

outcomes. In game theory 6 would be called a mixed strategy. The randomized decision &
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chooses action a; with probability 2, action a, with probability ', actiona,; with probability

zero. The expected loss in the use of 6 is given by,

L(6,P) = EL(8,Z) = 1/2L(6,a;) + 1/2L(6, a;) + OL(6, as)

—14 11 03—5'-9—-9
—E. +E + 0. —EE}C = Uy

—1+41+03—5'€—-9
=5+3- . —zzf =0,

Because it is understood that the choice between strategies is to be made on the basis

of expected loss only, & is certainly to be preferred toa; for no matter what the true state of

nature, the expected loss is smaller if we use 0 than if we useas;.

1,43 12
=3T3t 7Y9=6
5
L) =5 4+5.1403=—if 6=6,

—3 54 032 =20
grgtt03=g o=t

“If randomized decisions are allowed and the choice between strategies is based on

expected loss only, the statistician should never take action as.”’

2.4  Optimal Decision Rules

Humans have always been involved in situations where decisions must be made that
best fit the circumstances. The decision taken may or may not affect and be affected by other
decision makers. The best decision may depend on one or more objectives of the decision
maker. The decision may concern a static situation or a situation that evolves in time. Thus,

rules for optimal decisions using some forms of quantitative models have been developed and
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applied in several disciplines including economics, management science, cybernetic and
social systems. Two types of model formulations have been most common e.g. static and
dynamic, or deterministic and stochastic. In the former case the role of time is explicitly
introduced in the specification, whereas in the latter the probabilistic variations in data are of
great interest. The theory of decision-making in a stochastic environment has many facets

that are different from deterministic theory. Some of these aspects are:
(a) the information structure available,
(b) the forms of probability distribution,
(c) the conditional nature of the state observed,

(d) the criteria of optimality accepted

and (e) the types of validation tests adopted.

The first aspect deals with the question of the relative cost and value of a particular
kind of quantitative information in selecting or updating an optimal solution. Pertinent
questions here are of the following types: When is information incomplete? What are the
gains from cooperation or otherwise in team decisions? How can one optimally discriminate
between two channels of information?

The second aspect deals with the robustness of any optimal solution selected. How
sensitive is the optimal solution to any departure from the assumption of normality? When is
a mixed strategy preferable over a pure strategy? In what situations posterior distributions

may help improve the optimal strategies?

The third aspect is concerned with the forecasting component, distinct from the

regulating component of the optimal solution vector.

This aspect is particularly important in dynamic environments, when the conditional
means and conditional variances of the state variable may change our time, due to the
underlying stochastic process and hence Kalman-filtering and other techniques of state

estimation and forecasting must be built into the system.

The fourth aspect deals with the criteria of acceptability of an optimal solution. Unlike

deterministic systems, we have here several plausible criteria that are applied in empirical
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studies. These criteria share however some common features e.g., (a) a measure of risk
aversion, (b) an assumption about the underlying probability distribution and the existence of

its parameters and (c) an ordering among feasible solutions whether optimal or not.

The fifth aspect deals with the empirical validation of an optimal solution in terms of
the observed pattern of behaviour. When samples are available for the two sets of solutions,
the observed and the optimal, statistical testing of a null hypothesis proves to be useful in
suggesting a direction. If the null hypothesis is that the two solutions are identical and it is
rejected in a statistical sense, the fact that a best rule usually does not exist, a general method,

which has been proposed for arriving at a decision rule, is frequently satisfactory.

Concept of optimality in Bayesian sense is discussed, in detail, in Unit 6.

2.5 Unbiasedness

Suppose the problem is such that for each 0 there exist a unique correct decision and

that each decision is correct for some 0. Assume further that L(8,,d) = L(6,,d) for all d
wherever some decision is correct for bothf; and 6,. Then the lossL(8, d") depends only the

actual decision taken, say d’ and the correct decision d. thus the loss can be denoted by L(d,
d’) and this function measures how for a past d and d’ are. Under these assumptions a

decision function d(x) is said to be unbiased w.r.t. the loss L if for all 6 and d’
EoL(d',6(x)) = EgL(d,8(x))............... (3.5)

Where the subscript 0 contains the distribution w.r.t. which the expectation can take
and where d is the correct decision for 6. Thus, d is unbiased if on the average 6(x) closer to
the correct decision than to any wrong one. Extending this definition, 6 is said to be L-

unbiased for an arbitrary decision problem for all 6 and 0°.
EoL(6',6(x)) = EgL(6,8(x))............ (3.6)

Example 3.2: In two decision problem, let w, and w;be the set of 0 wvalues for

whichdyandd, are correct decisions. Assume that

L(B,dy) =10 OewyL(0,d,) = bOewy = abew,

=0 few,
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EgL(0",6(x)) = L(9", do)Po[6(x) = do] + L(0", d1)Ps[6(x) = d1]
= aPg[6(x) = dylif0'ew,

= bPy[6(x) =d,]ifOcw,

So that (3.6) reduced to

aPy[6(x) =dy]l = bPy[6(x) = dy]forfew,

With reverse inequality holding forfew,

SincePg[6(x) = dg] + Pg[6(x) =d;] =1 the unbiasedness contains (3.6) reduces to,

Pyl6(x)=d,] = ﬁforﬂewﬂ
a
And Ppl6(x)=dy] = 5 forfew,

Example 3.3: In the problem of estimating the real valued function g(8) with square of the

error as loss, the condition of unbiasedness become,
Eo[8(x) — g(0)]? = Eg[6(x) — g(6)]? Forall 0and 0°............. (3.7)

Ep[8(x) + Eg-8(x) — Eg-6(x) — g(60]% = Eg[6(x) + Egd (x) — Eg 6 (x) — g (611
Let Eg8(x) = h(6)

Eg[6(x) — h(8) + h(8) — g(8)]* = Eg[8(x) — h(®) + h(8) — g(6)]?

[h(6) — g(8)]2 = [h(8) — g(6)]*  Forall @ and 0’

If g(8) is continuous over Q and which is not continuous in any open subset of Q,
and that h(8) = Eg6(x) is continuous function of 6 for each estimated(x) ofg(8) . Thus

(3.2) reduces to,
g*(0") —2h(0)g(0) = g*(8) — 2h(6)g(@)
Or g2(8") — g%(8) = 2h(8)(g(8") — g(8))

[g(6) — g(@)][g(0") + g(6)] = 2h(8)[g(8") — g(6)]
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If 0 is neither a relative minimum or maximum of g (&) it follows that there exist

points 0’ arbitrary chosen 6 both such that,
g(8") + g(0) < 2h(8) Hence g(8) = h(9)

Thus § (x) is unbiased ifEg §(x) = g(8). Proved

2.6 Invariance Ordering

Generally, an invariant is a quantity that remains constant during the execution of a
given operation or transformation. In other words, none of the allowed operations changes the
value of the invariant. For example, any two scalar quantities the result is invariant with
respect to product i.e. axb equal bxa. In statistics this property is helpful in attempting the

given problem using a more preferred form out of many available order invariant forms.

2.7 Self-Assessment Exercise

1. Discuss the decision theoretic problem as a game problem using an example from your
surroundings.

2. Explain the concept of optimal Bayes rules with example.

2.8 Summery

In this unit, section 2.3 consists of the basics of Decision Theory Problem as a Game
Problem and sections 2.4, 2.5 and 2.6 discuss about some Basic Elements of decision theory
namely optimal decision rules, unbiasedness, and invariance ordering. In next unit we will

learn more about the structures of Bayes problems.

2.9 Further Readings

e Berger, J.O. (1985). Statistical Decision Theory - Fundamental Concepts and
Methods, Springer Verlag.

e Degroot, M. H. (1971). HPD Statistical Decisions, McGraw-Hill.

e Ferguson, T.S. (1967). Mathematical Statistics- A Decision Theoretic Approach,

Academic Press.
e Lindley, D.V. (1965). Introduction to Probability and Statistical Inference from

Bayesian View Point, Cambridge University Press.
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UNIT-3: BAYES AND MINIMAX RULE

Structure

3.1 Introduction
3.2 Objectives
3.3 Bayes and Minimax Principles
3.4  Generalized Bayes Rule and Extended Bayes Rule
3.5 Limits of Bayes Rule
3.6  Self-Assessment Exercise
3.7 Summary
3.8  Further Reading

3.1 Introduction

Bayes principle refers to the notion of a distribution on the parameter space ® called a

prior distribution.

3.2 Objectives

After studying this unit, you should be able to

e Define Bayes Principle
e Define Decision rules

e Identify Minimax rules for decision theoretic problems.

3.3 Bayes and Minimax Principles

1. Bayes Principle: The Bayes principle involves the notion of a distribution on the

parameter space © called a prior distribution. Two things are needed of a prior distribution t

on 0. First, we may able to speak of the Bayes risk of a decision rule & w.r.t. a prior

distribution 1, namely

R(t,8) = ER(T,8) eeevveooeeeeeeenn, (3.8)
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Where T is a r.v. over ® having distribution 1. Second, we need to be able to speak of the
joint distribution T and X and of the conditional distribution of T, given X, the latter being
called the posterior distribution of the parameter given the observations. We denote the space
of prior distribution as @*.

Definition. 3.2: A decision rule §, is said to be Bayes w.r.t. the prior distribution t €@ if

R(z,6,) = 5;”5 DR, E)ee, (3.9)

The value on the R.H.S. is known as the minimum Bayes risk. Bayes risk may not exist even

if the minimum Bayes risk is defined and finite.

Definition. 3.3: Let €> 0. A decision rule &, is said to be € — Bayes w.r.t. the prior

distribution te®@* if
RT,6) < ™ RSOV 4E oo (3.10)
de D

2. Minimax Principle: An essentially different type of ordering of the decision rule may be

obtained by ordering the rules according to the worst that could happen to the statistician. In

other words, a rule §; is preferred to a rule &, if

sup

6

sup

R(6,6,) < 6

R(6,65)

A rule that is most preferred in this ordering is called a minimax decision rule.
Definition. 3.4: A decision rule &, is said to be minimax if

sup

inf sup
366 R(6,8) cocoveeieiieaaai, (3.11)

R(6, 8y) =
The value on the R.H.S. of (3.11) is called the minimax value or upper value of the game.

Proposition. 3.1: A decision rule §; is said to be minimax if and only if

sup

I
R(0',6,) = 00

R(0,8) covveoeeeeeen, (3.12)

For all 0°¢® and 6eD*
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Sup

Proof: let R(8',6,) < R(B 5) Forall 6's0 and 8sD*

sup

0'e®

Sup

R(6',6y) = R(B &)fordeD”

Hence §, minimizes the’ R(B S) for8eD*

9@

§522R(9’-50> _ inf SUPp (g &) And 6, is minimax.

Thus, SeD*0c0

Conversely, let HPR(B 8p) = inf SHPR(B,S)

SeD*0e@
S“SR(H 8y) < S“p L R(8,8)for8eD"
= R(0',6)) < S“p oR(6,60) = S“p LR (6,8)forall 0'6 , 5D "Proved

Definition. 3.5: Let €= 0. A decision rule §; is said to be € - minimax if

Sup mfsup
oR(6,680) = 5 eoR@.8) FE (3.13)

More simply, &, is €-minimax if for all 0’¢@ and §D*

sup

R(O',60) < g oRO,8)+E€ oo, (3.14)

Definition. 3.6: A distribution t1y¢8" is said to be least favorable if

”;f}'(ro ,8) = S:p“’;fy(r 18 e (3.15)

The value on the R.H.S. of (3.15) is called the maximin value or lower value of the game.

Geometrical Interpretation for Finite ®: we give a geometric interpretation of the

fundamental problem of decision theory in the case in which the parameter space O is finite.
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Suppose that ® contains k points, @ = {6,,6,, ... ..., 8, } and consider the set S, to be called

the risk set, contained in k-dimensional Euclidian space E, of points of the form

(R(Bl, 8),R(05,6), e co oo ..., R(By,, 5)). where 6 ranges through D*
S = {(yl,yz. oy Vi) fOT SOME GED”, y; = R(BJ-,E) forj=1,2, k}
............. (3.16)
If k=2 this set may easily be plotted in the plane.
Definition. 3.7: A set S should be convex if whenever
V=00V, o, Vi)V = (', V5, ... ..., ¥, ) are elements of S, the point
ay+1—ay =(ay, +1—ayj,.....,ay, + 1 — ay;)are also elements of S, 0 < a < 1.

Lemma. 3.1: The risk set S is convex subset of Ej.

Proof: Let y and y’ be arbitrary point of S. according to the definition of S, there exist a
decision rules 6 and 6” in D* for whichy; = R(Bj,é’ )

And y = R(BJ,-, ") j =1, 2,....., k .let o be an arbitrary number such that 0 <« < 1 and

consider §, = @8 + 1 — ad’. Clearly §,e D*. (as convex combination of d.fis also a d.f)
R(6,,6,) =EL(6;,6,) = « EL(6,,6) + T — «E L(8;,5")
= aR(6;,6)+1—aR(6,,6') =Z;
Z=(Z,Zy, ... 0 ) €S Proved

Definition. 3.8: let A be a set. The convex hull of a set A is the smallest convex set

containing A or the intersection of all convex sets containing A.

Thus, S defined above is the convex hull of the setS,, where

So = {ny2, o, i) ¥, = R(6;,d),deD,j = 1,2, ...k} ......... (3.17)
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Because the risk function contains all the pertinent information about a decision rule
as for as we concerned, the risk set S contains all the information about a decision problem.

For a given decision problem (@, D*,R) for @ finite the risk set S is convex; conversely, for
any convex set S in k-dimensional space there is a decision problem, (@, D*,R) in which ®

consists of k points, whose risk set is the set S.

Bayes Rules: Let (py, pa, .. ... , P )be a probability distribution on @. See points that yield

the same expected risk.
X5 .o R(6,,6) = Zp; vy Y =(6,,6) oo, (3.18)

are equivalent in the ordering given by the principle for the prior

distribution(p,, po, ... ... , D). Thus, all points on the plane X p; ¥; = b for any real number b

are equivalent. Every such plane is perpendicular to the vector from the origin to the points

(01, P2y -o- oo , D) and because p;is non negative the slope of the line of the interaction of the
plane ¥ p; y; = b with the coordinate planes cannot be positive. The quantity b can best be
visualized by noting that the point of interaction of the diagonal line y; = y, =..= y, with

the plane Y. p; ¥; = b must occur at (b, b, ..., b)

R(By.8)

Equivalent
points

Bayes point

by b b/p, 502

Fig (3.1)
To find the Bayes rules we find the infimum of those values of b, call it by, for which

the plane X p;y; = b intersected the set S. decision rule corresponding to points in the
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intersection are Bayes rule with respect to the prior distribution (p,, p,, ... ... , D). There may

be many Bayes rules or there may not be any Bayes rules.

R(84.5)
A -~ RiBk,8)
X
s \ TR
Equivalent poinds
Many
Bayes rules
i /- Minimax
; point
(P, Pl
i . - Ri6.8)
>R(91'6) Ce {2 i
Fig (3.2) Fig (3.3)

Minimax Rules:

The minimax risk for a fixed 8 is max;y; = maxj—R(Bj,S ).Any point yeS that give
rise to the same value of max;y; are equivalent in the ordering given by minimax principle.
Thus, all points on the boundary of that set

Q. = {(vy, vz, e Vie):y;=c fori=1,.. .. ,k}for any real number c are
equivalent. To find the minimax rules we find the infimum of those values of c, call it ¢,
such that the set @, intersects S. any decision rule 6, whose associated risk point is an element
of the intersection Q.4 NS, is minimax decision rule. Of course, minimax decision rule do

not exist when the set S does not contains its boundary points.
A minimax strategy for nature which is otherwise called a ‘’least favorable
distribution” may also be visualized geometrically. A strategy for nature is a prior

distribution T = (py, ps, ... ... , D) Because the minimum Bayes risk inf; Y'(t,8) ishy, where
(bo, by, - ... , by) in the intersection of the line y; = y, = -+ =y, and the plane, tangent to
and below S, and perpendicular to (pq, ps, ... ... ,Dx), a least favorable distribution is the

choice of (pq,ps, ... ... ,Px) that makes this intersection as for up the line as possible. It is
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clear thath, is not greater thanc,, the minimax risk is ¢y.This distribution must be least

favorable.

Fig (3.4)
Since

R(6,8) = E R(6,Z)where Z is a r.v. taking values in D with d.f 8.

if 8pis such that R(8, &,) = infs.p-R(6,5) then

R(6,8,) = E R(8,Z)where Z is a r.v. taking values in D with d.f &,.
Obviously [ R(8,8,)dt < [ R(6, d)dt for all de D

Y(t,8,) = | R(6,80)dt < infapY(T,d)

Y(1,8p) = infze p-Y(1,8) < infg.pY(T,d) oo, (3.19)
Also R(8,6,) =E R(0,Z2)

Z is ar.v. taking values in D with d.f &;.

= [R(B,Z)dé'ﬂ

fR(&,gﬂ)dr =[U R(B,Z}défﬂ}dr

:”[R(e,z)dr]daﬂ

Y (7,60) = [[J R(8,2)d 7]d &,
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Ef[infdsDJ-R(B,Z)dr} d &,

= infge DY(T- d)

Y(1,8p) = infaepY(T,d) oo (3.20)

From (4.19) and (4.20)

Y(1,8p) = infaepY(T,d) oo (3.21)

Equation (3.21) states that none of the mixed strategy (randomized decision rule) can
reduce the risk below the minimum value which can be attained from the non-randomized

decision D. if Bayes risk Y'(z, ;) is finite and is attained for a randomized decision rulesdy,

then it follows from the above comments that this risk must be attained for some non-
randomized decision D.

Thus, if a Bayes rule with respect to a prior distribution t exits, there exist a non-
randomized Bayes rule w.r.t. T. Therefore, one definite computational advantage that the
Bayes approach has over the minimax approach to decision theory problem is that the search

for good decision rules may be restricted to the class of non- randomized decision rules.

Example.  3.4: Let @ =a=1{01} and let the loss function be
L(0,0)=L(1,1)=0, L(1,0)=L(0,1)=1.  Suppose that the statistician observes the r.v. X with

discrete distribution
PlXx=x/8]=2% K=x40 k=123, ......

(I) Describe the set of all non- randomized decision rules.
(IT) Plot the risk set S in the plane.

(I11) Find the minimax and Bayes decision rules.

Sol: ¥ = N = set of all non- negative integers
Let A be any finite subset of N. d:X— a={0,1}
D={d: d:X-a}

Thus, D contains only two types of functions
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di(x)=1 if xeA d(x)=1
=0 if xed’ =0
The cardinality of D is C

R(6,d) = E L(6,d(X))is risk function of d.

R(0,dy) = EL(0,d,(X)) = P[X€A] ..cccvvveienn..
R(1,dy) = EL(1,dy(X)) =P[XAT ..ccoovvnrie.,
R(0,d;) = E L(0,d,(X)) = P[XeA"] .................
R(1,dy) = EL(1,dy(x)) =P[XeA] ....cccovvnnii....

R(6,6) = [R(0,Z)dS Where Z is ar.v. taking values in D with d.f 3.

Let A ={0},{0,1}, ®

R(0,d,) = P[XeA] =0,1/2,0 R(1,8) (0, 1)

R(0,d,) = P[XeA'1 = 1,1/2,1 y,
R(1,d,) = P[XeA'l =1/2,1/4,1 (0, 1)

R(1,dy) = P[XeAl =3,5,0  Ly(0,3)

e |

0,1/2) , (1/2,1/4) , (0,1) (p,1-p)
(1,172) , (1/2,3/4), (1,0)
S={(a,):0=a=10< £ < 1}0,0)

(1,0) Lyv,= R(0,8), v, = R(1,d)
a=R(0,d),f=R(1,d) deD

Thus, minimax decision rule &, at point D

if xeA'

if xeA
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i.e line L, L, and intersection of y; = y,
Line Ll Lz iS .2-_}72 + Vi = 1

11
Where Vi =V, = D= (5'5)

So, corresponding to G %) is G , ;)

A Bayes decision rule which minimizes (3.23) can be found.

To find a Non-Randomized Rule:

0 =xeA
Let A={1,3,5,7... d =
c {9 s~ } (—K) 1 KEA,

R(0,d) = EL(0,d) = P[XeA'] = Z 2

x=24.6,..

R(1,d) = EL(1,d) = P[XeA] = Z o—(x+1)

x=13.5,...
1
1,01 3 1
—EtEt T a7
4
Thus, there exist a non-randomized Bayes decision

that(% , %) = point D with probability @ %) A minimax decision rule is(§
d, (x) = 0ifx = Owith probability gand
=1 ifx=1
d,(x) =1 x = 0with probability%

This rule is also Bayes rule with (py, p;) = GE} =(p,1—p)as

1""( 1)— l>2p=1-p=p=0
v\ 2/ P=7P7P73
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Example. 3.5: consider the statistical decision problem.

A

2 =(0,,6,)D = (dy,d,)L(8,d) as

dyd; p(a)

L(ﬁ, d) 610 ay a; >01i= 1,2

B;la; 0

Let a(é) =P[6(x) =d,/0 = 6,4]

g8 16

and B(68) =Pl[6(x)=d,/0 :92]553
a(6) and (8) are the probabilities Fig (3.8)

that & will lead to a decision when 8 = 6, and 8 = 8, respectively, suppose P[@ = 8,] = &

P[0 = 6,] =1 —& 0< & < 1 is the prior probability.
Y(z,8) = f f L6, 8) dF(x/0)dz(6)

= [{L(ﬂ.dl)P[E(I) =d,; /6] + L(6,dr)P[6(x) = d5/6]}dt(6)

= [L(6,,d,)P[8(x) = d,/6,] + L(61,d;)P[5(x) = d,/6,]]E
+[L(6,,d)P[6(x) = d/6,] + L(B5,d,)P[6(x) = d5/6,1](1 —©)
= L(8,,d,)P[6(x) = d,/6,]¢ + L(8,,d,)P[6(x) = d,/6,](1 —¥)
= a1a(8)5+ a;f(6)(1 - ¥8)

= aa(8) +bES . (3.33)

Where, a = a,&,b = a, (1 —§)
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Example. 3.6: @ - {81,82} a= {al,az}

a az
L(B,a)= 6, -2 3
0, 3 —4

A randomized strategy dea” is represented as a number 0 < g < 1, with understanding that
a,1s taken with probability q and a, with 1-q
s ={(1(6,,6),L(6;,5)),5ea*}
L(6,,8) = EL(6,,2) = L(6,,a,)Pg, [z = a;] + L(6;, a;) Py, [z = a,]
=—-2q+3(1—q)=3—5q
Similarly, L(6,,8) = EL(0,,2z) =3q —4(1 —q) = 7q — 4
§={(3—-5q,79—4),0=qg <1} (Fig 3.6)

Which is nearly a line segment joining (-2, 3) and (3, -4) minimax strategy occurs when,

3-5q=7q—4 orq:% (<2, 3)
The minimax risk is (2, =

Thus, minimax rule is (:—2 = >/

And this is also Bayes rule since,

inim ax strategy

_ 7
lp__ _ _i
T(-g)=1o0=1 s

(31 _4)

If we choose 8, with prob.%

(Fig 3.6)

And@, with prob.% . (%%) is prior probability.
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Example.3.7: @ = {1,2} =a

d; (D=1 ,d;(1)=1
dy(1) =1 ,dy(1)=2
d3(1):2 ,dg(l):].
d4(1) :.2- ,dd,(l) :2
| d; d; d3 dy
1 2 37 3
B 44
95

R(6,,8) = p;R(6,,d;) + p,R(6,,d;) + p3R(6,,d3) + p,R(6,,d,)

3

7
= —2p; — = P2 + - Ps + 3ps, pi =1

4 4

4
R(6,,6) :ZP:R(Sz-d:) = 3py
i=1

s ={(R(6,,8),R(6,,8)): Sea* }(Fig 3.7)

. . 21 27
Line LiL,1s y, = —TVNh

5_}’2 + 21_}’1 +27 =10
Line PQ intersects L, L, at

27
Vv = _EI}TZ = (-27)!26 Thus

The Minimax risk at (_—2? ) _—2?)
26 26

Thus &, corresponding to this

Minimum is attained by

9 5
P2 "‘135'3 — 4p,

7 5
LG

R(65,6 =)
L (-23) |

S Q
1=
V1 R (61, &)
Minimax
Decision

Ly (3. )L:(3,—4)

\ 4
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5_(3 10 00)
°~\13713" 7" )

Thus & is also bayes w.r.to

And minimum Bayes risk y(z, §;) = %
Also d; is non- randomized bayes rule w.r.to T as
y(z,d1) = pR(6,d;) + (1 — p)R(6,,d,)
Thus 6, = (% .g , 0,0)is randomized Bayes rule and d; is non-randomized Bayes rule w.r.to

(21 5)
T=\=—=
26’ 26
. L. 27
Thus, minimax Bayes risk is ~ e

Given the prior distribution t, we want to choose a non —randomized decision rule deD that

minimizes Bayes risk,

y(tr,d) = [R(Z, d)dt where, Z is a random variable taking values

R(6,d) :fL(B,d(x))de(x/E)

A choice of 0 by the distribution © (0), followed by a choice of X from the

distributionFy (x/8), determines a joint distribution of 6 and X, which in turn, can be

determined by first choosing X according to its marginal distribution,
Fy(x) = [ Fy(x/0)dt(0) .....oooveeieiiiie, (3.26)

and then choosing 0 according to the conditional distribution of 0, given X=x, t(8/x). Hence

by a change of integration we may write,
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y(,d) = [[JL(6,d(x)) dt(0/x)] dFx(x) .oovvveeeennnnn. (3.27)
Given that these operations are legal, it is easy to describe a Bayes decision rule.

To find a function d(x) that minimizes the double integral (3.27), we may minimize the inside
integral separately for each x; that is, we may find for each x the action, call it d(x), that

minimizes
f L(8,d(x)) dt(8/x)

Thus, the Bayes decision rule minimizes the posterior conditional expected loss, given the

observations.

Non—Negative Loss Function:

Suppose that the distribution of the parameter 6 in some decision problem is T (6). Let a be

a given constant (>>0), and let A(8) be a real valued function over parameter space ®=C, such

that

[ A(8)dr(0) < oo
1n

Consider a new loss function L, which is defined in terms of the original loss function L by

relation

Lo(6,d) =aL(8,d) +A(0) 0ed ,deD ...occvvvevveen, (3.28)

For any decision deD, let Y (t, d) denote the risk which results from the original loss function

L.

y(r,d) = [R(8,d)dt = [ [L(O, d)dF(x/0)dT(0) ......... (3.29)
Andlet yo(t,d) = [ [Lo(8,d)dF(x/8)dT(8) .............. (3.30)
Then for any two decisions d,and d,eD

vo(t,dy) = yolr,dy) = Y(r,dy) =Y(r,d5) oooeeninnn. (3.31)
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In particular, a decision d* is Bayes w.r.to 1 in the original problem with loss function L (0,

d) if and only if d* is a Bayes w.r.to T in the new problem with loss functionL.

in

Now consider 4,(8) = f L(8,d)
deD

If fﬂ Ag(8)dt(8) < oo, We can replace L now by a new loss function L, which is defined

as,
Lo(6,d) = L(8,d) — 4(6)
Then loss function Ly has the following property

Ly(8,d) =0 forall 8 and d and

inf o e
dEDLﬂ(B, d)=0

It has been found convenient in many problems to role with non-negative loss function of this
type, although the use of such function makes it appear that the statistician must continually

choose decisions from which he can never realize a positive gain.

3.4 Generalized Bayes Rules and Extended Bayes Rules

Definition.3.9: A rule 9 is said to be limit of Bayes rulesé,, if for almost all x

O,(x) — 6(x) (In the sense of distribution) for non-randomized decision rules this definition

becomes d,, — d if d,(x) — d(x) for almost all x.

Definition 3.10: A rule &, is said to be generalized Bayes rules if there exist a measure T on

® (or non-decreasing function on 6 if © is real), such that

R(r,8) = [ [ L(6,8) f(x/0) dt(8) takes on a finite minimum value when § = &,

Definition 3.11: A rule &, is said to be extended Bayes rules if §, is - Bayes for everye = 0.

In other words, &, i1s extended Bayes rules if for everye = 0 there exist a prior distribution t

such that 6, is e- Bayes w.r.to ti.e
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Y(r,8,) < ”;f Y(r,8)

Example 3.8: let X~N (6,1) and let 7(8) = N(0,02)

L(6,d) = (6 — d)? The joint p.d.f of (0, x)

1 —(x—8)2 _ g2
h(,x) = 5 cexp 207
[ 9}2 92

fxx) = —[ exp [~ ?] do

-1 X
= [2m(1 4+ 62)]= exp [ml

Posterior density of 6 given x,

1402
2a 2

F(0/x) = 0 e (g - 27 32y

{2??02}2
N xljz UZ
14+02'1+02

The Bayes rule w.r.to 7, is posterior mean i.e d,(x) =

xg2
1+ag?

The Bayes risk, ¥ (z,,d,) = E[E(6 — d,(x))%/X] =
Thus d(x)=x is not Bayes.
But d, (x) — d(x) aso — oo.

Theorem 3.1: for any constants a, b >0, let §° be a decision rule such that

§'(x) =d, if afy(x) > bf,(x)
= d; if afy(x) < bf(x)

wheref; denote the conditional p.d.f of X forf = 6, ,i = 1,2
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The value of §*(x) may be either d, or d, ifaf;(x) = bf;(x). Then for any other decision

function 6 we have
aa(6*) + bB(6%) < aa(d) + bB(6)
PI‘OOfZ let 51 - {x: S(X) - dl} ’ 52 - {x: E(I) - dz} - Slc

A={xafi(x) > bf,(x)} B ={x:afi(x) < bfa(x)}

Then aa(d) + bB(6) =a Jsz frdp + bfsl fodu
:a+Jé®ﬁ—aﬂMﬁ ................... (3.34)

(3.34) will be minimum if jsl (bf; —af;)du <0

Thus aa(§*) + bB(6") < aa(d) + bL(S).
Finding a decision function 8 which minimize the linear combination

aa(8) + bB(8)is equivalent to finding a set S; for which the integral

fsl (bf; — af;)du is minimized. This integral will be minimized if the set Sincludes every

point x € S (sample space) for which the integral is negative and excludes every point x € S

for which the integral is positive.

Remark: the posterior distribution of 8 = 8, given X=x , denoted as a(x) is given by,

a(x)= P[0 =0,/X = x]

L P[0 =0,x—h<X=<x+Hh]
oo 0T Plx—h<X<x+h

Plx—h<X<x+h/6=26,P6 =86,

= lim

h—0 Plx—h<X<x+h]
_ f(x/6)P(8 = 8,) _ af(x/6) _ af1(x)
- () A efi)+1-afk)
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Provided limit exists, where
H&) = f(x/61) ,f2(x) = f(x/6;)
Posterior risk of d; = L(6,,d)a(x) + L(Qz,dl}(l — af(x})
= a, (1 — a(x}) Similarly, d, = a;a(x)
We choose d if (i.e d5 is Bayes rule) posterior risk of d, << posterior risk of d . i.e
aya(x) < ay(1 - a(x)) or ajafi (x) < a1 = af,(x)

Thus 6 *(x) = dy(x) ifa,af; (x) < a,1 — afy(x)

_ . f2 (x) a, o p _ .
LetS, = {x'fltx) > azﬁl—a)} then, §“(x) = d,(x) ifxeS,

= d;(x) ifxeS,©
For testing Hy: 8 = 6, against Hy:0 = 6,
d, = acceptH,,d, = rejectH,,
6"(x) = {0, 1} i.e choosing d; with prob. 0 and d,with prob.1.
oré"(x) =1 if xS,
=0 if xe5,°

For each  we have a d.f. of r.v. X as F(x/8). Let G (0) is the d.f. of r.v. 6. Then,

X a+k
F(x/0) = lim P[X<x,0—K<8<8+K] _ 1 [ {;ejkk Fltv)dtdy
k0 P[B-K<8<8+K] k=0 [27F fa(vav

Provided such f(t,v),fa(v) exist and also limit exists. If f(t,v) and fp(v) are

continuous.
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2K [*_f(twy)dt
2Kfg(vo)

F(x/8) = }ci_r% Where vye(8 — k, 6 + k)

[0 f(t,6)dt
G

Since f (t, V) is assumed to be continuous, then

f(,8)  f(x,0)

F(x/0) = = (0) = fo(8)
@ 9 9= e
.. .. P[X=x,6-K<0<6+K] ffmf[x,v)dv
Similarly, F(x/8) = }cl_r% PO—K<0-0+K] — 1)

The posterior density of @ given x (when observation X=x is taken.)

f&68)  f(x06) F(x/68)g(8)

F/0) =2 @) = Tfoe.)dd [ fx/8)g(6)d0

This is a continuous version of Bayes theorem.

3.5 Limit of Bayes Rules

Limiting Bayes’ Method: Suppose X is not admissible, and without loss of generality we

may assume 6=1. Then there exists §* such that

R(6,8) <L forall®
; " } (under the square error loss function)
<= for some @

R (0, d) is a continuous function of O for every 9, so that there exist

£ > 0 and 0, < 0;such that

R(6,6)<1—¢ forall 8, <8 <6, (asin Theorem 4.3)
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Let y;+ be the average Bayes risk of §* with respect to prior distribution T ~ N(0, T2) and let
yr be the Bayes risk of the Bayes decision rule with respect to N (0,T2). Thus by exp. 3.11

for o=1

_g2
1. 1 1 p@slen
. 2 J=—Rr(8.5%]ezT7 a8
- 2
i, 1 T
no T n 14nT?
2 -6?
. 8
b L T (4.15)
Tzm W]

By Lebesgue dominated convergence theorem, as the integral

_g2
ezr> — 1 As T— oo, the integral converges to(8; — 6, )and the

1 %
RHS— o =1 ];T — oo thus there exist Ty such that,y; < yr, , which contradicts the fact
n ‘T

that yr_ is the Bayes risk for N(0, T3").
R(8,5) = E(6 — 6)? = vary(8) + b2(8),whereh(8) = E,(85) — 6
> b2(6) + [1“’ fe'l B by F C R bound e, (4.16)

In the present case 6% = 1,1(6) = 1

Suppose now 3 is any estimator satisfying

R(6,8) < Forall 6 SR (4.17)
and hence, B2(6) + BZOE <X forque ... (4.18)

We shall then show that (4.18) = b(8) = 0 for all 0. i.e 8 is unbiased.
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1. Since |b(8)| = \l—ﬁ the function b is bounded.

2. From the fact that 1 + b"2(6) + 2b’(6) = 1 = b'(8) = 0 so that b is non-increasing.

3. Next, there exists a sequence of 8; — co and such that b’'(6;) — 0

For suppose that b'(8) were bounded away from 0 as 06— oo,

say b'(8) = —¢ for all 8, then b(8) cannot be bounded
as 0— co, which contradicts 1.

4. Analogically it is seen that there exist a square 6; = —o and such that
b'(6;) - 0.Thus b(A) -0 as 6 — +oo with inequality (4.18). Thus
b(8) = 0 follows from 2.

Since

b(8)=0=b'(8)=0forall = (4.16) as R(6,8) =
%For all 8 and hence R(8,6) E%

This proves that X is admissible and minimax. This is unique admissible and minimax

estimator. Because if & is any other estimator such thatR(@,§") =2 Then let

n

§*=2(8+6"
R(6,5%) <§[R(e.5) +R(6,8))] = R(6,5)

Which contradicts that 6 is admissible. Thus 6=06" with prob. 1.

3.6 Self-Assessment Exercise

1. Clearly differentiate between Bayes and Minimax Principles.
2. Discuss the concepts of Generalized Bayes Rule, Extended Bayes Rule and Limits of

Bayes Rule along with their usefulness.

3.7 Summary

This unit explains the concepts of various structures of decision rules and hence
enables the reader to make use of them in various decision-making situations. Section 3.3
discusses in detail about the Bayes and Minimax decision policies. Section 3.4, 3.5 and 3.6
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cover the concepts of Generalized Bayes Rule, Extended Bayes Rule, and Limits of Bayes

Rule.

3.8 Further Readings

Berger, J.O. (1993) Statistical Decision Theory and Bayesian Analysis, Springer Verlag.
Bernando, J.M. and Smith, A.F.M. (1994). Bayesian Theory, John Wiley and Sons.

Bolstad, William M.; Curran, James M. (2016). "Comparing Bayesian and Frequentist
Inferences for Mean". Introduction to Bayesian Statistics (Third ed.). John Wiley & Sons.
pp. 237-253.

Box, G.P. and Tiao, G.C. (1992). Bayesian Inference in Statistical Analysis, Addison-
Wesley.

Kahneman, D.; Tversky, A. (1982). Judgement under Uncertainty: Heuristics and Biases.

Cambridge University Press.
Leonard, T. and Hsu, J.S.J. (1999) Bayesian Methods, Cambridge University Press.

Lindley, D.V. (1965). Introduction to probability and statistical inference from Bayesian

view point, Cambridge university press.

Robert, C.P. (1994). The Bayesian Choice: A Decision Theoretic Motivation, Springer.
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UNIT-4: BAYESIAN INTERVAL ESTIMATION

Structure

4.1 Introduction

4.2  Objectives

4.3 Bayesian Interval Estimation

4.4  Credible Intervals

4.5 HPD Intervals

4.6 Comparison with Classic Confidence Intervals
4.7 Self- Assessment Exercise

4.8  Summary

4.9  Further Reading

4.1 Introduction

Estimation is the method of drawing conclusions regarding an unknown population
parameter with the help of a sample from that population. If a single value for unknown
parameter is provided then we call it point estimate. Unlike point estimates, which are single-
value estimates of an unknown population parameter, interval estimates are likely to contain
the value of interest to a certain probability i.e. a point estimate, even if it is calculated
according to the best formula available, needs some extra information before it is safe to
exploit, so we require an interval which contains the true value of the parameter. Confidence
intervals are the most well-known of the various forms of statistical intervals. Some more
related terms to this classical approach are defined in summary section. This is a common
approach to inference and is used to present a confidence set for parameter under study. The
Bayesian analogue of a classical confidence set is called a credible set.

From decision theoretic point of view, the proble of interval estimation can be expressed
as follows:

“Suppose that we want to find an interval estimate [c1, c2] of a parameter 6 € ®, where
the sample values or observations X = (X1, X, ..., Xn) have a joint density function f (x1, X2,
..., Xn; 0) such that 0 € ©. Clearly, we need to have [ci, c2] € F, the class of all possible
intervals containing the possible values of parameter of population under study, which is
assumed here as 0”.
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This concept in decision theoretic way is explored later in this unit.

4.2 Objectives

After studying this unit, you should be able to

e Concept of Bayesian Interval estimation

¢ Differentiate between confidence interval and credible interval
e Define the HPD intervals and credible sets.

e Obtain suitable techniques to derive the HPD regions.

e Solve problem of deriving HPD regions.

4.3 Bayesian Interval Estimation

Here, we will start with exploring the interval estimation problem as a decision
problem. Suppose that we want to find an interval estimate [di, d2] of a parameter 6, where
the sample values X=(Xi, Xo, ..., X3) have a joint density function f(xi, X2, ..., X3; 0) st 0€®.
Clearly, we must have [di, d2]Je D, the class of all conceivable intervals containing the
possible values of the unknown parameter 6.

Obviously, the simple loss function will be given by

L(&.d):{o ifd, <6 <d,

1 otherwise

Here, the risk i.e. expected loss can be made zero for all 0 if we take the trivial
decision rule for which interval is decided by infimum of 6 and supremum of 0. But this
interval will be useless. So, we impose the restriction over the length of the interval and shall
confine our search to the class of decision rules satisfying this restriction strictly.

In this way we may obtain a desirable decision rule i.e. a family of confidence sets.
And such a process of obtaining interval estimator based on Bayes rule is called Bayesian

interval estimation.

4.4 Credible Intervals

In Bayesian approach, a credible interval is an interval in the domain of a posterior
probability distribution, within which the value of the unknown parameter falls with certain

probability.
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In choosing a credible set for 6, it is usually described to try to minimize its size. To
do this one should include in the set only those points with the largest posterior density i.e the

most likely values of 0.
Definition: A 100(1 — a)% credible set for 0 is subset of ® such that,

1—a<P[C/x]= f dF™/ (/%) (g)

C

= [ m/(8/x)dO8 for continuous case
¢

= Z n/(8/x) fordiscrete case

BeC

Since the posterior distribution is an actual prob. distribution on ®, one can speak of
the probability that 6 is C. this is in contrast to classical confidence procedures, which can
only be interpreted in term of coverage probability that is the probability that the random

variable X will be such the confidence set C(X) contains 6.

In choosing a credible set for 6, it is usually describe to try to minimize its size. To
do this one should include in the set only those points with the largest posterior density i.e the

most likely values of 0.

Definition: The 100(1 — «)% HPD credible set (HPD region) for 6 is the subset C of ©® of

the form
C=1{0e0:n(0/x) = K(a)}
Where K (a) Is the largest constant such that,

P[C/x]=1—a.

4.5 HPD Intervals

Example: Let (X;, ..., X;;) be a random sample from N (8, 1). Let the prior p.d.f of 6 be N
(u, %). Find the HDD regions for 0.
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o _  f®pexn/o)m(e)
lution: flxs.xns
Solution: (0 /xy,...,x,) = oof':xl Lep/@)m(e)de

Y(x%-%)° n(x—0)>2 (8—p)2
_ exp———5——— 5 eXp— 5>

T(x;-%)° -0 n(z—6)2 (B—p)2
%f_ eXp———% —?dﬂ

exp— exp

=_ @2 2
exp—n(xz ®) exp— (BZTL;)

ffum exp—[n(i;a)2 exp— (B Ll) ]dB

n(x* +0% — 2%6) (0% + 1 + 26p)
2 212

f exp —

1
= V2mexp — > (—nz2+%?)
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(nx—08)? 0?2

+ 5 (:—1122—#}_{2)

1
m(8/x) = Eexp —

2 2r
1 1 =2 82 2nxo 82 2 2
= ——exp — — |nX* + nf° — 2nxX0 + — -nx2-X
Vzm P 2
1 1 2.2 2 2 2.2
= exp — [n6°t* — 2nXO6T° + 6°-X“T1°]

2712

V2m

1 1
= ——exp — —[0%(1 + nt?) — 2nX0T>-%%1?]

A 21T 212

m(8/x) = N(u®),P™)

_ 2% nt?+g? 1 t20?
IU(X} = ’ P = o=

2+ ©o?  'P  n12 + 62

4.6 Comparison with Classic Confidence Interval

In classical approach we consider that a parameter has one particular true value, and
conduct an experiment whose resulting conclusion, irrespective of the true value of the
parameter, will be correct with at least some minimum probability; while in Bayesian
approach we say that the parameter's value is fixed but has been chosen from some
probability distribution, called the prior probability distribution. This "prior" might be known
or it might be an assumption drawn out of experience of the experimenter or otherwise.
Clubbing this prior with the observed information Bayesians obtain the "posterior." Bayesian
approaches can summarize their uncertainty by giving a range of values on the posterior
probability distribution that includes 95% of the probability and this is called a "95%
credibility interval.

Suppose that we want to find an interval estimate [c1, c2] of a parameter 6 € ®, where
the sample values or observations X = (X1, X, ..., Xn) have a joint density function f (x1, X2,
..., Xn; 0) such that 0 € ©. Clearly, we need to have [ci, c2] € F, the class of all possible
intervals containing the possible values of parameter of population under study, which is

assumed here as 0.
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In decision theoretic context, for some decision function is now & (X) = [d1 (X), 2
(X)], where,
Poco [01 (X)<0<62(X)]=>(1- o)
Here, (1- o) is called the size of confidence interval, which refers to the confidence
coefficient of the respective confidence interval.

Now, consider a loss function, say,
0,if6, X) =08 = 8§, (X)

L[3(X), 61 = {1. otherwise
Then, the corresponding risk associated with this decision i.e. of 8 (X), for a particular
value of parameter 0 is:
i 8(X) |0 € ®] = Ex|o L [3(X), 0]
=1- Poco [01 (X) <0 < &2 (X)]

Bayesian confidence interval, on the same lines can be defined as follows:

Let & (8) be a prior probability distribution of parameter 6, which is a random variable in
Bayesian context.

Then, the posterior risk associated with decision rule & (X); X being the given
observations is given by:

r'[ d(X)] = 1- Poco|x [81 (X) <6 <82 (X)]

& '
_ faf({;;] £:(8)do<a

here, £;(8) is the posterior distribution of 6 given observations X = (X1, X, ..., Xu).

Thus, the Bayesian confidence interval of 0 is [91 (X), 02 (X)], where
Poco |x [01 (X) <0 <62 (X)] = (1- ).

Clearly, 61 (X) and 62 (X) are called respectively, the lower and upper limits of this
confidence interval and the difference of these limits is termed as the length of respective

confidence interval [31 (X), 62 (X)].

Obviously, an optimum decision rule would be the one that will provide the minimum
length of this confidence interval i.e. [02 (X) - 01 (X)], with respect to the following constraint

on the confidence coefficient:

Poco [« [81 (X) <0 <8 (X)] > (1- )
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Example: Suppose we are interested in confidence intervals of a particular length, say, (.

Here a decision rule is 6 (X) = [d1 (X), 02 (X)], where
[62 (X) - 61 (X)] =t for all X.

Recall the above-mentioned loss function i.e.

0,if8, (X) <0 < &, (X)

L[5(X), 0] = {1_ otherwise

And the respective Bayes posterior risk is given by
r'[ d(X)] = 1- Poco |« [31 (X) <0 < & (X)]
= (2P ) do <

81(x)

Therefore, the Bayes confidence interval is given by 6 (X) = [51 (X), &2 (X)], where
81(X) and 82(X) are such that

da(x) Sé{x}
f £:(6) d6 > f £:(0) do
8 (x) 81 (x)

for all other confidence intervals [§] (x), §5(x)] of same length i.e. 1.

4.7 Self-Assessment Exercises

1. Clearly differentiate between the Bayesian and classical interval estimation.
2. Discuss the concept of HPD intervals and its importance.

3. Let (X1, X2, ..., Xu) be a random sample from Poisson (1) population such that parameter A
is a random variate following Gamma distribution Gam (o, ). Find a Bayesian confidence

interval for parameter A.

4. Let (X1, X2, ..., Xn) be a random sample from N (A, 1) population such that parameter A is a
random variate following Uniform distribution Unit f (-1, 1). Find an optimum confidence

interval for parameter A and compare it with the respective Bayesian confidence interval.
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5. Define the concept of Bayesian Confidence interval as a problem of decision theoretic

problem.

4.8 Summary

This unit aims in section 4.3, 4.4 and 4.5 at enabling the reader with the concept of
interval estimation and to obtain the interval estimates from Bayesian point of view. And in
section 4.6, the reader learns the difference between the classical and Bayesian approaches of

interval estimations.
Some basic terms are defined as follows:
Parameter is the characteristic of the population.

Confidence Interval (CI) is an interval which is expected to typically contain

the parameter being estimated.

Confidence band is used in statistical analysis to represent the uncertainty in an estimate of a

curve or function.
Confidence region is a higher dimensional generalization of a confidence interval.

Credence or degree of belief is a statistical term that expresses how much a person believes

that a proposition is true.

Credible interval a Bayesian alternative for interval estimation

Margin of error is a statistic expressing the amount of random sampling error in the results

of a survey and is the CI halfwidth.

p-value is the observed level of significance and hence is a function of the observed sample

results

Prediction interval is an estimate of an interval in which a future observation will fall, with
a certain probability, given what has already been observed.

Robust confidence interval is a robust modification of confidence intervals, meaning that
one modifies the non-robust calculations of the confidence interval so that they are not badly
affected by outlying or aberrant observations in a data-set.
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Now, we will have a quick look at some of the most desired properties of intervals,

which are as follows:

When applying standard statistical procedures, there will often be standard ways of
constructing confidence intervals. These will have been devised so as to meet certain
desirable properties, which will hold given that the assumptions on which the procedure relies
are true. These desirable properties may be described as: validity, optimality, and invariance.

Of the three, "validity" is most important, followed closely by "optimality".
"Invariance" may be considered as a property of the method of derivation of a confidence
interval, rather than of the rule for constructing the interval. In non-standard applications,

these same desirable properties would be sought:

Validity
This means that the nominal coverage probability (confidence level) of the confidence

interval should hold, either exactly or to a good approximation.

Optimality

This means that the rule for constructing the confidence interval should make as much
use of the information in the data-set as possible.

One way of assessing optimality is by the width of the interval so that a rule for
constructing a confidence interval is judged better than another if it leads to intervals whose

widths are typically shorter.

Invariance

In many applications, the quantity being estimated might not be tightly defined as
such.

For example, a survey might result in an estimate of the median income in a
population, but it might equally be considered as providing an estimate of the logarithm of
the median income, given that this is a common scale for presenting graphical results. It
would be desirable that the method used for constructing a confidence interval for the median
income would give equivalent results when applied to constructing a confidence interval for
the logarithm of the median income: Specifically, the values at the ends of the latter interval

would be the logarithms of the values at the ends of former interval.

Robustness
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In statistics, robust measures or methods are the methods that quantify the statistical
dispersion in a sample of numerical data while resisting outliers. The most common
such robust statistics are the interquartile range (IQR) and the median absolute
deviation (MAD). These are contrasted with conventional or non-robust measures of scale,

such as sample standard deviation, which are greatly influenced by outliers.

These robust statistics are particularly used as estimators of a scale parameter, and
have the advantages of both robustness and superior efficiency on contaminated data, at the
cost of inferior efficiency on clean data from distributions such as the normal distribution. To
illustrate robustness, the standard deviation can be made arbitrarily large by increasing
exactly one observation (it has a breakdown point of 0, as it can be contaminated by a single

point), a defect that is not shared by robust statistics.

A Robust Confidence Interval is a robust modification of confidence intervals,
meaning that one modifies the non-robust calculations of the confidence interval so that they

are not badly affected by outlying or aberrant observations in a data-set.

In the process of weighing 1000 objects, under practical conditions, it is easy to
believe that the operator might make a mistake in procedure and so report an incorrect mass
(thereby making one type of systematic error). Suppose there were 100 objects and the
operator weighed them all, one at a time, and repeated the whole process ten times. Then the
operator can calculate a sample standard deviation for each object, and look for outliers. Any
object with an unusually large standard deviation probably has an outlier in its data. These
can be removed by various non-parametric techniques. If the operator repeated the process
only three times, simply taking the median of the three measurements and using ¢ would give
a confidence interval. The 200 extra weighing served only to detect and correct for operator
error and did nothing to improve the confidence interval. With more repetitions, one could
use a truncated mean, discarding the largest and smallest values and averaging the rest.
A bootstrap calculation could be used to determine a confidence interval narrower than that

calculated from o, and so obtain some benefit from a large amount of extra work.

These procedures are robust against procedural errors which are not modeled by the
assumption that the balance has a fixed known standard deviation . In practical applications

where the occasional operator error can occur, or the balance can malfunction, the
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assumptions behind simple statistical calculations cannot be taken for granted. Before trusting
the results of 100 objects weighed just three times each to have confidence intervals
calculated from o, it is necessary to test for and remove a reasonable number of outliers
(testing the assumption that the operator is careful and correcting for the fact that he is not
perfect), and to test the assumption that the data really have a normal distribution with

standard deviation o.

Various interpretations of a confidence interval can be given (taking the 95% confidence

interval as an example in the following).

. The confidence interval can be expressed in terms of a long-run frequency in repeated
samples (or in resampling): "Were this procedure to be repeated on numerous samples,
the proportion of calculated 95% confidence intervals that encompassed the true value of
the population parameter would tend toward 95%."

. The confidence interval can be expressed in terms of probability with respect to a
single theoretical (yet to be realized) sample: "There is a 95% probability that the 95%
confidence interval calculated from a given future sample will cover the true value of the
population parameter." This essentially reframes the "repeated samples" interpretation as
a probability rather than a frequency.

. The confidence interval can be expressed in terms of statistical significance, e.g.:
"The 95% confidence interval represents values that are not statistically
significantly different from the point estimate at the .05 level."

Note that

. A 95% confidence level does not mean that 95% of the sample data lie within the
confidence interval.

. A 95% confidence level does not mean that there is a 95% probability of the
parameter estimate from a repeat of the experiment falling within the confidence interval
computed from a given experiment.

Further, note that; Confidence intervals and hypothesis tests are both inferential statistical

methods that use a sample to approximate a population distribution. They are closely related

and share some key characteristics:

. Underlying Methodology: Both use the same underlying methodology.
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. Statistical Significance: They always agree on statistical significance.

. Confidence Level and Significance Level: The relationship between the two is that

the confidence level is equal to 1 minus the significance level (alpha).

Thus, an interval estimate can be looked at as an implicit test of a null hypothesis. If
the hypothesized value is within the obtained interval the null hypothesis is accepted (i.e., no
significant difference). If the hypothesized value is outside the obtained interval, the null

hypothesis of no difference is rejected.

Clearly, a confidence interval can be defined as the range of parameters at which the
true parameter can be found at a confidence level. For instance, a 95% confidence interval
constitutes the set of parameter values where the null hypothesis cannot be rejected when

using a test of size 5%.

4.9 Further Readings

e Fisher, R.A. (1956) Statistical Methods and Scientific Inference. Oliver and Boyd,
Edinburgh.

e Gemerman, D and Lopes, H. F. (2006) Markov Chain Monte Carlo: Stochastic

Simulation for Bayesian Inference, Chapman Hall.

e Hacking, I (1965)Logic of Statistical Inference. Cambridge University Press,
Cambridge.

e Illowsky, Barbara. Introductory statistics. Dean, Susan L., 1945-, Illowsky, Barbara.,

OpenStax College. Houston, Texas.

e Kahneman, D.; Tversky, A. (1982). Judgement under Uncertainty: Heuristics and

Biases. Cambridge University Press.
e Kalos, Malvin H.; Whitlock, Paula A. (2008). Monte Carlo Methods. Wiley-VCH.
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Block & Units Introduction

The present block of this SLM has four units.

The Block - 2 — Optimality of Decision Rules is the second block with four units,
which impasses about the different rules.

In Unit — 5 — Admissibility and Completeness is discussed with respect to Bayes rule
and prior distribution minimal complete class.

In Unit — 6 — Minimaxity and Multiple decision Problem has been introduced, along
with complete class theorem and admissibility rules. Equalizer rules have been discussed and
maximin and minimax strategies have been explained.

Unit — 7 — Bayesian Decision Theory dealt with theorem on optimal Bayes decision
function, Relationship of Bayes and minimax decision rules and least favorable distributions.

Unit — 8 — Bayesian Inference dealt with Bayesian sufficiency, On informative
Priors, Improper prior densities

At the end of every block/unit the summary, self-assessment questions and further

readings are given.
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UNIT-S: ADMISSIBILITY AND COMPLETENESS

Structure

5.1 Introduction

5.2 Objectives

5.3  Admissibility

54  Completeness

5.5 Minimal Complete Class

5.6  Separating and Supporting Hyperplane Theorems
5.7 Self-Assessment Exercises

5.8  Summary

5.9 Further Readings

51 Introduction

Admissibility refers to a set of rules for making a decision such that no other rule

exists which is always better than the defined rules.

5.2 Objectives

After studying this unit, you should be able to

e Define admissibility of a set of rules.
e Check for admissibility with respect to Bayes’ rules.

e Define completeness and minimal complete class.

5.3 Admissibility

Theorem 4.2: Assume that @ = (6,,6,,...,68,) and a Bayes rule§, w.r.to the prior

distribution (py, ps, ..., py) exists. If p; > 0 for  j=1,2,...k, then &, is admissible.
Proof: Suppose that §, is inadmissible, then there exists a §’sD*
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which is better thand,. That is,
R(6;,8") = R(6;,6,) forallj
R(Bj. 8') < R(Bj-.é'ﬂ) for somej

Because, all p; are positive

Z R(Bj,ﬁ’)p} < Z p}'R(ﬁj-Sﬂ)

The strict inequality showing that &, is not Bayes w.r.to(py, p, ..., pi). This is a

contradiction.

The following counter example shows that §, is not necessarily admissible if the

hypothesis p; > 0 for j=1,2,...,k is violated.
Example 4.1: let® = {6,,0, },L(8, a) as follows:

a az; az dg

L(6,a) 6 1 1 2 2

d(0) =ay, d(0) =a,, d(0)=asz, d0) =a,

R(6,,a,) =1, R(#,,a,) =0,....,R(8,,a,) =2,R(65,a,) =1
4
R(8,,6) = Z @, R(6,,a,)S = {R(8,, 6),R(6,,6): 6 € D*IR(B,,5)
i=1

= {(}’1-}’2): 1=y, =2,0=y, < 1}

Bayes rule w.r.to (1,0)
Let the prior distribution, p; =1,p, =0
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4
ZP:R(Bi.ﬁ) =R(0,,6) =y
i=1

v

R(8,,8) 1 2

Thus, any decision rule that minimizes ; p; R(6;,§) and that achieved the minimum

value =1=y, will be a Bayes rule w.r.to prior (1, 0).

Thus, the rule R(6,,8,) = R(6,,8,) = 1 is Bayes w.r.to (1, 0). thata, and a; are

Bayes rules w.r.to (1,0). But a, is not admissible since
R(6,,a;) < R(68,,a,)and R(6,,a,) > R(6,,a,).

Definition 4.5: A point 8, in E;(one dimensional Euclidian space) is said to be in support of
a distribution t on the real line if for ¥e> 0 the interval (8, — &, 8, + &) has positive

probability,
(0 —&,0; +€) >0

Theorem 4.3: let @<E; and assume that R(6, §) is a continuous function of 0 for allésD*. If
8o is a Bayes rule w.r.to a probability distribution T on the real line, for which Y(t,&,) is

finite and if the support of 1 is the whole real line, then &, is admissible.
Proof: As before, assume that &, is not admissible. Then, there exists a &’sD*for which
R(6,8") < R(6,5,) forall 8.
R(6,,68") < R(6,,6,) for some 6,<E;.
Since R(8, §) is continuous in 0 for all 5. Let

1 =R, 86) —R(B,8)eeeeeeeeeeeaen 4.1)
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For |8 —6,| < ¢ ,e>0

IR(8,5) — R(6,, 8)| < IWhenever|@ — 6y| < & for all §cD"
Or  —2<R(6,6)—R(0,8) <20 —Opl < &.ooooorrnnn.. (4.2)
Or  R(6,68) < R(6,,6) +g
R(8,6) <R(8,,8) +5 forall|— 6| <=
= R(6,8,) — R(6,5,) + R(6,,5") +g
= R(8,60) — [R(6, o) — R(8y, 69) + R(by, 8o) — R(6p, 6] —I—E

= R(6,5) — [R(6, 6) — R(60, 60)]- [R (6, 86) — R (66, 87] +7

n n o
::R(e,aﬂ)+1—n+1_ﬁiﬁ.é‘g) 2

Thus, R(6,6") = R(8,6,) —g whenever |68 — 8, < =

Letting T denote the r.v. whose d.fis 1

Y(z,8,) — Y(r,6") = ER(T,8,) — ER(T,§")

_E[R(T,8,) — R(T,8')] = [R(t, 5.) — R(t,8" ) dr

- f [R(t,8,)-R(z, 6")]dr + I[R(t,aﬂ)-fe(t,a')]dr
|8—8g|<e |8 —8g|=e

> f [R(t,6,)-R(t, §")]dt = gr(ﬁ —£0 +¢)
[8—8y|<e

That is &, be not Bayes rule, which is a contradiction.
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Definition 4.6: A set, S, k- dimensional Euclidian space, E, , is said to be bounded from

below if there exists a finite number M, such that for every

v=0uLy2 WSy > M forj=1,...k ... 4.3)

Thus, a set S is bounded from below if for each fixed j,1<j<k the coordinate y; is bounded

below as y ranges through S.

Definition 4.7: Let x be a point in E,. The lower quant ant at x, denoted by Q, is defined as

the set
Qr=1{yeEcy, <x forj=1,.,k} (4.4)

Thus Q,is a set of risk points as good as x and @, — {x} is the set of risk points better than x.

Sis the smallest closed set containing S.

Definition 4.8: A point x is said to be a lower boundary point of a convex set SCE,

ifQ,.NS = {x}. The set of lower boundary points of a convex set is defined by A(S).
Definition 4.9: A convex set SCE, is said to be closed from below if A(S) cS.

Theorem 4.4: Suppose that @ = (6,,6,, ..., ;) and the risk set S is bounded from below and
closed from below. For every prior distribution (py,ps, ..., px) for whichp; >0 for all

j=1,....k, a Bayes rule w.r.t. (py, p5, ..., P.) exists.

Proof: Let (p;, pa, ..., px) be a distribution over © for which p; > 0 for all j and let B denote

the set of all numbers of the form = X p; y; , where y = (y1, 3, ..., ¥x )€ S

B=1{b= ij-yj- for someye S
-

Because S is bounded from below, so is B; let by be the g. 1. b. of B. in a sequence of

points y(”}s S for which Y, P; }’j{"} — by.
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Each p; > 0 implies that each sequence yj-{"} is bounded above. Thus, there exists a
finite limit point y° of the sequence y™and ¥ p; ¥;® = by. We now show that y%& A(S).
Since y° is a limit point of points of S, y%°¢S and {y°} c Q,0NS. Furthermore

Q0 NS < {y°}, for if y’ is any point of Q0 other thany? itself, ¥ p; y;" < bq so that if

y'e § There would exist point y of S for which), p; y; < bg. This contradicts the assumption

that by is the lower bound of B. Thus
Q,0NS = {y°},implying that y°s A(S).

Theorem 4.5: Suppose that @ = (8,,0,, ..., 8,.) and the risk set S is bounded from below and
closed from below, the class of decision rules, Dy = {§eD":R(8,,8),...,R(8,5)e A(S)}
............ (4.5)

Then,Dya minimal complete class.

Proof: First, we shall show that D, is a complete class. Let 6 be any rule not in D and let,
x ={R(6,,5),...,R(6;,8)}

Thenx € S,but x € A(S).LetS; = Q,NS; S,is non empty, convex,

[Since closer of convex set is convex and the intersection of two convex sets is convex.] and

bounded below. Thus A(S;) is non empty (by theorem 4.4). Let y= A(S,) ; then {y} = @,NS;

further y € Q,.because y=S; = Q,NS c Q, = Q,. Finallyy £ A(S) because
{7} = Q,N3; = @,NQ.NS = @,NQ,NS = Q,NS.

Thus, because S is closed from below, there exists a d,cDq for which

v = {R(04, ), ..., R(6;, 6,)},and which is better than § since,

vy £Q, — {x}. This proves D is complete.
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Since every rule in Dy is admissible. Hence no proper subset of D, should be complete.
Because, every complete class must contain all admissible rules, thus D, is minimal

complete.

5.4 Completeness

After the all discussion, now we are ready to learn the following definitions and

theorems:

Definition: A class C of decision rules is said to be complete if, for any decision rule 6 not in

C, there is a decision rule &' in C, which does not have less risk than d.

Definition: A class C of decision rules is said to be minimal complete if C is complete and if

no proper subset of C is complete.

5.4 Minimal Complete Class

Definition: A class C of decision rules is said to be complete if, for any decision rule 6 not in

C, there 1s a decision rule &' in C, which does not have less risk than 6.

Definition: A class C of decision rules is said to be minimal complete if C is complete and if

no proper subset of C is complete.

5.6 Separating and Supporting Hyper Plane Theorems

Lemma 4.2: If S is closed convex set of E;, and 0€S, then there exists a vector PEE;, such

that PTx > 0 forall x ¢ S.

Proof: For every real number @ > 0 let B, is the sphere of radius a centered at origin.
B, = {xeE,.:xTx = a?}. Let A be the set of all real « > 0 for which B, intersects S,
A = {a: B,NS # ¢}.Because the Lemma is trivial if S is empty, we consider that S is non

empty. Hence A is non empty. Let a =g 1 b of A. a is finite because A is non empty and

positive because S is closed andO¢S.
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1. B,NSis non empty. As a— a from above B,[1S is a decreasing intersection of non-
empty compact sets whose limit B, (1S is therefore non empty.
2. For all xS,PT(x —P) = 0. Let f(B) denote the square of the distance from the

origin to the part fx + 1 — fP forafixedx S, x = P
fB) = (Bx+ T=pP) (Bx +1—BP)
=p*(x—P)'(x—P)+2BPT(x—P)+PTP (4.6)

(4.6) will beminimum if f = 8, where,

_ PT (x—P)
ﬁﬂ —_ _m ........................ (4.7)
Because,f(1) =xTx =PTP =f(0) , it is clear that S, <0, further

since fx + 1 — SPE S ,where 0 < § < 1 from the convexity of S. it is clear that B, cannot
be 0 < B, < 1 without contradicting the fact that no point of S is closer to the origin than P.

Hence [f; = 0.0r equivalently,

PT(x —P)=0=P'x=PTP >0 forall xeS.
#

Lemma 4.3: If S is convex subset of Ej,, A is open subset of E,, and A € S, then A C S.

Theorem 4.6: (Supporting Hyper Plane Theorem): If S is closed convex sub set of

E,. and x; is not an interior point of S (i.e. eitherx, & S
orxg is a boundary point of S), then there exists a vector PgEj,, P= 0
Such that PTx = PTx, forall x ¢ S.

Proof: Becausex, is not an interior point of S,x, is not an interior point of § by Lemma (4.3).
Hence there is a sequence y, € S for whichy, — x,. We shall translate the origin toy,

successively and applying Lemma (4.2). Let

S, =4Z:Z = x — vy, xeS}
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Then S, closed convex set, and 0 € S, . From Lemma (4.2) there exists a vector

P,cE,. such that BTZ = 0 for all ZeS,, orPT (x — y,) = 0

For all x£§ . Let q,, = —2— . Then q7q, = 1 because unit sphere in E, is compact, there

| Ji
Py P
\‘l n*n

exists a limit point P  of  theq,and a  subsequence q,, — P
Hence qI,(x —y,) = PT(x —xy), but gL (x—y,)>0 for all x ¢ S

= PT(x —xy) = 0forallxe$S as was to be proved.

Theorem 4.7: (Separating Hyper Plane Theorem): Let S;and S, be disjoint convex

subsets of Ej, then there exists a vector P # 0 such that PTy < PTx for all x €S, and y €S,
Proof: LetS ={Z:Z = x — vy for some x5, and y €5, }

1. S is convex. Let Z;,Z; elements of S and let 0< f < 1. We are to show

thatBZ, + 1 — BZ,e S. Let x;,x,£ S, vy, Vo€ S, such that
Zy =x1—V1,Z3 =x3 — V> £S5 Then,
BZy+1—BZ, = B(xy—y) +1—Blx; —y2)
= (ﬁxl + mxz) - (ﬁ}’l +1—-By, )55 as
Bxi+1—fFxeS; , By +1— By, £S5, = S is convex.

2. 0 & SForif0 € S, there could be point x £5,,y €55 such that
(x-y) = 0 = x =y contradicts that §; and S, are disjoint.
3. From Theorem (4.6) there exists a vector P # 0 such that PTZ =0 for all Z ¢S5.

ThusPT(x —y) =0 for all x €S,,y €5, completing the proof.

Lemma 4.4: If S is a convex sub set of Ej, and Z is a k-dimensional random vector for which

E (Z) exists and is finite, then EZ€ES.

Proof: Let Y=Z-EZ and let S’ be the translation of S by E Z, ie
S ={V:Y =Z—EZ forall ZeS}. Thus S’ is convex P[YeS'] =1 and EY=0. We will
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show that0 € S’. We prove by induction method. The Lemma is trivially true for k=0 in

which case Y is degenerate at zero. Now suppose the Lemma is true for k-1. We are to show

that Lemma is true for k= 1.

Suppose 0 & S’ then by Theorem (4.6) there exists a vector P = 0 such that PTY = 0
forall Y ¢ S°. Let U=PTY. The r.v. U has expectation 0, and P[U = 0] =1 = P[U = 0] =1,

then with probability one Y lies in the hyper planePTY = 0. Let

S§" = 8'N{y: PTY = 0} Then S’ is convex subset of (k-1) dimensional Euclidian

space for which P[YeS"”] =1 and EY =0

By the induction,0eS”. Since S§” © §' = 0£5' which is contradiction of the

assumption O S’. #
Corollary: S is a convex hull of §;.

Lemma 4.5: (Jensen’s Inequality): Let f(x) be a convex real-valued function defined on
a non-empty convex subset of E;, and let Z be a k-dimensional random-vector with finite

expectation E Z for which P[Z € §] = 1.
Then E(Z)eS and f[E(Z)] = E[f(Z)] ............. (4.8)
Proof: for k=1, the point (EZ, f (EZ)) is on the boundary of the convex set S; .

g = {(ZI'ZZ' ,Zk+1)T fﬂr some XES,XT = (ZIFZZF ""Zk+l)
1=

and f(x) < Zy 44 }'(4'9)

Hence there exists a supporting hyper plane (straight line) at
(EZ,f (EZ)).Callthisy = mx + ¢

Because (EZ, f (EZ)) is on this line. It may be written as,
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V= f(EZ)+m(x —EZ) And because this line is never above the curve y=f(x) we have,
f(x) A

f(x) = f(EZ) + m(x — EZ) for all x. \/

f(Z)=f(EZ) + m(Z —EZ) forZsS.[EZ, f(EZ)]

E(f(2)) = f(EZ) EZ
Thus, theorem is true for k=1. Suppose theorem is true for k-1, we prove for k= 1.

Since EZ € S, the point (EZ, f (EZ)) is boundary point of the convex set S; defined
(4.9) hence by supporting hyper plane theorem, there exists a(k + 1)-dimensional vector

P = 0 such that,
PTZ = PT(EZ,f (EZ)) or
f:i p;Z = Elepj- Ez; + py+1f(Ez) forall(Zy, ..., Z;) €S . (4.10)

We note that; p, 4, cannot be negative, for letting Z,.,; — oo the inequality (4.10) will not be

satisfied. Replacing Zj 4 4
with f(Z),Z = (Z,, ..., Z;)eS and Z with random vector Z.
Prs f(EZ) < f:i P (z; — Ez)) + s f(Z) oo (4.11)
If pr+1 = 0 taking the expectation.
Pes1f(EZ) = prs 1 Ef(Z) = fIE@)] = E[f(2)]
If pps1 = 0 (4.11) = the random vector

U=Xpj(z;—Ez)= PT(z — Ez)is non-negative and EU=0=>P[U=0] = 1 that gives all its
mass to the (k-1) dimensional convex set S’ = Sﬂ{Z:EpJ,- (z; — Ez;) = 0} by induction

method, theorem is proved.
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Theorem 4.8: Let a be a convex subset of E;, and let L (0, a) be a convex function of a € a for
all 0 € O there exist a €= 0 and a ¢ such thatL(6’,a) = e|a| + ¢, then for every P € a*, there

exist an ayea such that L(8,a,) = L(6,P) forall 0 € ©.

Proof: P ¢ a* and Z be a random vector with values in & when distribution is given by P. then

EZ infinite since,
cE|Z| + ¢ = EL(68',Z) = L(6',P) < o By definition of 4"
L(8,P)=EL(B,Z) = L(A,EZ) = L(6,ay)Where,a, = EZ&A.

Remark: If the loss is convex, we can always concern with non-randomized decision rules.

The non-randomized decision rules form a complete class.
Example 4.2: @ =4 = [0,1], 4 is convex set.
L (6,a) = (8 — a)?is convex loss function.

X has b= (2, 0)

PoX =x] = (i) 0%(1—6)2*  x=01.2

dq(x) zz—f d,(x) zé forallx =0,1,2

Plz=d]=; PlZ=d)]=

d1+d2 _x+1 _d

Elz] = 2 4

R(8,d) = EL(6.d(x)) = E(8 — £2)2

4

= 62 + E(C)? — 20E(X5)

=02+ L[Ex? + 14+ 2Ex] - 2(E(x) + 1)

— 92 ¢ 1—16[29(1 —9) +462 +142.20] - ‘”22“]

_ 1682+[20-207+482+1+46]-168%-80  [202-268+1]
- 16 - 16
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Let dy be a randomized decision rule choosing d;with prob.%and

d,with prob. é

R(6,dy) = 5[R(8,d) + R(6,d>)]

_ 1 1 1 2 _1 2
—5[28(1 6‘)+4(4€ 46 + 1) —8(29 20 +1)

Obvious, R(8,d) < R(6,d,) as

262-20+1] _ (267 —26 + 1)

16 8

202 -20+1=20 1-201-6)=0

as the maximum value of,, (1 — 8) = 1/4. Thus, the inequality is always true.

5.7 Self-Assessment Exercises

1. If g is a continuous and concave function on the interval I and X is a r.v. whose values are

in [, with certainty, then E[g(X)] < g[E(X)], provided expectations exist.

2. State and prove supporting and separating hyper plane theorems along with their uses.

5.8 Summary

Section 5.3 discusses the about the concept of admissibility. Concepts of
completeness and minimal complete class and related results have been covered in sections
5.4 and 5.5. Separating and Supporting Hyperplane Theorems and some others important

results and their derivations are given in section 5.6.

5.9 Further Readings

e  Berger, J.O. (1993) Statistical Decision Theory and Bayesian Analysis, Springer Verlag.

e Bernando, J.M. and Smith, A.F.M. (1994). Bayesian Theory, John Wiley and Sons.

. Luenberger, David G. (1969). Optimization by Vector Space Methods. New York: John
Wiley & Sons. p. 133.
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UNIT-6: MINIMAXITY AND MULTIPLE DECISION

PROBLEM
Structure
6.1 Introduction
6.2 Objectives
6.3 Minimax Theorem
6.4 Complete Class Theorem
6.5 Equalizer Rules and Examples
6.6 Multiple decision Problems
6.7 Continuous form of Bayes Theorem, its Sequential Nature, and Need in
Decision Making
6.8  Wolfowitz Generalization of FCR Bound and Sequential Estimation and
Testing
6.9 Self-Assessment Exercises
6.10 Summary
6.11 Further Readings
6.1 Introduction

If for a given decision problem (®, D, R) with finite ©, the risk set S is bounded from
below and closed from below, then the class of all Bayes rules is complete and admissible
Bayes rules form a minimal complete class. Minimax theorems state that a wide variety of
two-person zero-sum games have values and are strictly determined. A multiple decision

problem is a problem in which only a finite set of actions (more than 2), is available.

6.2 Objectives

After studying this unit, you should be able to

e Define the minimax theorem.
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e State the complete class theorem.
e Define multiple decision problems.

e State the continuous form of Bayes’ theorem.

6.3 Minimax Theorem

As discussed in earlier sections, now we learn the concept of minimax theorems,
which state that a wide variety of two-person zero-sum games have values and are strictly
determined. In particular, if parametric space is finite (and certain technical conditions hold),
then the game has a value and is strictly determined i.e. these theorem state that the game has

a value and that minimax rules exist.

6.4 Complete Class Theorem

Theorem 4.9: (converse of theorem 4.2): If ¢ is admissible and O is finite, then 6 is Bayes

w.r.to some prior distribution T.

Proof: If § is admissible, then QNS = {x} whereas Sc§ = @, NS c Q, NS = {x}. And x ¢
S. thus, because@, -{x} and S are disjoint convex sets, there exists a vector P= 0 such that
PTy = PTz for all y=Q, -{x}, and z € S. If some coordinate p; of vector P were negative then
by taking y so that y; sufficiently negative, we would havePTy < PTx. Hence p; = 0 for all

j. we may normalize P so that) p; = 1. Because P is now a probability
Distribution over © and ¥, p; R(Bj, 5) < PTZ forall Z ¢S, & is a Bayes rule w.r.to P.

Theorem 4.10: (Complete Class Theorem): If for a given decision problem (®, D, R)
with finite O, the risk set S is bounded from below and closed from below, then the class of

all Bayes rules is complete and admissible Bayes rules form a minimal complete class.
Exam[!le 4.3: @ - {81,82} é = [D,].]
L (0, a) = a? L(f,,a)=1—a

(Note that loss function is convex in a, for each 0)
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Pe{H}=7  Po{H}=:

1. Represent the class D rules as a subset of the plane.
2. Find the class of all non-randomized rules.

3. Find minimax Bayes rules.
Solution: D = {d:x — [0,1]} where = {H, T}

Let d(H) = x,d(T) =y with the interpretation that we estimate 6 to be x when H is

observed and y when T is observed.
D={(x,y):0=x<10=y<1}

This is a square in the plane (x, y).

R(6,,d) = EL(6,, (x,¥))
= L6, )P /g, | + L6, 3)P 7]
= x24y22 = 1x2 4 292) L (4.12)
R(6,,d) = EL(0, (x,¥))
= 162, )P [/, | + 1082, )P [T/, ]
A= (1= =2E 20— ) e @.13)

Let (p) and (1-p) be the probability distribution @ = {8,,8,} i.e choosing#; with prob.

(p) and choosing®, with prob. (1-p).
R(z,(x,y)) = ER(8,(x,¥))

= pR(6;, (x,y)) + 1 — pR(6,, (x,¥))
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= g(}:2 + 2y?) +1;3p(3 —2x—y)
=22+ 2y +2x+y—3)+2B-2x—y) oo (4.14)

Set of Bayes rules which minimizes (4.14) will be obtained as,

(2x+2)2-2=0=x==2&

p

T p_l_ r—ll;p
(4y + 1 5_0=>}_Z(p)

Then the set of Bayes rules are,

Now to find minimax Bayes rule, we should have (4.12) = (4.13) for (rx.g) €EB >

1 22 1
e B e S _«
3((1 +16) 3(3 2a 4)

2
2 —3-2¢—%29a%+18¢—24=0=3a’ +6a—2=0

—6+/36+96 5.74
a=——-—

? = 0.91 = p = 0.52 (approx.)

Hence (0.52, 0.48) is prior distribution function (0.91, 0.23) is Bayes rule and since

for this (x, y) risk is constant have (0.91, 0.23) is minimax Bayes rule.

Admissibility of X for Estimating Normal Mean:

First Proof: (The Limiting Bayes Method):
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Suppose X is not admissible, and without loss of generality we may assume ¢ =1.

Then there exists §* such that

R(6,6) <L forallg
; " } (under the square error loss function)
<= for some 8

R (8, d) is a continuous function of O for every 0, so that there exist
£ > 0 and 6, < 0;such that

R(8,6%) = % —¢ forall 8, <8 <@, (asin Theorem 4.3)

Let ¥, be the average Bayes risk of §* with respect to prior distribution 7 ~ N(0, T?)

and let ¥ be the Bayes risk of the Bayes decision rule with respect to N (0,T?). Thus by exp.

3.11 for o=1
—g2
L —[% [2-R(@.59|e2T7d6
n YT _ T ™
1 - 1 :I"2
= -y i
n T n 1+nT?
_g2
2ye 8
E%Ielezi‘"zdﬁ .................. (4.15)
V2T

By Lebesgue dominated convergence theorem, as the integral

—_g2
ezr? — 1 As T— oo, the integral converges to(#; — 8, )and the

1 =
R.H.S— o0 = 2T _, o thus there exist Ty such thatyr < yr, , which contradicts the fact

2
that 770 is the Bayes risk for %V (0,75,

Second Proof: (The Information Inequality Method):

R(8,8) = E(5 — 8)2 = vare(8) + b2(8),whereb(8) = Eo(5) — 6
> b2(6) +[1+f’ fe'l by FCRbound. .............. (4.16)
In the present case 6% = 1,1(8) = 1
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Suppose now 9§ is any estimator satisfying

R(6,6) = -Forall §............... (4.17)

and hence, b%(8) + [1?”# < % for all 8

We shall then show that (4.18) = b(8) = 0 for all 0. i.e d is unbiased.

1. Since |b(8)| = iﬁ the function b is bounded.

2. From the fact that 1 + b"2(8) + 2b’(8) = 1 = b’'(6) = 0 so that b is non-increasing.

3. Next, there exists a sequence of 8; — co and such that b'(6;) — 0

For suppose that b'(8) were bounded away from 0 as 60— o0

say b'(8) = —& for all 8, then b(8) can not be bounded
as 0— oo, which contradicts 1.

4. Analogically it is seen that there exist a square @; —» —oo and such that
b'(6;) - 0.Thus b(A) -0 as 6 — +oo with inequality (4.18). Thus
b(8) = 0 follows from 2.

Since

b(8)=0=b'(8)=0forall = (4.16) as R(6,8) =
%For all 8 and hence R(8,6) E%

This proves that X is admissible and minimax. This is unique admissible and minimax

estimator. Because if & is any other estimator such thatR(@,§") =2

n

Then let

w1 '
5 =2(8+6"
R(6,6") <-[R(6,6) +R(8,5")] = R(8,6)

Which contradicts that 6 is admissible. Thus 6=6 with prob. 1.
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6.5 Equalizer Rules

The equalizer rule for exact minimax estimation and then proceeds to minimax

hypothesis testing (also known as minimax detection).

The Equalizer Rule:

Suppose O is the parameter space and let d:0*©— R*be a specific loss function. The
risk of an estimator 8 is defined as Ej [d(§ ', 8)] where the expectation is taken over the i.i.d.
random sample from the underlying distribution parameterized by the true parameter. Let

mbe the prior distribution over the parameter space ©. The Bayes risk of an estimator 8with

respect to prior wis defined as-
R(G,m) = ng [d(6,6)]drn(6)

The posterior risk of an estimator with respect to prior zis and data X is defined as-
r(9/x) = Eo-nld(8,6)/x]

The Bayes rule estimator with respect to prior m is the estimator 8 that minimizes the
posterior risk r (9 / X) at every X.

The Equalizer Rule asserts that an estimator is minimax if it is the Bayes rule with

respect to some prior rand achieves the constant risk for all underlying parameterf.

Minimax strategy —A minimax strategy for player 2 is a strategy 6 “that minimizes the
supgepL(6,8")i.e. the strategy for which supg_gL(8,8M*) = infsupgoL(6,5")

The R.H.S. is the minimax value of the game and denoted by V.

Maximin strategy- A maximin strategy for player 1 is a randomized strategy 6™ that

maximizesinfg.gL(8, @), 1.e. the strategy for which
infgeoL(0,6) = supinfpeL(0,a)

The R.H.S. is the maximin value of the game and denoted byV.
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Definition —A strategy m, is equalizer for 1 if L(my, a) = C (someconstant)Va € A. A

strategy &, is an equalizer for player 2 if L(8, §,) = C’(someconstant)V8 € ©.

Theorem: If both the player 1 and 2 have equalizer strategies, then the game has a value and
the equalizer strategies are the maximin and the minimax strategies.

Proof: If m and &"are the equalizer strategies then

L(6,6") = K,¥O €0, and L(m,a) = K,Va € A
L(w,6") = E™L(6,8*) = E"K,=K,

L(m,6*) =E% L(m,a) =E® K, = K

Hence K; = K,. Game has the value

Example: Binomial Distribution.

Suppose X~B(n, 8). Consider the Beta prior 8~ Beta(a, §)
The posterior distribution of & conditioned on X is then 8/X~Beta(a + x, f + n — x)

Under the squared error loss function d(g ; 9)2(9 — 8)?, the bayes rule is the posterior mean:

Taking = § — ‘jﬁf o, we have

R(B(m),0) = ——— 2
41+ )

which is a constant function with respect to the underlying parameter 8. Subsequently, by the

equalizer rule we claim that the minimax estimator for 8 is

A 1 x
[1+~.;ﬁ) (n+ Vﬁ) )
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6.6 Multiple Decision Problems

A multiple decision problem is a problem in which only a finite set of actions (more than 2),
is available.

(NOTE: For more details on this section please refer to Unit 1 of Block 1.)

6.7 Continuous Form of Bayes Theorem, Its Sequential Nature, Its

Need in Decision Making

Consider a decision problem specified a parameter ® whose value are in ® (parameter
space), a decision space D, and loss function L. we shall suppose that before the statistician
chooses the decision in D, he will be permitted to observe sequentially the values of a

sequence of r.v’s X;, X5, ....... we shall suppose also that for any given value ®=0, these

observations are independent and identically distributed. It is then said that the observations
are a sequential random sample. We shall suppose that the conditional p.d.f. of each

observation X; when ®=0 is f(./8) and that the cost of observing the valuesX;, in turn is C.

A sequential decision function or sequential decision procedure has two components.
One component may be called as sampling plan or stopping rule. The statistician first
specifies whether a decision should choose without any observations or whether at least one
observation should be taken. If at least one observation is to be taken, the statistician

specifies, for every possible set of observed values X; = x4, X; = x5, X, = x,(n=1)

whether sampling should stop and a decision in D chosen without further observations

or whether another value X, ., should be observed.

The second component of sequential decision procedure may be called a decision

rule. If no observations are to be taken, the statistician specifies a decision dyeDthat is to be

chosen. If at least one observation is to be taken, the statistician specifies the decision

d,(xq,..,xp)eDthat is to be chosen for each possible set of observed values

X, = x1,X; = x5, X;, = x, after which the sampling might be terminated.

Let S denote the sample space of any particular observationX;. For n=1, 2... We shall

let §™ = S8xS5x..xS (with n factors) be the sample space of the n observations
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X1,X5, ..., Xyand we shall let % be the sample space of the infinite sequence of observations

Xy, Xy, ..

A sampling plan in which at least one observation is to be taken can be characterized

by a sequence of subsets B, eS™ (n=1, 2...) which have the following interpretations:

Sampling is terminated after the values X; = x4, ..., X, = x, have been observed if
( x4,...,x,)B,. Another value x,4; is observed if( x4, ..., x,) & B,. If there is some value r
for which B, = S" or more generally if P[( x4,...,x,) & B,]for n=1, 2... r] =0 then the

sampling must stop after at most r observations have been taken. The specification of the sets

B, for any value of n such that n > r then become irrelevant never the less, it is convenient

to assume that the sets B,, will be defined for all values of n.

Each stopping sets B, can be regarded not only as a subset of S™ but also as the subset
of S" for any value of r=n and as a subset ofS”. When B, is regarded as a subset
ofS",r > n, B, is a cylinder set. In other words if ( xq,...,x,)eB, and if ( yq, ..., V) 1S any
other set in S™ such that, y; = x; ,1=1,2........ n then ( yq, ..., ¥ ) €B,, regarded as of the values

of the final r-n components.

Suppose that at least one observation is to be taken with a given sampling plan, and
let N denote the random total number of observations which will be taken before sampling is

terminated. We shall [N=n] denote the set of points ( x4,...,x,)eS™ for which [N=n]. in other
words, suppose that the value X; = x4, ..., X, = x,, are observed in sequence, then sampling
will be terminated after the value x,has been observed (and not before) if and only if

(x4,...,%,)€[N = n]. hence [N=1] =B, and forn > 1
[N=n]=(B,U B,U..UB,_,)°Nn B,

Similarly, we shall let [N =n] = U,[N = i] denote the subset of S"for which
N = n the events [N = n] and [N=n] involve only the observations Xy, X5, ..., X;. Hence
these events are subset of S™. Also, they can be regarded as subsets of S”, r > n. furthermore,
events [N > n] = [N = n]¢involve the observations X;, X5, ..., X,,, and it can be regarded as

subsets of S™ for any value of r, r = n.
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For any prior p.d.f & of 0, we shall let f,(./&) denote the marginal p.d.f of the

observations Xy, X5, ..., X,

FGpy 30/ E) = [, f(21/0), e, f (2 /OIE(@)AV(D) ......... (6.1)

Furthermore, we shall let f,(./&) denote the marginal joint d.f of Xy, X5, ..., X,,.

Hence, for any eventd c §,,,

Plxq, ..., xpe4] = JA dfy (X1, e, X0/ E) e (6.2)

We can write the following equation:

P[N<n] = _[4 dE, (xq, ..., x, /&)=

I[Nzl] dF; (x1/8) + j[sz] dF; (x1,%2/§) + J[Nzg] dF3 (x1,%2,x3/§) ++ +
j[Nzn] dFE, (xq,%x3, .., xp /%)

The decision rule of a sequential decision procedure is characterized by a decision

rule dyeD and the sequence of functions &y,8,,.... with the following property: for any
point( x4, ..., x,;)€S™, the function §,, satisfies a decision, 8, ( x4, ..., x;)eD. If the sampling

plan specifies that an immediate decision in D is to be selected without any sampling then the

decision dyeDis chosen. If on the other hand, the sampling plan satisfies that at least one
observation is to be taken and if the observed value ( xy,...,x,) satisfies the condition
(x4,...,x,)e[N = n], then sampling is terminated and the decision ,&,( xy,...,x,)eD is
chosen. The value of the function ,§,, need only be specified on the subset [N=n] cS". A
procedure involving a fixed number of observations n can always be obtained by adopting a
sampling plan in which [N=j] =®, the empty set for j=1... n-1 and in which [N=n] =5". In
general we can also consider sampling plans for which the probability is 1 that sampling will

eventually be terminated. In other words, we shall assume that,

PIN<w]|=lmP[N=n]=1.................. (6.4)

[It need not be assumed that there is some finite upper bound n such thatP[N = n] = 1]
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Risk of a Sequential Decision Procedure

The total risk p(¢&,d) of a sequential decision procedure which at least one

observation is to be taken is,

p(§,6) = E{L[6,6n( Xy, .., X))l + C1 + €2 + -+ + Cy}

= X1 Jyem Jo L1660 ( Xy, o, XD (6/ x4, oo, ) AV(O)AE, (X4, -, X /E) +
2o (Cy+ Cy 4+ Cy) P[N = n]

Here &(./ x4, ..., x,)is posterior p.d.f of ® after the values X; = x4, ..., X;, = x, have been

observed. Alternatively,

§(0)dv(8)

[ Trcwodut
i=1

p(£,6) = L { f[Nzn]L[e.antxl.....xn)l}

+Z(cl +C+4+C)PIN=n] e e e een .. (6.6)

n=1

In the development of theory of sequential statistical decision problem, we shall have

little need to refer to any specified value & (8/ x4,...,x,) of the posterior p.d.f of ©.

However, we shall often have to refer to the entire posterior distribution as represented by its

generalized p.d.f. therefore we shall denote the p.d.f simply byé(xq,...,x,).
If & is prior distribution of @. WhereX; = xq,..., X, = x,, 1s&(xq, ..., x,).

For every p.d.f of 0. Let p, () be defined as follows:

po(®) = infyep [, LI6, d]2(B)dv(8) (6.7)

In other words, py(#) is the minimum risk from an immediate decision without any

further observations when the p.d.f of 0 is ¢(8).

A Bayes sequential decision procedure or an optimal sequential decision procedure is

a procedure o for which the risk p (&, ) is minimized. Wherever a decision in D is chosen
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after sampling is terminated, that decision rule Bayes decision against the posterior
distribution of ®. For any such procedure 6 which specifies that at least one observation is to

be taken, we now have
p(f, 5) = E[Pﬂ[f(xl,...,xn).] +C1 + Cz + e +CN] ............. (68)

Further, more for the procedure §, which specifies that can immediate decision in D

should be chosen without any observations we must have,

P(E,80) = polE) wovvoeeai) (6.9)
Example 6.1: L(6;,d;) =L(8,,d,) =0 O ={6,,6,},D={d;,d,}
L(0,,dy) = L(6,,dy) =b > 0
Suppose X is discrete r.v.’s for which
fix)=P[X=x/60=6]i=12
fi=1-a fi(2=0  f[B)=a 0< a <1
(1) =0, L@)=1-a fB)=a

Suppose the cost per observation is C, let the prior distribution of 6 is

Pl0=06,1=F=1—P[0 =6,] F<

[ SR

. _ rG/e)eie=el
Solution: &(6/x) = P[X=1]

C U-af )
f(elf’l)—m—l £(6,/1)=0
_ f(3/6,)P[6 = 6,]
$6:/3) = 75 78PM0 = 6,1 1 £ 3/ 0,)P10 = 03]
_ ag _
“Etra1-9 °

Similarly, £(6,/1) =0, ¢&(6,/2)=1, &(6,/3)=(1-%)
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Thus, after an observation has been taken, either the value of 6 becomes known or else the

distribution of 8 remains good as it was before the observation was taken.
po (&) = infa{L(8y,d )¢ + L(6,,d)(A — §),L(0,,d,)E + L(6,,d,)(1 — &)}

= infy{b(1 — &), b }Without any observation is taken.

= bé since, & <

[

If the Bayes decision is chosen when P[8 = 6,] = & , the expected loss is b&.

If one observation is taken then the expected loss will be

E po(£(X)), where £(X) = P[0 = 6/X = x]
po(1) = po(§(1))
= inf,{L(6,,6(1))P[6 = 6,/X = 11+ L(6,,6(1))P[6 = 6,/X =11}
= inf,{0,b} = 0
Now, L(8y, 8(1))P[8 = 6,/X = 1] + L(6,,8(1))P[8 = 6,/X = 1]

=0 ifs(D) = dy
= b ifs(1) = d,

Similarly,p, (2) = 0 and py(3) = bé
Ep,(X) = OP[X = 1] + OP[X = 2] + bEP[X = 3] = bia

The expected loss Epg( Xy, ..., X,;) = b&a™ when the Bayes decision is chosen after n

observations Xj, ..., X,, have been taken,

pn = b&a™ + Cn Total risk for the optimal procedure when exactly n observations taken,

assume p (1) <p (0)
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o Ly
Lom) = 0= n" = [loge @] L i, (6.10)

1.
log (g

afl
andp(n*) = —C [1 +1og"“‘:;(a)] ........................ (6.11)

10g (3)

6.8 Wolfowitz Generalization of FCR Bound and Sequential Estimation
and Testing:

A sequential provides a set of stopping rules {R, (X, ..., X,);n =12 ... ... } which are
B designate the Borel o-field on ¥, n-dimensional Euclidian space; assigning to
(X4, ...,X,) an integral value so that if R, (X;, ..., X,,) = n, we terminate sampling after the
n'™ observation otherwise, X,,, ;is observed. Consider the o-field8, ¢ B, c --- generated by
X,,..,(Xy,...,X,;) astopping rule R for a sequential procedure can be conveniently described
by a sequence of sets {R,;n=1,2,...} where, R,c8B, for each n=1,2,..... Sampling is
continued as by as consecutive vectors (X, ...,X,) , n=1,2,..... do not enter one of the sets
R,,. In another words, the sample size N (a random variable) is N= least integral n, n= 1 such
that (X4, ..., X, )eR,

e R ifn =1
ehine sels.fn = o NEN..NR, ifn=2

The sets R,, is the set of all sample points which leads to stopping at N=n. The estimation rule
for estimating a function g (P, Py, ...) is given by a sequence of functions gy, g5, ... such that

ne8B,, for all n=1,2... and if N=n then the estimate of g is g,,.

Lemma 9.1: [wald's equation]: let(X,,..,X, ..) be a sequence of i.i.d random

variables, distributed with some distribution, satisfying E|X| < co. For any sequential rule

yielding EN< oo
EGCY . X)=EX)EN ..ccccoevviiii. 9.2)

Proof: let (R4,R5, ...) be the sequence of stopping regions. Then,
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E(E;V:]_XI) = ;j:ljﬁz?zl Xj (l__[?zl dF(xI)) ............. (92)

Now, EX; = X7, jﬁ(xi)n?ﬂ dFx;

i—-1 o n
:Z[_xi dF(xI)+Z[_xIHdF(II)
n=1 Rp 1 n=i Rn i=1

= E{X;I[N < ]} + E{X;I[N = i]}

mn

i=

mn

oo
n=i * fn

Since [N = i] is B;_, measure andB, = B, therefore X; is independent of [N = i]. thus

dF(x;) = E{X,I[N = i]} = P[N = {]E[X,/N = i]
1

i=

E[X;/N =z i] = E(X;)

mn

[+ 4]
n=i Rn

dF(x,) = P[N = {]E(X,)
1

= P[N 2 {]JE(X) vevoreeeereeennnn, (9.3)

Now from (9.1)
n=i Jﬂz?zl x; iy dF (x) = X2, Xn—s fﬂxi [l21dF(x) ... (94)
(This is permitted as E|X| < o0)

= )ic, P[N =i]E(X) From (9.3)

— EX Z P[N = i] = E(X)EN

i=1
E(XL,X;) = E(X)EN#

Alternative Proof: Define a r.v. ¥; such that

¥; = 1, if no decision is reached up to (i — 1)th stage,i.e.if N > (i — 1)
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Ootherwise.

Clearly, ¥; depends only on X; X5, ....., X;—; and does not depend on X;. Also

Sv= ) Xuhy
n=1

Hence E(Sy) = EQX_, X, ¥,) 9.5)

Now,

Z E|X,Y,| = Z E|X,|E|Y,| (because X,, and Y, are independent)
=1

n=1

_ E|X1|Z ElY,| = E|X1|Z PIN = n] (becasuseE|Y,| = P[¥, = 1] = P[N = n])

— Elx, i i — k] :ElelinP[N — 1]
n=1

n=1k=n
=E|X;|[E(N)| <

Therefore, E(Sy Jexists and we may change the order of operation of expectation and

summation sign in (9.5). Hence,
E(Sy) = E (Z xnyn) _ Z E(X,Y,) = E(Xl)z E(Y,)
n=1 n=1 n=1

= E(x) ) PIN = n] = EGx)EN)
n=1

Note: Lemma 9.1 holds if only we assume E(X,) = p and E(N) < oo and the assumption

that X;sarei.i.d. is not necessary.

Lemma 9.2: Let(X,, ..., X,) be a sequence of i.i.d random variables, having a common d.f.

F(x) with mean zero and variance
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a2,0 < g% < oofor any sequential stopping rule with E(N)< oo , if
E{XEY,1X;)?} < oo then, E{(EY  X;)?} = 6%EN ............ 9.5)

Proof: As before,

N 2 o n 2 q
{(2r) 2L ) Lo
:i[_ Zn:xinrznZ_:l Z XX HdF(x)
n=1"fn |i=1 =1 j=i+1
:;fﬂ(le )HdF(x)-I—EZL 2 1“+1 HdF(x)
= 0’EN + 237 [ (Z” LY xix;) [T, dF (x;) By Lemma 9.1
Now
-1 n 0w i—1 o n
Zf_ > ) l_[dF<x)—ZZZf ] [arc
Ry i=1 j=i+1 i=2 j=1n=i Ry i=1
But

Yo fR_nxL-xj [T, dF(x;) = P[N = {]E[X(x)/N = i] for j<i, (i=1,2,3...)as
X; is independent [N = i]

= P[N = {]EX;E[X;/N = i| =0 forj<i, (i=1,23..)

The rearrangement is guaranteed by condition E{(X1_,|X;|)?} < oo

Then E{(XY, X;)2} = 62EN#

Alternative Proof: Let ¥; be defined as in Alternative proof of Lemma 9.1. Then
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E(Sy)?=E

PXLOXT
i=1 j=1

=E(E?‘;1Xi2y}2 + Z:;;E; X;Y;in’;) (9.6)

E|SE| = ZX2Y2+ZZ\XX\Y

I;t_} _}

=E(XY,|X;])? < oo (by assumption).

Hence the order of operation of summation and expectation in (9.6) can be interchanged.

Now
E (Z Xfo) = E(X?)E (Z Yf) = og2E (Z YI-) = g2E(N) (by Lemma9.1)
i=1 i=1 i=1
Again
oo [—1
ZZXI-YIXJ-Y} = (Z Z X Y.X; Y) =ZZZ E(X.X;Y,)

=25, Tid E{VE(X.X,/v}} = 222, BiA E{(ME(X)E (X, /v;)} = 0
as X; and Y; are independent of X;. #

Generalization of FCR bound for Sequential estimation

Theorem 9.1: [wolfowitz]: Let(X,, ..., X,, ....) be a sequence of i.i.d random variables,
whose common density f(x; &) with respect to measure p belong to a family

Y = {f(.; 8):0=0} on which the following regularity conditions are satisfied:

1. O contains an interval in a Euclidian k-space.

2. f(x; B)is differentiable w.r.to 6 on ©.
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3. [I&f(x; 8)|du < o for all 6z0.

4. 0 < [[Zlogf (x; 9)]2f(x; 8)du < o for all 626.

5. Foreachn =12, ........and all 6

LI i
Fixg 6)
I[Z |a;6t'x!-= 8) |]2 1_[ dF(x;) <
i=1 L
i T
. [ [Z agioaresi o’ HdF (x;) < o0
=1 L

Let (R,,n = 1,2 ...) be the sequence of stopping regions associated with a given
sequential procedure. Let g(6) be an estimable and differential function on ©. Let

g(Xy, ..., X,, ...) be unbiased estimator of g (8) satisfying the following conditions:

6. [1§Cc1, ) xS TR, F i ) Tz, dpix,) < o0 for each
n=12..

7. X7, a%gnw;. converges uniformly on ®, where
T
On @) = J-_g(xl- e xn) H dF(xv)
Rn v=1

PR
then Varg{g(Xy, .., X, )y = &EL ... (9.6)

for all 8,provided EN < o

Proof: Let N be the sample size associated with the given sequential procedure. Let

S(X; 0) = %Iogf(XI—; 8)i=1,2..

These are i.i.d r.v’s and 1-4 guarantee that E S(X;; 6) = 0 and I(6) = E[S%(X;; 6)] < o by

condition 4 and the assumption E(N) < v = by Lemma9.1
EXY,S(X; )] =EW)ES(X;; 8) =0 forallf ......... (9.7)

Furthermore, according to condition 5
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ERNISx; NP <o (9.8)
E[{ZV,S(x; 8))2] = E(N)ES2(X,8) = E(N)I(B) ......... (9.8)

Consider the expectation,

N
Elg(X,, ... X, )Z s ! 8e0
i=1

Where §G(X,,...) is unbiased estimator ofg(f#). According to (9.7) and by Schwartz

inequality we have

(SIS

E

N N 2
Gy X)) S 00 = [E{(9Ks, . Xn) — 9(0)°} B (ZS(X“ e))
i=1 i=1

Forall@e® .................. (9.10)

The quantity E(ﬁ(Xl.....XN._.)—g(B))Z is the variance of F(Xj,...,X, ....) under the

sequential procedure. Further 6 & 7 allow the differentiation under the integral sign in,

v =LY | PO P
n=1""n v=1

= ZJ;L; ﬁ(xl.....xn);—ﬁl:_l[f(xi; S)Ddﬂ(xi)

— i L__ g‘(xl,...,xn)(i ;—elogf{xl-;g}) - flx; @) dpulx;)
n=1 n i=1 i=1

— i L__ g‘(xl,...,xn)(i S(x;; 9))ﬁdF(x:)
n=1 n i=1 i=1

=E[G(Xy, o, Xy o ) BN S(Xi; O] e (9.11)

From (9.9) (9.10) & (9.11)
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Vargg(Xy, ... ... =

) = E2[§(Xy.Xn. ) iy S(X;: )]
I1{B)E(N)

_ lg'@)
T IBE(N)

Optimality Criterion of Sequential Procedure:

1.

Subject to the condition Eg(N) = m (m is a fixed integral bound) for all 6, minimize
the variance of the best unbiased estimator that is,Eg (§y — g)? uniformly in 0 (if such

an estimator exist.)
Subject to the condition
E(gy — g9)? = v < wo(fixed finite positive value) for all 8, minimize expected
sample size Eg (N).

Minimizes the expected cost of sampling plus expected loss, that is,

CEg(N) + Eg(gy — 9)*

Generally, there is no sequential estimator that can satisfy 3 uniformly in 0. In case 2,

DeGroot(1959) and Wasan(1964) have shown that a fixed sample size procedure in the

binomial case does not minimize Eg(N) w.r.to all sequential procedure uniformly in 6,

0< 6 < 1 subject to the condition that supyg-1varg(§) = .

Sequential Estimation of the Mean of Normal Population

Let(X4, ..., X,,) be i.i.d r.v’s with mean p and variancea?, both unknown as an estimate

of u, we chooseX,,, the sample mean. The problem now is to choose n. Let us assume that the

loss incurred is A|X,, — u|, where A= 0,1is known constant and let each observation cost one

unit. Then we wish to choose n to minimize,

We have, E«Jﬁ@ = [=

EL(n) = E{A|X,, —u|l+n} ... (9.12)

2
T

So that EL(n) = AE (E’%‘ﬁ)%rn
5
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20
ZAJ;V,—;-FH .................... (9.13)

Treating as continuous function n we have for minimax,

_A E_Gr:__,_|_1:{j|::vnﬁ:(ﬂ—g)E ...................... (9.14)

T 2{]’1}5 Ve

At the value n that minimizes (9.13), for this value of n

1

2 (V2n\* [Ac\s
v(g) = EL(ngy) = A4 Ea(ﬂ) -I—(E)

A |IE +£ A z
W IT V2T a 3 _
e 3(52) =3mgnnn (9.15)
VZm

So that the loss due to the error of estimation is thrice the size of the sample, that is
thrice the cost of sampling. Of course, this presupposes the knowledge of c. If we do not

know &, we cannot compute 7.

When o is not known, we have the following sequential sampling procedure R:

2

N = least n,n = 2 where n= (AS_")E ................ (9.16)
Vam
Yl-Tm)?® — 1
Where, Snz :? » Xp :; }"zlxi

We may write this inequality,
N = firstn,n=2when % (x; — X,)? < i—g(n —1n? ... (9.17)
Lemma 9.3: Rule R terminates with probability 1.

Proof: It is sufficient to show that,
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2
AS}‘] )E P (A.S'n )E
i.e lim P —ngl=¢]=1
(Jzn — Ny n—oo [ V21 ° ]
4 z
. 5n \3
Or AI_I}‘I{:ID P[ (\ﬁ) —ng| >l =0
2 2
. Sn \3 a\3
Now  jm P [ &) - (&)~
1 2
T Sp\3 V23
_AT;:P[ (;) ~1 >(—) gl ................ (9.18)

2

2 2 3
o 1‘ > (ﬂ) El < lim
a A T1—+ oo {]’I—l]

Since, lim Pl
n—oo

2
AS 5]’!2 NX]‘:—:I
n—1

— therefore (9.18) tends to zero as n— oo,

Lemma 9.4: For any fixed n, X,, is independent of $3,5%, ...,S2 and hence,

P [.JH (ﬁg‘“) <t/s?, ...,s],%] — [ eTmdx ... (9.19)

Proof: Define U, = 2%

i=12,..,n

Then U; ~ N(0,1)r.v’s and independent i=1,2.....

Let us write,

wy tuy; + U — iUy

JiG+1) '

Vi i=12,...,n—1

1 il
v, =+vnu where 1 = E u;

i=1

Ul +U2 + '”‘l_UI' _II.UI'+1 Ul +U2 +'"+b} _jb}-|-1

JiG+ 1D VviG+1)

cm?(Yi,Y}-) = El
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. (U? + U3 + -+ + U?) —iEUZ,

Vii+ DG+ 1
EY, = 0,var(Y;) = 11(1 +1) = i(i+1) -

Y;arei.i.d N(0,1)i=1,2,...,n

L
j=1

0’2 < 2
—12% N

1
j=1

2 4ot Yi—lz)-i =23, ...n

It follows that Y, is independent of S7 for i=2,...,n this is the same as saying X, is

independent of §%,5%, ..., S2.

Let us now compute the average loss for R.

X,—u|l o
L(N) :A\W‘"—‘—w
a .Jﬁ

EL(N) = Z P[N = n]E[L(N) /N = n]
n=2

o

P[N n]E[AF‘—‘ +N/N =n]

=
Il
[

I
s
=,
=
I

n]AE [Jﬁ ‘Kf‘_‘”“% +N/N = nl + E(N)

n](Af—) + E(N)

=
Il
[

I
[
~
=
I

=
I
[ ]
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- \EaE (N_Tl) L EN)

— 2nlE (v7) +Em)

Proposition: For large nyP[N = n] E%
— 3
Proof: We have, P[N =n] = P [le TR AR ST A A (n n13]n forn = n,

0

PIN=n] 2P[V,"+Y,° + -+ ¥, 1" <ng—1]

= P[X{zng—l} = Mg — 1]

= P[xf-p— Mo —1=0]
= P[Z = 0] = Where, Z ~ N(0,1)#
Theorem 9.2: Let(Z,, ..., Z,,) be i.i.d r.v’s such that P[Z; = 0] = 1 set

Sp =21+ Z, ...+ Z,and for two constants €y, C; with C; < C,, define the random quantity
N as the smallest n for which §,, = C,0r S, = C;,set N =wif C; < S, <C, forall n.

thus there exist C > 0 and 0 < p < 1 such that,
PIN >n] = Cp" foralln. ................... (9.20)

Proof: The assumption P[Z; = 0]+ 1 implies thatP[Z; > 0] > 0. Let us suppose that

P[Z; > 0] > 0 then there exists &> 0 such that P[‘Z} > g] =6>0 in fact if
P[‘Z} > g] =0forv=>g, then in particular P [Zj > %] = 0 for all n. but

P [ZJ, > i] T P[Z; > 0] and we have 0 =lim P [ZJ, > i] = P[Z = 0] which is a contradiction.
n n n

Thus for P[Z} > {)] > 0 we have ,P[Zj > g] =6>0......... (9.21)

With €y, C; and &, there exist a positive integer m such that,
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ME > Cy—Cy evvvenninnnnnnnnn. (9.22)
For such m we have,
N¥inalz > el c B, 2 > me]l € [BF50, Z > C—C] ... (9.23)

kim k+m
P[Z Z; > C,—Cy] = P ﬂ [Z; > €]}
j=k+1 _
j=k+1

k+m
= H P[‘Z} > E] = 6™ ,as Z;'s are independent .
j=k+1

Clearly,
k-1
Skem = Z[ij+1 + o+ Zeym]
j=0

Now we assert that, C; <§; < (C5,i =1,2,....,km=
Zimsr o+ Zganym < Co—Cy ,j =12, k=1 ... (9.24)

This is  because, if for some [j=12,..,k—1 we suppose that

Zims1 o+ Zjr1ym > C;—Cy , this inequality together
Sim = Cy would imply S(;41ym > C, , which is a contradiction to the first part of (9.24).
[Nzkm+1]C[C, <S;<Cyp,j=12,..,km]

C [Zimsr + -+ Z(rpm < C2—C4]

k-1
P[N =km+ 1] = H[‘ij-i-l + -+ Z[j+1]m = Cz—cl]
j=0

< (1-8m)*
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4+l
ims
ThUS, P[N =km+ 1] = (1 —4am )k :T = C,Gmk-i-l

Put C = p=(1—-86m)y 0<p<1,C>0

1—6m
thus, PIN=n]<Cp" #

Theorem 9.3: Let My (t) = Mg(e??) be the m.g.f of Z, and let it be assumed to exist for all t,

flx.84)
f(x.8q)

where Z = log then a necessary and sufficient condition that there exist a (t = t, = 0)

such that Mg (t,) = 1 is that Eg(Z) # 0 and that Z takes on both positive and negative values

with positive probability.
Proof: To prove the sufficiency, we observe that

My"(t) = Eg(Z%e'?) > 0 Unless Z=0 [sinceMg(t) exists for all t, it is differentiable any
number of times]. Thus Mg (t)is convex function of t. Now by assumption there exists a value

Z’> 0 such that Pg[Z > Z'] = u > 0, therefore t > 0 implies
Mg(t) = Eg(e'?) > etZ' Pg[Z > Z'l =ue'® .............. (9.25)

andconsequently Mg(t) — wast — 0. A similar argument shows that

Mg(t) — oast — oo,
[Mg(t) > etZ' PylZ > Z'] = etZ v
where PglZ > Z'| = v > 0,Z" < 0]

The Mg(t) assume a minimum value at the unique point t* for which
M'g(t") = 0now M'3(0) = E(Z) # 0,s0 that t"=0 unless
Eg(Z) = 0.SinceMg(0) = 1 and Mg(t*) < Mg(0) = 1 wherever

Eg(Z) + 0 It must follow that there exist a t; # 0 such that Mg(t,) = 1
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To prove the condition is necessary, suppose thatPg[Z =0]=1 and
letPa[Z =0]=a < 1. Thus P4[Z > 0] =1 —a, let t <0 for any 0 < & < 1 —a we can

find positive number C such that

P50 < Z < C] < €. Then,

c oo

etZdF-I-J- etZdF

R'EMQ(IT) EPQ[Z:G]‘I‘J-
C

0
—a+t+e+e(l—a—e)

asP[Z>C]=1-P[Z=<C]l=1-P[Z=0]-P[0<Z = (]

a=Mg(t) = [a+el[ll—a—ce€le®™ ................ (9.26)

And hence, a= tlim Mg(t) =a+e

Since ¢ is arbitrary, tlim Mg(t) =a
—oo

Mg (t+h)—Mg (t—h)
h

We see that, Mg(t) = tlim >0forallt<0

and hence Mgy(t) = 1 has no solution other than t=0. A similar argument shows that, if
PylZ <0] =1; Pg[Z =0] < 1 thenM'y(t) < 0, for all t > 0, Mg(t) = 1 has no solution

other than t=0. #
Theorem 9.4: [Fundamental Inequality]:

For a given 0 and for all t such that Mg(t) > p, where p as in Theorem (9.2)

and if Py[Z > 0] > 0 and P4[Z < 0] > 0,where Z = log J{—Ejg’i
Eo

then (9.27) holds for all t.

Proof: Let the sequential procedure is defined in Theorem 9.2. Then since,

EpetSn = EyetZat-+Zn)
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N EgetZi = [Mg(O]™ oovvivnienn (9.28)
Egle®™n[Mg()] "] =1
1 = Byl [Mp(1)]™]
=) BN = B[ [Mp (0] /N = j]

j=1
+ Pg[N > n]Eg[e™¥[Ma(£)]"/N > n]

1 Pg[N = j1E[e™i[Mg(D)]//N = j| + Pg[N >
n)Egle™N[Mg(t)] /N > n]

Since E[e®N [Mg()] /N = j] = E[e®*SI [Mg()]//N = j] as

J n
ZZ,; is independent of Z Z;
i=1

i=j+1

Since for N>n, C; < §,, < C, then by (9.29) and Theorem (9.2)

0<1 —Z Py[N = jl1 E[e®i[Mg(t)]//N = j]
j=1

P

A p
[Mg()]™

Mg(t)

Eglet /N > n] = ( )n k(t)

Where k (t) is positive and for fixed 6 depends only on t. Letting as n — oo we see that for all

real t such that My (t) > p equation (9.27) holds.
Suppose now that Z takes on both positive and negative values so that Mg(t) has a minimum
value which is assumed at t=t* then it follows from (9.29) that for all t,

[Mg (£)]"
1<(t)

and P4[N >n] < MeCIT .. (9.30)

Py[N >n] < 1<)

And hence

MScSTAT/MASTAT-301(N)/117



[Mg(z*)]™ k(2)
1< (t) k(t)

0=1-) BylN =1 E[e™IIMg(D] /N =] <
j=1

Mg (t*)

Thus n — 0 < 1— Eg[e®™v[Ma()] V] =0as e

Or Eg[e®N[Mg ()] V] = 1 #

OC and ASN function of SPRT

For brevity we denote by L (0) the OC (operating characteristic function) of SPRT.

Flx;.04)
Flx.8q)

Let us consider the sequence Z; of independent r.v’s defined by Z; = log i=12,..

satisfying the assumption of theorem (9.2) them if EZ=0, there exist one and only hy = 0
such thatE(e™0?) = 1;if E(Z) = 0, this condition hold only for hy =0 let us assume
thatE(Z) # 0. Since the distribution of Z depends on 6. Thus let us hy = hy(8).

Mg(hy) = M(ho(8)) = EeZho®) =1 ... (9.32)
— f eZhof(Z,0)dZ =1

OrYe®Mp(Z,0)=1...cccoeviiiinannn.. (9.33)
EgeSnmo®) =TIV  EeZMe® =1 ... (9.34)

1 = Egento®) = [(0)Ey(ev™0®) /S, <logB) + 1 — L(B)Eg(eV0(8) /5, <logA)

1=LO)E; +[1 —LOIES e, (9.36)

Where Ey, Ep" represent the conditional expectations when we accept and reject the

hypothesis respectively,

L) = Eg -1

E5*—Ej

..................... (9.37)
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We now find the approximate expression forL(f). Let us consider,
Sy = logB and S5y = logA instead of inequalitySy < logB and Sy = logA. Thus if

Sy = logB
EglexpSyho(8)] ~ Eglexp(logB)ho(6)]
~ E,[B]™® ~ [B]"0®)
Similarly, E, [expSyho(6)] ~ E; [exp(logA)hy(6)] ~ [A4]®

[A]7e(®) — 1

L0 = @ — 7@

When, Eg(Z) =0,then hy(8") =0 where 0 is value of 0 for which
Eq(Z) = 0 = 0. Then,

[A]"0(8) —

dim L(6) = L(9) = Jim @ — [B]ha(s)

hglg) _
4 5 ! logA

= lim
601 A“ﬂ(‘”e gho®) logA — logB

For any real hy(8), we can determine the point in the plane with co-ordinate (0, L (0)). The

locus of these points will be approximate graph of the O C Function.

Expected Value of N i.e ExN or ASN (Average Sampling Number):

We know that for
EZ+0 Eg[e¥"[Mg(h)]~¥] = 1 differentiating w.r.to h at h=0
Eg{Sye N [Mg(R)]™Y — Ne“N" [Ma(R)[TN~1(M"g(h))}p=0 = 0

Eg(Sy)
Eq(Z)

Eg{Sy —NEgZ} =0 =Eg(N) =
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E4[Sy] Denote the conditional expectation of the r.v’s provided Sy < logB and E;"[By] the

conditional expectation of Sy provided Sy = logA.

Eo(Sy) = L(O)E;(Sy) + (1 — L(B))E5" (Sy)

L(B)EgSy + (1 — L(B)E," (Sw)

Eg(N) = E, (@)

If Sy = logB orSy = logA according as accepting and rejecting hypothesis.

L(6)logB + (1 — L(6))logA
Eg(2)

Eg(N) =

If E5(Z) = 0 we differentiate the fundamental Identity twice, we have,

2 1 1 2

M2 NME (Mg (R)-N(Mp(R)) _

Ep|{(Sy — N-2 — SV M, (R)]N] = 0
e [{( N Mg{h}) {:Mg{h}jz € [ 9( )]

Taking the derivative at h=0 and using

Mg(0) = 1,M'g(0) = Eg(Z) = 0 And M"4(0) = Ey, (Z?) + 0 we have
Eg,(sj% — NEQ,ZZ) =0

EgrShy  L(8')SF+(1-L(8')E5"(5F)

Or EQJ‘(N) =

Egr(2%) Egr(27%)
_ L(8")(logB) + (1 —L(6"))(logA)?
- Eg'(Z%)
- logA 5 ( logA ) 5 5
~ logA — logB (logB)™ + {1~ logA — logB (logA) ‘KEQ (Z%)
_ logAlogB
Eg'(Z%)

Theorem 9.5: [wald] If SPRT is defined by (logB, logA), where

0 < B < 1,0 < A < 1, then the error probabilities &, § satisty,
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4<=F B >L Where, a = PO,[Sy = 4], f = P6,[Sy = B]
If we set, A" = 1;—'3 B' = % then corresponding error probabilities a’,f’ satisty,
a' E%,ﬁ’ Eﬁ,andifcr—l— [ =1, then

a+ pf' < a+f

Exp 9.1: Let(X,,...,X,) be iid r.v’s having N (0, 1). The two simple hypotheses are,
HQ:B - _1,H1:8 - 1
f(Xx,1) (x-1)% (x+1)7

Z:Eogmzloge 2 e 2z =loge**=2X

fofXis, 6 = exp (&
m.g.fof Xis, G, = exp (?—I—ﬁt)

m.g.f of 2X is, Mét] — a2t?+26t

It follows that, hy(8) = —8@ thus,

—8a

L(O) = e‘;j where,—b = logB,a = logA

1| 1-—e® e -1
EQ(N):E Rz b= )

—e e " —g

ForH,:60 = 6y, H,:60 = 6,,
(X6 CNCf(xL8)
= th}a.eﬂ) or logi ‘;f(xi.eo) =07
X =02 O F(X — 6,)?

2 _p2
= (91 _BO)ZXi +MZZZ:'

We continue sampling as long as,
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A<ZZ <B 4 +(€‘§_812)n<2}{< 5 +n(€'§_812)
' (8, —6y)  2(8, —6,) (6, —6y)  2(6,—6,)

(65 —67)
Zy = (6, — 0g)X, +%
(85 —67)

Ee, (7)) = (6, — 0)6; +——

,i=0,1

Ifa =.01,8=.95

[

—B
1—

A ~ loga’ where,a’ =

=2

A ~ loga = —1.29667

B ~logh =1 ’S—E '95—£ 95 = 1.97772
~ log —ogE— ogﬁ—og = 1.

1
EﬂZl - _E - _5' ,Elzl - 5

(1-a)A+aB  .99(—1.29667) +.01(1.97772) _

EgN ~ 2.53
0 EyZ, -5
1—-pB)A+pB
E,N ~ L-PA+EE_ 3.63
E\Z;

6.9 Self-Assessment Exercises

1. State and prove the minimax theorem.
2. Explain the role of complete class theorem in estimation theory.

3. Write a note on sequential nature of Bayes theorem and its need.

6.10 Summary

In this unit, section 6.3 and 6.4 discusses the minimax theorem and complete class

theorem, respectively. Equalizer rules are covered in section 6.5. The multiple decision

problems are discussed in section 6.6. Section6.7 covers the continuous form of Bayes

theorem and its sequential nature along with its need.

6.11 Further Readings

e Lee, P.M. (1997) Bayesian Statistics: An Introduction, Arnold.
e Leonard, T. and Hsu, J.S.J. (1999) Bayesian Methods, Cambridge University Press.

e  Robert, C.P. and Casella, G. (2004) Monte Carlo Statistical Methods, Springer Verlag.
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UNIT-7: BAYESIAN DECISION THEORY

Structure
7.1 Introduction
7.2 Objectives
7.3 Basic Elements of Bayesian Decision Theory
7.4 Optimal Bays Decision Function
7.5 Relationship of Bays and Minimax Decision Rules
7.6 Least Favourable Distribution
7.7 Self-Assessment Exercises
7.8 Summary
7.9  Further Readings
7.1 Introduction

We encounter lots of decision problems in real life. For example, a mobile store might
need to know whether a particular customer based on a certain age, is going to buy a mobile
or not. Bayesian Decision Theory helps us in making decisions on whether to select a class
with some probability or an opposite class with some other probability based on a certain
feature. There is always some sort of risk attached to any decision we choose. The entire
purpose of the Bayes Decision Theory is to help us select decisions that will cost us the least

‘risk’.

7.2  Objectives

After studying this unit, you should be able to describe

e Some basic elements of Bayesian Decision Theory
e Optimal Bayes Decision Function
e The Relationship of Bays and Minimax Decision Rules

e The idea of Least Favourable Distribution
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7.3 Basic Elements of Bayesian Decision Theory

Mainly there are four elements of Bayesian Decision theory, namely Prior
information, Likelihood (rather the joint distribution of the observations), Posterior and risk
involved. In the Bayesian framework, we treat the unknown parameter, as a random variable.
More specifically, we assume that we have some initial guess about the distribution of this
unknown parameter. This distribution is called the prior distribution. After observing some
data, we update the distribution of this unknown parameter (based on the prior distribution
and thejoint distribution of the observations). This step is usually done using Bayes' theorem.
That 1s why this decision theoretic approach is called the Bayesian decision theory. As there
is always some sort of risk attached to any decision we make. The entire purpose of the Bayes
Decision Theory is to help us select decisions that will cost us the least ‘expected risk’ or
loss.

Some basic elements of Bayesian decision theory include:

Loss function:

In Bayesian Decision Theory, a "loss function" is a mathematical function that
quantifies the cost or penalty associated with making a particular decision when the true state
of nature is known, essentially determining how much "loss" is incurred for each possible
decision given the actual outcome; it plays a crucial role in choosing the optimal decision by

minimizing the expected loss under the posterior probability distribution.

If vou’re declaring the average pavoff for an insurance claim. and if vou
are linear in how vou value money. that is. twice as much money is exactly twice as good.
then one can prove that the optimal one-number estimate is the median of the posterior
distribution. But in different situations, other measures of loss may apply.

If you are advising a patient on his/her life expectancy, it is easy to imagine that
large errors are far more problematic than small ones. And perhaps the loss increases as
the square of how far off your single number estimate is from the truth. For example, if she
is told that her average life expectancy is two years, and it is actually ten, then her estate
planning will be catastrophically bad, and she will die in poverty. In the case when the loss
is proportional to the quadratic error, one can show that the optimal one-number estimate

is the mean of the posterior distribution.
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Finally, in some cases, the penalty is O if you are exactly correct, but constant if
you’re at all wrong. This is the case with the old saying that close only counts with
horseshoes and hand grenades; i.e., coming close but not succeeding is not good enough.
And it would apply if you want a prize for correctly guessing the number of jelly beans in a
jar. Here, of course, instead of minimizing expected losses, we want to maximize the
expected gain. If a Bayesian is in such a situation, then his/her best one-number estimate is

the mode of his/her posterior distribution, which is the most likely value.

There is a large literature on decision theory, and it is directly linked to risk
analysis, which arises in many fields. Although it is possible for frequentists to employ a

certain kind of decision theory, it is much more natural for Bayesians.

Key points about loss functions in Bayesian Decision Theory:
Function Definition:

L(a, 0) represents the loss incurred when taking action "a" while the true state is "0".
Decision Making:

By calculating the expected loss (also known as "risk") for each possible action

based on the posterior probability, the Bayesian decision theory chooses the action that

minimizes this expected loss.
Some Popular Types of Loss Functions and Their Best Expected Values:

e 0-1 Loss Function: It assigns a loss of 1 if the decision is incorrect and 0 if
correct. In this case the best estimate is provided by mode. Hence posterior

mode provides Bayes estimate in this case.

Statistically, for a 0-1 loss function is written as:

0 if decision is correct
L(a,B) =
(e, 8) { 1 otherwise

e Squared (or quadratic) Error Loss Function (SELF): It assigns more loss
to more deviation from true value; to be more specific it assigns squared
deviation as loss to the decision. Thus, the loss defined by the squared
difference between the predicted value and the true value is called squared

error loss.

Statistically, for a squared error loss function is written as:
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L(0, 0) = (a - 0)?
A popular modification of squared error loss function is:
Weighted squared error loss function that assigns some weight for all 0e®,
hence its general form is
Lo(a, 0) = o(0)(a - 0)*> where w(0) > 0
Some other modifications are in terms of definition of w(0).
Obviously, the loss is minimized with respect to mean. Hence, the Bayes

estimate with respect to squared error loss is posterior mean.

o Absolute Error Loss: It defines the loss as the absolute difference between
the predicted value and the true value. Hence, it assigns loss as per the
deviation from true value; to be more specific it assigns absolute deviation as

loss to the decision.

Statistically, for a absolute loss function is written as:
Lo, 0)= |a-0]

A popular modification of absolute error loss function is:
Weighted absolute error loss function that assigns some weight for all 0e®,
hence its general form is

Lo(a, 0) = o(0)( | a-0]) where o(0) >0
Some other modifications are in terms of definition of ®(0).
Obviously, the loss is minimized with respect to median. Hence, the Bayes
estimate with respect to squared error loss is posterior median.
Some of the other types of loss functions are:
e Squared Logarithmic Loss function
e Bilinear Loss function
e Linex Loss function
e Modified Linex Loss function
e Entropy Loss function
e Intrinsic Loss function
e Balanced Loss function

e Weighted Balanced Loss function etc.

Importance of Choosing the Right Loss Function:
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The choice of loss function directly impacts the optimal decision made by the
Bayesian model, as it reflects the relative severity of different types of errors in the
context of the problem.

. Subjective Probability: A mathematical concept that Bayesian methods use to make

decisions. A detailed description of subjectivity is already covered in earlier sections.

. Prior Probability: Represents information about an uncertain parameter before data

collection. A detailed description of subjectivity is already covered in earlier sections.

. Bayesian Risk Analysis: Bayesian risk analysis is a statistical method that
uses Bayes' theorem to assess risk by incorporating prior knowledge and updating
probabilities based on new information, allowing for a more nuanced understanding of
uncertainty when evaluating potential risks, particularly in situations with limited data; it's
commonly used in fields like genetics, healthcare, and finance to calculate the probability of
specific events occurring based on available evidences and prior information.

Some of the applications of Bayesian risk analysis are as follows:
. Genetic Counseling:

Assessing the risk of inheriting a genetic disease based on family history and

genetic testing results.
. Medical Diagnosis:

Calculating the probability of a disease given test results, especially when

dealing with uncertain or incomplete information.
. Insurance Risk Assessment:

Evaluating the likelihood of large claims based on historical data and other

factors.

. Cybersecurity Risk Analysis:
Assessing the probability of cyber threats considering prior knowledge about
system vulnerabilities and potential attacks.

Benefits of Bayesian risk analysis:

. Incorporates Prior Knowledge: Allows for the integration of expert

opinions and existing data into the analysis.
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. Adapts To New Information: Continuously updates risk assessments

as new data becomes available.

. Quantifies Uncertainty: Provides a clear measure of the uncertainty

associated with risk estimates through probability distributions.

7.4 Optimal Bayes Decision Function

Admissibility is a useful criterion when searching for optimal decision rules as the
optimal decision rule gives the minimum error. For example, knowing that an estimator is
inadmissible is clearly bad in that another estimator with lower risk is guaranteed to exist.
One of the most popular examples of an inadmissible estimator is given by James and Stein
(1961). A detailed discussion on the optimality is already given in section 2.4 and 2.5 of
Block 1.

An "Optimal Bayes Decision Function" refers to a decision rule in statistics and
machine learning that minimizes the expected loss (or risk) by selecting the class with the
highest posterior probability given the observed data, essentially choosing the class that is
most likely to be true based on the available information, according to Bayes' theorem; it is
considered the optimal decision rule because it yields the lowest possible error rate under the

given conditions.
Key points about the Optimal Bayes Decision Function:

. Based on Posterior Probability:

The core principle is to classify a data point to the class with the highest posterior
probability, which is calculated using Bayes' theorem: P(Class | Data) = (P(Data |
Class) * P(Class)) / P(Data).

. Minimizing Expected Loss:

This decision rule aims to minimize the expected loss associated with making a
wrong classification, where the loss function defines the cost of misclassifying each

class.

. Decision Boundary:
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In visualization, the optimal Bayes decision function is represented by a decision
boundary that separates the feature space into regions where each class is most likely

to occur.

. Practical Challenges:
While theoretically optimal, implementing the Bayes decision function in real-world
scenarios can be challenging because it often requires knowing the exact probability
distributions of the data, which are usually not fully known.

Formula for a simple binary classification problem:
. If P(Class 1 | Data) > P(Class 2 | Data), then classify as Class 1.

. If P(Class 1 | Data) < P(Class 2 | Data), then classify as Class 2.

An "Optimal Bayes Decision Function" refers to a decision rule in statistics and
machine learning that minimizes the expected loss (or risk) by selecting the class with the
highest posterior probability, given an observed data point, essentially choosing the action
that minimizes the conditional expected loss based on the posterior distribution of the class
labels given the data; it is considered the optimal decision rule under Bayesian decision

theory.

Key points about the Optimal Bayes Decision Function:

. Based on Posterior Probability:

The core principle is to classify a data point to the class with the highest
posterior probability, which is the probability of a class label given the

observed data.

. Minimizes Expected Loss:
This decision rule is designed to minimize the average expected loss (risk)
across all possible data points, considering the cost associated with making

incorrect classifications.

. Mathematical Representation:
For a classification problem with classes C1, C2, ..., Cn and a data point x, the

optimal Bayes decision function would be:
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. Decision Rule:
Assign x to the class Ci where P(Ci | x) is the maximum, meaning choose the

class with the highest posterior probability.

. Formula:
o g*(x) = argmax_{Ci} P(Ci | x)

Important Considerations:

. Prior Probability:

To calculate the posterior probability, the prior probability of each class is
needed, which represents the initial belief about the class distribution before

seeing any data.

. Conditional Probability (Likelihood):

The likelihood function, which is the probability of observing the data given a

particular class, is also crucial for computing the posterior probability.

. Loss Function:
The choice of the loss function (cost of misclassification) can impact the

optimal decision rule.
Practical Challenges:

. Estimating Probabilities:

In real-world applications, it can be difficult to accurately estimate the

required probabilities (prior and conditional) from limited data.

. Computational Complexity:
Calculating the posterior probability for complex models can be

computationally expensive.

7.5 Relationship of Bayes and Minimax Decision Rule

This section explores some interesting results to develop an understanding about the

relationship between Bayes and minimax decision rules. Minimax is a decision rule used
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in decision  theory, game theory, statistics, etc ~ for minimizing the  possible loss for
a maximum loss scenario. When dealing with gains, it is referred to as "maximin" — to
maximize the minimum gain. Hence, in this approach one tries to guard against the highest
possible risk in a pessimist’s wayi.e. by trying to keep the smallest of the highest possible
risks. This can be proved that such a rule always exists. Whereas a Bayes rule is the decision
rule in the class of decision rules that has the smallest average risk. Hence it is obvious that if

the Bayes rule has constant risk, then it is minimax.

In decision theory, a Bayes decision rule is based on minimizing the expected loss
with respect to a specific prior probability distribution, while a minimax decision rule aims to
minimize the maximum possible loss across all possible states of nature, essentially choosing
the strategy that performs best in the worst-case scenario; therefore, a minimax decision rule
can be considered as a Bayes rule with respect to a "least favorable" prior distribution, where

the prior represents the most pessimistic possible scenario about the unknown parameters.
Key points about the relationship:

o Prior information:

The key difference lies in how prior information is handled: Bayes rules incorporate
specific prior beliefs about the unknown parameters, while minimax rules do not

assume any prior knowledge and instead focus on the worst-case scenario.
More on priori selection has already been discussed in text.
. Risk minimization:

A Bayes rule minimizes the "Bayes risk" (expected loss under a specific prior), while
a minimax rule minimizes the "maximin risk" (the maximum possible loss across all

possible states).

. Least favorable prior:
In some cases, a minimax decision rule can be found by identifying a "least favorable
prior" - a prior distribution that leads to a Bayes rule which also minimizes the
maximum possible loss.

When to use which rule:

. Bayes rule:
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Use when you have strong prior information about the problem and

want to incorporate that knowledge into your decision making.

. Minimax rule:
Use when you have little to no prior information about the problem

and want to protect against the worst possible outcome.

7.6 Least Favourable Distributions

Let for some decision problem, d: and 62 be two Bayes rules w.r.t. prior distributions
g1 and g , respectively. Then, g is called least favourable prior distribution if

1(g1,01)>1(g2,02) irrespective of g».

A prior distribution maximizing the risk function in a statistical problem of decision
making. Suppose that, based on a realization of a random variable X with values in a sample
space (X, Fx, P0), €O, one has to choose a decision d from a decision space (D, Fp); it is
assumed here that the unknown parameter 0 is a random variable taking values in a sample
space (0, Fp, my), t€T. Let L(0,d) be a function representing the loss incurred by adopting the
decision d if the true value of the parameter is 0. An a priori distribution m; from the
family {nt:t€T} is said to be least favourable for a decision d in the statistical problem of

decision making using the Bayesian approach if

sup et R(gt, d) = R(g+, d)

Where, R(g,, d) = [, [, L(6,d(x))dPs(x)dg(6)

is the risk function, representing the mean loss incurred by adopting the decision d.

A least-favourable distribution gt* makes it possible to calculate the "greatest" (on the
average) loss R(gt*,d) incurred by adopting d. In practical work one is guided, as a rule, not
by the least-favourable distribution, but, on the contrary, strives to adopt a decision that
would safeguard one against maximum loss when 0 varies; this implies a search for a

o . .o . * .o . o . . .
minimax decision d minimizing the maximum risk,

Sup tET R(gt’ d*)
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7.7 Self-Assessment Exercise

1. If there exist a prior g for some unknown parameter say, 1 and let d; be a Bayes rule
corresponding to g and if r(g,0¢)>sup.r(p,dg); then (i) d¢ is a minimax rule, (i1) g is the least
favourable prior distribution.

2. Define the concept of optimal Bayes decision functions.

7.8 Summary

In section 7.3, some basic elements of Bayesian decision theory have been discussed.
Section 7.4 discusses about the optimality criteria for decision functions. Section 7.5 explores
the relationship between Bayes and Minimax Decision Rules. Then, section 7.6 defines the
Least Favourable Distribution.

Some of the basic elements of Bayesian decision theory are defined briefly here under:
Loss function: Used to describe overestimation and underestimation in analysis.

Subjective probability: A mathematical concept that Bayesian methods use to make

decisions.

Prior probability: Represents information about an uncertain parameter before data

collection.

Expected loss: Also called risk, the expected loss can be minimized by choosing the

action that minimizes the conditional risk.

Bayesian or inverse Probability: Bayesian statisticians use probability theory to

formulate models and make predictions.

Bayesian risk analysis: A method of combining probabilities to calculate the

probability of having or not having a disease-causing mutation.
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UNIT-8: BAYESIAN INFERENCE

Structure
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8.10  Summary

8.11  Further Readings

8.1 Introduction

Estimation is used to come to some conclusions regarding an unknown population
parameter with the help of a sufficiently large sample from that population. Having obtained
the estimate of unknown parameter from a given sample, the problem is, "Can we make some
reasonable probability statements about the unknown parameter a in the population, from
which the sample has been drawn". To answer such questions, we use the technique of
Interval estimation. Classical approach covers such problems in confidence interval
estimation whereas in modern or subjective approach Bayesian interval estimation covers

such problems.

8.2 Objectives

After studying this unit, you should be able to

e Define the concept of sufficiency in Bayesian sense

e Explore the use of different priors.
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e Test the hypothesis in Bayesian’s way

e FElaborate the empirical Bayes Procedures.

8.3 Bayesian Sufficiency

Kolmogorov, Raifa Scefferetc have discussed various statistical concepts from
Bayesian point of view in detail. But here we will discuss the concept of sufficiency first in
classical sense and then in Bayesian sense. Consider, (X,() is a measurable space carrying a
family of probability measures on parametric space ®. Then, classical sufficiency is defined
as the conditional probability on { given any sub o-field is independent of parameter in ®, but
in Bayesian sense given any prior § on (O, A), the posterior on ® is the same as { stA is a 6-
field. Because of the compelling reasons to perform a conditional analysis and the
alternatives of using Bayesian machinery to do so there have been attempts to use the
Bayesian approach even when no (or minimal) prior information is available. What is needed

in such situation is a Non-Informative Prior, by which is meant a prior which contains no

information about 6 (or more crudely which ‘faros’ no possible values of 0 over others.) for
example, in testing between two simple hypothesis, the prior which gives probability % to

each of the hypothesis is clearly non-informative.

Example: Suppose the parameter of interest is normal mean 0, so that the parameter

space@ = {—oo,00}. If non-informative prior density is desired, it seems reasonable to give
equal weights to all possible values of 0. unfortunately, if m(8) = ¢ > 0 is chosen, the 7 has
infinite mean i.e [7(6)df = o and is not proper density. Nevertheless, such m can be

successfully worked with the choice of ¢ is unimportant, so that typically the non-informative
prior clearly for this problem is chosen to be m(6)=1 this is often called the informative

density on R and was intersected and used by Laplace (1812).

As in the above example, it will frequently happen that natural non-informative prior

is an Improper Prior, namely which has infinite mass.

Example: instead of considering 0, suppose the problem has been parameterized in terms

ofn) = e¥, this is one-to-one information and should have no bearing on the ultimate answer.

But if  (0) is the density of 0, then the correspondently for 1 is,
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n*(n) = n~'m(logn) Hence if the non-informative prior of 0 is chosen to be constant, we
should choose the non-informative prior of n to be conditional to ™! to maintain

consistency. Thus, we maintain consistency and choose both the non-informative prior

Non Informative Priors for Location and Scale Parameters:

Example: Suppose that ¥ and ® are subsets ofR¥, and that the density of X is of the form

f (1 — Q) i.e depend on(g — Q). The density then said to be a location density, and 0 is

called a location parameter. (Sometimes a location vector whenk = 2). The N(6,0?),0?

fixed, is an example of location density.

To derive a non-informative prior for this situation, imagine that, insisted of observing

X, we observe the random variable Y=X+C. CeR¥ . Define n = 8 + C. It is clear that Y has

density f (X —1).

If now ¥ = @ = R¥, Thus, the sample space and parameter space for (Y, n) problem are
alsoR¥. The (X, ®) & (Y, n) problems are identical and sensitive and it seems reasonable to

in sets that they have the same non-informative prior.

Letting © and ©* denote the non-informative priors in the (X, ®) and (Y, 1) problems

respectively, the above arguments implies that & and ©* should be equal i.e
p"[BeA] = p™ [neA]
For any set A inR*. Since n=0+C, it should be true that
p™ [neA] = p™[0 + CeA] = p™[0eA — C]
A—C={Z—C:ZeA} then,
p"[BeA] = p™[BeA — C] forallBeR* ..................... (1)

Any = satisfying relation (1) is said to be Location Invariant Prior.

Assuming that, the prior has a density then,
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J- m(6)do :[ m(6)do :[ (8 — C)do for all AeR*
A A—C

A
(@) =n(6 —C) forall 8e@,or n(C) = n(0) forall CeR¥

This conclusion is that ® must be constant function. It convenient to choose the

constant to be 1, so the non-informative prior density for a location parameter is w(6) = 1

A one-dimensional scale density is a density of the form, a™1f (%) wherea > 0. The

parameter @ > 0 is called a scale parameter. The
N(0,02)G(a, ), aknown as scale density.

To derive a non-informative prior for this situation, imagine that, instead of observing

X, we observe the random variable Y=CX C= 0.

Define n = Ca, can easy calculation show that the density of Y is ™1 f (-;l}'). If =R or

(0,e0) then the sample and parameter space for the (X, «) problems are the same as there for

the (Y, n) problem. The two problems are thus identical in structure, which again indicates
that they should have the same non-informative prior. Letting = and n* denote the priors in

the (X, @) and (Y, n) problem, respectively, this means that the equality,
p" [aeA] = p™ [neA]
Should for all A  (0,). Since n= Ca, it should also be true that
p™ [neA] = p™[aeC™ 4],
C1A = {C1Z:ZeA}. Putting these together, it follows that 7 should satisfy,
p" [aeA] = p"laeCtA] forallC >0

And any distribution 7 for which this is true is called scale invariant.
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J- rr(a:)da::f n(a)da
A

cla
=[ n(C ta)Clda forall Ac (0,00)= n(a)
A

=C n(Cla) forala.leta=C

n(C) = C~1m (1). Setting for convenience, and nothing that above equality must hold for

allC > 0, it follows that a reasonable non-informative for a scale parameter is ma = a 1.

Non-Informative Prior in General Setting:

For more general problem, various (somewhat ad hoe) suggestive have been advance
for determining a non-informative prior. The most widely used method is that of Jeffrey’s

method which is as follows:

If 8 = (64, ..., 8;)" is a vector, Jeffrey’s suggest the use of
1
n(ﬂ) = [detI(8)]z 'det’ = determinant;
2
Where 1(8) = [1,;(8)] = 1,/(@) = ~Eg [z 55-109f (/O]

Example: A location-scale density is a density of the form ¢~ f (%‘9) where 0eR, o > 0 are
the unknown parameters. N(f,c2)is crucial example of location-scale density Working

withN (8, a2), 8= (0, o). Fisher informative matrix is,

a2 (x—0)? 3% (x—0)?
2872 2g2 d0do 20?2

I(8) = —E,
(@) g2l 9 x—-0)? 8% (—(x—0)?)
d0doc 20° d02 202
—1 2(0 —x) 1
= 3 ) 0
- _E (8] (8] — (0}
El26—x) —3(x—0)2 0 32
g3 gt o?

1 3.1 1
"0)=lz Zres
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This is the non-informative prior ultimately recommended by Jeffrey’s non-
informative prior is that it is not affected by restriction on the parameter space. Thus, if it is

known that ®=> 0, the Jeffrey’s non-informative prior is still @ (0) =1.

Example: let (X, ..., X,) be a random sample from N (#,, 8,) let the non-informative prior

of (6,,6,) be (-5'1.192)&(51Zr and 6,&60, assumed to be independent. Find the posterior

.d.f of f(6,/x)& f(8;/x).

Solution: f(xlr"-rxn/elrgz}K—lnexp—ztxl 21)
(92]5 26
1 (i — ‘91)2 1
f(61,05/x1, 00, xp) & (92)2 exp _Tﬁ
1 ZE-0)F  nE-0y)°
“ere, 267 P™ 202
- ex _Szn——lex _n(}_{_—el}z
T Pz TP T 2@
f(61/x) o - :nTH exp—z{";egﬂ dO, Putg;=t=—72=2dt
2

o f s exp — ) (x; —0,)2 t — dt
0

:f 2 exp tZ(x —0,)?% dt
0

1
1 p—
Ex-00T  [X(x— %2 +n(x —0,)2]2

R

1 1

L nG0,)? n—1

[ E{xl—x}zjz [1 + nT——Zj_]T
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Where, T~ t — distribution with (n — 1 )degree of freedom.

n—1s n(x — 06,)?
f(62/x) X — gz exp — —— f exp -2 " 4,

0,) 7 202 202
1 2
(92)5 n—1s
o —2 _exp ———
o= 20
n— 1s?
= r1 EXP —
o b 20
n—1s? —n—1s?
Letw = o2 dw = 52 do,
w 1 w
f(w/x) « ( 2Lexp S = e
(8,) 2 (6,) 2

w 2
exp —— % Xh-1

@) 7

8.4 Improper Prior Densities

After a detailed discussion in preceding section, it is very much clear that in Bayesian
procedures, we update the observed information with the help of prior information called
prior densities. But sometimes this information is not integrable or does not have a finite
integral, but we as statistician must make use of this. Such prior densities are termed as
improper prior densities. Examples of improper priors include: The uniform distribution on

an infinite interval (i.e., a half-line or the entire real line). The beta distribution for a=0, =0.

8.5 Natural Conjugate Bayesian Density

The concept, of Natural Conjugate Bayesian Density or conjugate prior, was
introduced by Howard Raiffa and Robert Schlaifer in their work on Bayesian decision theory.
A similar concept had been discovered independently by George Alfred Barnard.
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In Bayesian probability theory, if the posterior distribution is in the same probability
distribution family as the prior probability distribution, the prior and posterior are then
called Conjugate Distributions, and the prior is called a Conjugate Prior. For example,
beta prior is a conjugate prior for a binomial population. Similarly, gamma is for Poisson

population.

8.6 HPD Regions and Bayesian Inference for Normal Populations

Highest posterior density (HPD) regions are a key tool in Bayesian statistics for
parameter estimation and inference. They represent the most probable values of a parameter

given observed data, providing a concise summary of the posterior distribution.

In Bayesian inference, an HPD (Highest Posterior Density) region refers to a specific
range of parameter values within a posterior distribution that contains a specified probability
mass, where every point inside the region has a higher posterior density than any point
outside it; essentially, it represents the most likely range of values for a parameter given the
observed data, based on the Bayesian framework, particularly when dealing with normally

distributed populations.

Key points about HPD regions:
Interpretation:

Unlike traditional confidence intervals in frequentist statistics, an HPD region
directly reflects the probability of a parameter value lying within that range, given the

observed data and the prior belief about the parameter.

Here, Interval estimates i.e. estimates of parameters that include an allowance for
sampling uncertainty — have long been touted as a key component of statistical analyses.
There are several kinds of interval estimates, but the most popular are confidence intervals
(ClIs): intervals that contain the true parameter value in some known proportion of repeated
samples, on average. The width of confidence intervals is thought to index the precision of an
estimate; Cls are thought to be a guide to which parameter values are plausible or reasonable;
and the confidence coefficient of the interval (e.g., 95 %) is thought to index the plausibility
that the true parameter is included in the interval. We can show in a number of examples that

CIs do not necessarily have any of these properties, and can lead to unjustified or arbitrary
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inferences. For this reason, we caution against relying upon confidence interval theory to
justify interval estimates, and suggest that other theories of interval estimation should be used

instead.
Smallest Credible Region:

Among all credible regions (regions with a certain probability mass) for a given
parameter, the HPD region is the smallest one, meaning it encompasses the most likely

values while minimizing the included area that has lower posterior density.
Calculation:

To find an HPD region, you need to plot the posterior distribution and identify the
continuous range of values that enclose the desired probability mass, where the density

within that range is higher than anywhere else on the distribution.
Normal Distribution Application:

When analyzing data from a normal population with unknown mean (p) and standard
deviation (o) in a Bayesian setting, you would calculate the posterior distribution of p based
on your prior belief and the observed data, and then identify the HPD region for p to

represent the most likely range of values for the population mean.

How to calculate an HPD Region:
Obtain the Posterior Distribution:

Using Bayes' theorem, calculate the posterior probability distribution for the
parameter of interest (e.g., the population mean) given your prior distribution and the

observed data.
Sort the Posterior Density:

Order the possible values of the parameter from lowest to highest based on their

posterior probability density.

Identify the HPD Region:
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Find the continuous range of values that encompasses the desired probability mass
(e.g., 95%) where the posterior density within that range is higher than anywhere else on the
distribution.

Important Considerations:
Computational Complexity:

Calculating HPD regions can be computationally intensive, especially for complex

models, and often requires numerical methods to find the precise boundaries of the region.
Visual interpretation:

Visualizing the posterior distribution with the HPD region overlaid can provide
valuable insights into the likely values of the parameter and the uncertainty associated with

the estimate.

For more on these topics, please refer to section 4.5 of Block 1.

8.7 Empirical Bayes Procedures

The purpose here is to give a simple introduction to empirical Bayes methods.
Empirical Bayes methods are the procedures in which the prior probability distribution is
estimated from the data itself. Thus, this approach stands in contrast to standard Bayesian
methods, for which the prior distribution is fixed before any data are observed. Empirical
Bayes methods have been around for quite a long time. Their roots can be traced back to
work by von Mises in the 1940's, but the first major work must be attributed to Robbins
(1955).These procedures further can be classified into "parametric empirical Bayes
procedures" and "non-parametric empirical Bayes procedures". The major difference is that
the parametric approach specifies a parametric family of prior distributions, while the non-
parametric approach leaves the prior completely unspecified. For example, if n i1id
observations are taken from f3(.) and the prior distribution for the parameter A is g(.), then the

empirical Bayes estimate of parameter A using the posterior mean is
E[A | Xn]=( Xnt1) m( Xa+1)/m(Xs) (m(.) is the marginal distribution of Xi=123,..n)
=( xpt1)(number of x; equal to ( x,+1))/(number of x; equal to Xy)
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In particular, if the sample is (0,4,2,8,7,4,0,9,3), then n'" observation is 3 then the empirical
Bayes estimate of parameter A is (3+1)(2)/(1)=8.

8.8  Posterior Odd Ratio and Bayesian Testing of Hypothesis

Let an event A occurs with probability P[A], then the ratio P[A]/(1-P[A]) is called
odds in favour of A (say O[A]) and (1-P[A])/P[A] is called odds against A. Hence, in usual
notations, using Bayes theorem, we get O(Ho | x) = P(Ho | x)/ P(H1 | x) called posterior odds
on Ho. Which gives O(Ho | x) = O(Ho) P(x | Ho)/ P(x | Hi) i.e. O(Ho | x)/ O(Ho)= P(x | Ho)/
P(x| Hi) called the Bayes Factor in favour of Ho (say Boi) which is the ratio of two
conditional probabilities of data in hand. Jeffreys recommended the following table for

testing of hypothesis using Bayes Factors:

Value of Logio (B1o) Description

0-0.5 Not substantial evidence against Ho
0.5-1 Substantial evidence against Ho

1-2 Strong evidence against Ho

>2 Decisive evidence against Ho

8.9 Self-Assessment Exercises

1. Explain the concept of Bayes factor and its role in statistical inference.

2. Test Ho: A=2 against Hi: A#2 using single observation from Pois(A) st A is a Gamma
(2,3) variate.

3. Define Natural Conjugate Bayesian Densities with examples. Also, state the

properties of these densities.
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8.10 Summary

This unit starts with a detailed discussion over Bayesian Sufficiency and Improper
Prior Densities, then section 8.5 further explores Natural Conjugate Bayesian Densities. Next
the unit covers HPD Regions and Bayesian Inference for Normal Populations. Then a bit of
Empirical Bayes Procedures and Posterior Odd Ratio along with their use in Bayesian
Testing of Hypothesis is discussed at the end.

Here, we mainly try to focus on Robust Bayesian analysis, also called Bayesian
sensitivity analysis, that investigates the robustness of answers from a Bayesian analysis to
uncertainty about the precise details of the analysis. Robust Bayes methods acknowledge that
it is sometimes very difficult to come up with precise distributions to be used as priors.
Likewise, the appropriate likelihood function that should be used for a particular problem
may also be in doubt. In a robust Bayes approach, a standard Bayesian analysis is applied to
all possible combinations of prior distributions and likelihood functions selected from classes
of priors and likelihoods considered empirically plausible by the analyst. In this approach, a
class of priors and a class of likelihoods together imply a class of posteriors by pair-wise

combination through Bayes rule.

8.11 Further Readings

Bernardo, J.; Smith, A. F. M. (1994). Bayesian Theory. John Wiley.

e Gelman, A.; Carlin, J.; Stern, H.; Rubin, D. (1995). Bayesian Data Analysis.
London: Chapman & Hall.

e Lee, P. M. (2012). Bayesian Statistics: an introduction. Wiley.

e Olive, D. J. (2008). Applied robust statistics. online electronic book.

o  Pratt JW, Raiffa H, Schlaifer R. Introduction to statistical decision theory. Cambridge:
MIT Press; 1995.

e Reichenbach H. The theory of probability. Berkeley: University of California Press;
1949.

e  Steiger JH, Fouladi RT. Non centrality interval estimation and the evaluation of
statistical models. In: Harlow L, Mulaik S, Steiger J, editors. What if there were no
significance tests? Mahwah, New Jersey: Erlbaum; 1997. pp. 221-257.

e  Winkler, Robert (2003). Introduction to Bayesian Inference and Decision (2nd ed.).

Probabilistic.
®*  Venn,J. (1888). The logic of chance (third edition). London: Macmillan.
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Block & Units Introduction

The present block of this SLM has three units.
The Block - 3 — Bayesian Analysis has three units. This block comprises.

Unit — 9 — Prior and Posterior Distributions, comprises the A detailed note on prior

and posterior distributions.

In Unit — 10 — Bayesian Inference Procedures, we have discussed the theory of

Bayesian Inferential procedures.
Unit — 11 — Bayesian Robustness, gives the idea of Bayesian robustness.

At the end of every block/unit the summary, self-assessment questions and further

readings are given.
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UNIT-9: PRIOR AND POSTERIOR DISTRIBUTIONS

Structure

14.1 Introduction

14.2 Objectives

14.3 Subjective Probability its Existence and Interpretation

14.4 Subjective Determination of Prior and Posterior Distribution
14.5 Improper Priors, Non-Informative Priors, Invariant Priors

14.6 Conjugate Prior Families and their Construction

14.7 Self-Assessment Exercise

14.8 Summary
14.9 Further Readings

9.1 Introduction

There are two main approaches to statistical learning: frequentist approach (or
classical methods) and modern approach (or Bayesian methods). It is important to understand

both approaches. At the risk of oversimplifying, the difference is this:

). In frequentist approach, the probabilities are interpreted as long run frequencies
and the goal is to create procedures with long run frequency guarantees. Thus, here the
probability is limiting relative frequency. Whereas, in Bayesian inference, probabilities are
interpreted as subjective degrees of belief and the goal is to state and analyze your beliefs.

Thus, probability is the subjective degree of belief.

2). In classical i.e. frequentist approach, parameter is treated as a constant, whereas in
modern i.e. Bayesian approach parameter (unknown population characteristic) is a random
variable and follows some distribution known earlier (called prior distribution) i.e. in
Bayesian belief even population characteristics are not considered to be constant and they are
random variables following some distribution which usually is known to the experimenter

before conducting experiment so we call it prior distribution.
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3). In frequentist approach, probability statements are about procedures, and in

Bayesian approach the probability statements are about the parameters.

4). Furthermore, in former approach, frequentist tries to guarantee the findings

whereas later approach does not guarantee anything.

There are, in fact, many flavours of Bayesian approach. Like subjective Bayesians
interpret probability strictly as personal degrees of belief, whereas objective Bayesians try to
find prior distributions that formally express ignorance with the hope that the resulting
posterior is, in some sense, objective; similarly, empirical Bayesians estimate the prior
distribution from the data and frequentist Bayesians are those who use Bayesian methods
only when the resulting posterior has good frequency behavior. Thus, the distinction between

Bayesian and frequentist inference can be somewhat unlit.

In Bayesian theory, a very important concept is of Subjective probability. It is a type
of probability derived from an individual's personal judgment or own experience about
whether a specific outcome is likely to occur. It may or may not contain any formal
calculations; hence generally it only reflects the subject's opinions and past experience. Thus,
subjective probabilities differ from person to person and contain a high degree of personal
bias. In Bayesian context it plays an important role as here the theory makes use of posterior
density (i.e. the density obtained by updating prior density in presence of observations from
the population under study about the problem or hypothesis) which highly depends on the

prior. In this unit, different types of priors have been discussed.

9.2 Objectives

After studying this unit, you should be able to

e Concepts and methods of Bayesian inference.

e Some subtle issues related to Bayesian inference.
e Define the concept of subjectivity

e Choose a suitable prior for different cases

e Obtain the conjugate prior
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9.3 Subjective Probability its Existence and Interpretation

Prior information is based on investigator’s experience, intuition, and theoretical ideas. It
may be contained in samples of historical data obtained by a reasonable scientific experiment,
from introspection, or casual observations. Prior distribution provides specific, formalized
statement of currently assumed knowledge in probabilities terms. A distinctive feature of the
Bayesian approach is the introduction of a prior density to represent prior information about
the possible values of the parameters of a model. It’s introduction permits use of Bayes
theorem to obtain exact finite sample posterior densities and draw inference about the models

and making decisions when the loss functions are available.

In the Bayesian approach prior information about the parameter(s) of a model is
represented by an appropriately chosen probability density (or mass) function. We must be
careful in choosing a prior information. It may also be considered a tool which provides a
unified inferential procedure having acceptable frequentist properties. It is not necessary that
a chosen prior distribution may represent any kind of investigator’s belief in this distribution.
Furthermore, the terms prior probability distribution and posterior distribution suggest
probabilistic initial and final state of information. These terms may not be necessarily
interpreted in a chronological sense. In fact, any additional information other than the current
data may be defined as prior information. It is important to be careful in choosing a prior pdf
to represent prior information. For example, the probability of success in Bernoullian trials
has a range (0,1 ) and, therefore, we must choose some pdf defined over the range (0,1 ). On

the other hand, the variance of a normal distribution may have a range (0,%0).

Ideally prior distribution should provide specific, formalized statement of currently
assumed knowledge in probabilistic terms. As the available prior information is not precise
enough to determine an exact prior distribution, we may have many probability distributions
which may represent the available information. Some of the reasons for not being able to
specify exact prior information are time, finances, and patience (willingness) to gather and
analyse necessary and relevant information Obviously, there is no unique way of choosing a
prior distribution and that the resulting inference/ decision may be influenced by the chosen
prior distribution. The effect may be negligible, moderate, or enormous and there is always a

possibility of obtaining the final answer with the help of distorted prior distribution.
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According to Diaconis and Ylvisaker (1985), there are three distinct Bayesian
approaches for selection of prior distributions. The classical Bayesian approach considers
flat priors to represent objectivity in the analysis. Such priors are generally known as nil,
vague, diffuse, reference, or non-informative priors and there is no clear cut public policy

or a method to construct or define a unique objective prior.

There are a number of situations for which it would be very difficult to find even two
people who would agree on the appropriateness of any specific probability distribution. In
such a situation, the statistician's assignment of probabilities must be highly subjective
and must reflect his own information and beliefs. We shall now discuss in detail the
conditions under which the statistician can represent his information and beliefs in terms
of probability distributions. The world is an uncertain place, and the outcome of future
events is mostly unpredictable. But we always try to become surer about the future. For
this we need information about the event of interest that is about to occur in future like it
may rain tomorrow or it may not; you might be hired after a job interview, or you might
not. Many scenarios are simply too complex to describe even theoretically and do not
allow for repeated experimentation that could be used to assess the chances favouring
them. So, here we work with our own belief which may or may not be based on some
facts. And such an estimate of the likelihood of an event is called subjective probability,
which may be the only option available in such cases. Thus, subjective probability is
determining the likelihood of an event based on one's opinion or belief and not on any

observations or calculations.

Clearly, In Bayesian approach the probabilities may not always be empirical or

objective, so that subjective probabilities or weights may also be conceived.

An excellent bibliography on the concept of subjective probability is given by Kyburg
and Smokier (1964), who also reprint important papers by Ramsey (1926), de Finetti
(1937), Koopman (1940), and many more. Savage (1954) gives a thorough development
of subjective probability and produces a highly informative bibliography.

9.4 Subjective Determination of Prior and Posterior Distribution

There are always 50%-50% chances that the fair coin will land with a head and tail

up, but one can predict the output of flipping a coin on the basis of one’s belief. For example,
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one may decide that the distribution in some condition is 60%-40%. This will work as the
prior distribution for Bayesian analysis in this case. And this belief gets updated in presence
of observations then the updated distribution is called the posterior distribution. In this case,

this may become 55%-45% after updation using Bayes theorem.

9.5 Improper Priors, Non-Informative Priors, Invariant Priors

Here, we will start with discussing the case of complete ignorance.

The objective notion of probability, also called ‘logical’ or ‘necessary’, is that P(EAI)
represents a degree of belief in the event E based on information I. Note that an individual
may not choose it as his personal degree of belief. It is a unique objective measure of the
degree to which E is logically obtained by the evidence. Furthermore, it does not require E to
be repeatable. The objective probability is applicable to parameters in statistical models
where posterior distributions are constructed and inferences afe drawn using the Bayes
theorem. The inferences for ®, thus obtained, are logically implied by the data and prior

information.

If we consider Bayes theorem as a device to improve the accuracy of specifying the
probability then if any substantive prior information is available, we may regard the prior
distribution as instead a posterior distribution. Thus, it should be possible to deduce prior
from posterior using Bayes theorem in reverse to arrive at a state of no information. The
objective approach, therefore, starts with the task of finding logically consistent and realistic

representation of “complete” prior ignorance about ©.

According to Poincare (1905) who was a subjectivist, complete ignorance cannot exist
because absolute ignorance cannot provide any probability at all. Thus in Poincare’s terms, if
the depth of ignorance of an investigator is great then there is sense in which his beliefs

approximate to some ideal (if unattainable) state of total ignorance.

According to Jaynes (2003), an objectivist, the natural starting point in translating a
number of pieces of prior information uniquely into a prior probability assignment is the state
of complete ignorance just as zero is the natural starting point in adding a column of
numbers. in fact, complete ignorance is an ideal limiting case of real prior information just as

a perfect triangle is an ideal limiting case of real triangles made by surveyors.
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Rev. Thomas Bayes (1763) and Laplace (1774) expressed complete ignorance by
assigning uniform prior probability distribution for the unknown parameter(s) of the model.
Laplace said “when the probability of simple event is unknown, we may suppose all values

between 0 and 1 equally likely.”

Quite often, the derivation of the prior distribution based on information other than
the currently available data is not possible. Moreover, the statistician may be required to
employ as little subjective inputs as possible so the conclusion may appear solely based on
sample from population under study. A non-informative prior is one in which information to
an important question in Bayesian inference is: where does one get the prior? One school of
thought, called subjectivism says that the prior should reflect our subjective opinion about
parameter (before the data are collected). This may be possible in some cases but is
impractical in complicated problems especially when there are many parameters. Moreover,
injecting subjective opinion into the analysis is contrary to the goal of making scientific
inference as objective as possible. An alternative is to try to define some sort of “non-
informative prior.” An obvious candidate for a non-informative prior is to use a flat prior
proportional to constant. In the Bernoulli example, taking g(0) = 1 leads to updated
distribution of parameter called posterior distribution 7(0 | observations) as Beta (., .), which
seems very reasonable. But such autocratic or unfettered use of flat priors raises some

questions.

Most of the times, these priors are based on one’s belief hence they may not hold the
form of some distribution and hence become improper. Mathematically, their integral does
not equal unity. Such priors are called improper priors (as discussed earlier in block 1). These

priors may be lead to badly behaved posteriors and paradoxes.

In another situation, if the experimenter does not have any prior information or idea
about the distribution of the unknown parameter, then the prior that represents this situation
of complete initial ignorance is called a non-informative prior. In such situations, one may
refer to the suggestion of Laplace that take uniform distribution as prior in absence of
sufficient reason for assigning unequal probabilities to the values of the unknown parameter

in the parametric space.
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The uniform prior is invariant under linear transformations of ® but not under other one to
one transformation. Real valued functions such as ©%, 0 ! or sinh ® do not have uniform
densities. If we are completely ignorant about the value of ® , however, then we seem to be
equally ignorant about the value of @ . Advocates of non-informative priors respond to this
lack of invariance by arguing that the appropriate non-informative prior for ® must depend
not only on the mathematical form of parameter space but also on the role of ®, in indexing
the sampling densities f(xA®) . The uniform prior is appropriate for location parameter ® but
not for ©2, 8 ~lor sinh®, since these are no more location parameters. However, there are
strong objections to the dependence of non-informative priors on sampling models. For
example, why should the model of ignorance about ® depend upon what statistical
experiment eventually be carried out to provide information about ® ? A variety of

experiments may be feasible as in the case of tossing of a coin.

The above approach applies only to statistical problems. What do we do, if we

are completely ignorant about a quantity which is not a statistical parameter?
Jeffreys’ Non-Informative Prior

A variety of such rules have been proposed but two of the most popular rules are first
due to Laplace (discussed earlier) and second-one is due to H. Jeffrey. Jeffrey suggested a

thumb rule for determining a non-informative prior for a scale parameter (say ) as follows:

Rule 1: If pe[a,b], where a and b are finite or infinite then take the prior

g(1)=constant.

Rule 2: If pe(0,0), assume (log ) to be uniformly distributed over the whole real line

and take g(p) o 1/pu.

Here, if p is replaced with any linear transformation A = ¢ u+d for any choice of c(#0)
and d; then rule 1 suggests the non-informative prior g(A)=constant i.e. rule 1 is invariant
with respect to linear transformations, similarly rule 2 is invariant under exponential

transformation A=p* such that k0.

Jeffreys’ Non-informative Invariant Prior
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Example 1. Improper Uniform Prior)
Let us consider the uniform prior for the standard deviation ¢ of the normal
distribution. If we take g(c) = ¢, 6 > 0 and consider the transformation u= log o. This

transformation makes pe R. The Jacobian of transformation

. ‘ah'l(u)‘

Since it accounts for the rate of change
p=h(c) = log o gives h-1(n)=0=exp(p)

s0, g()=g(h-1(2) |52 |g (o) 2220

a
ex P(I-i} ‘_C eXp(H)

The resulting prior makes a strong statement about values that are a-priori more likely

than others and therefore, does not represent lack of information.

Example 2. (Proper Uniform Prior)

Let O be the probability of success in a Bernouli trial. The Bayes-Laplace prior for ®
is U(0,1), that is , g(®) =1, for ®¢[0,1]. Consider the transformation

®= 0/(1- ©), where De[0,0]. If we write O=h(0) = © /(1- ®), then
h™1(®) =0/ (1+ ®).

Hence

g(®@) = g(h (@)= b (@) |- o=

ad 1+ [1+¢]2

This result clearly shows a serious departure from the fact that no prior information

about ® implies no prior information about a simple transformation of ® .
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9.6 Conjugate Prior Families and Their Construction

Quite often a prior distribution is chosen which satisfies specified summaries. It is

usually advocated that in absence of an exact prior information and hence a prior distribution,
we may consider the most convenient choice supported by the summaries. For example, if the
prior mean and variance of a scalar parameter are given then the most convenient choice is
the normal distribution or if the parameter is positive, we could easily fit some other member
of exponential family like gamma distribution or Weibull distribution or some other member
having those moments. However, choosing, any other proper prior distribution may not lead
to analytically tractable posterior distribution. In general, if our prior distribution happens to
be such that the posterior is easy to summarize, irrespective of actual observed data, than it
can be considered as a convenient choice. Here, analytical tractability means that posterior
distribution is easily determined using product of likelihood function and prior distribution
(the normalizing constant, which happens to be the marginal distribution of the data, is not
formally required to be evaluated. Also, analytical tractability implies that if the prior is so
chosen that prior and posterior belong to the same family of distributions then posterior
summaries like expectation and probabilities, are easy to obtain. Such prior are called
conjugate priors.
Conjugate Family: Suppose P={f(x | 0); 0 € ®} is a family of distributions of the random
variable X indexed by the parameter 0. Further, suppose that the prior distribution of 0 is a
member of some parametric family of distributions G, with the property, in the relation to P,
that the posterior distribution of 6 is also a member of G. If this is so, we say that G is a
family of conjugate prior distributions relative to ‘P. This property of prior distribution is also
known as closure property with respect to sampling from P i.e. conjugacy.

In Bayesian probability theory, if, given alikelihood function, the posterior
distribution is in the same probability distribution family as the prior probability distribution,
the prior and posterior are then called conjugate distributions with respect to that likelihood
function and the prior is called a conjugate prior for the likelihood function.

A conjugate prior is an algebraic convenience, giving a closed-form expression for the
posterior; otherwise, numerical integration may be necessary. Further, conjugate priors may
give intuition by more transparently showing how a likelihood function updates a prior

distribution.
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The concept, as well as the term "conjugate prior", was firstly introduced by Howard
Raiffa and Robert Schlaifer (1961) in their work on Bayesian decision theory. A similar
concept had been discovered independently by George Alfred Barnard (1954). Howard
Raiffa and Robert Schlaifer (1961) and George Alfred Barnard (1954) have advocated that
the modern Bayesian approach allows the priors to have characteristics like closure under
sampling (conjugacy) and specification of hyperparameter values according to some specific
criteria. The third approach is followed by subjective Bayesian, depends on elicitation of
prior distributions based on pre-existing logical knowledge in the area of investigation. This
logic may depend upon some previous investigations or from non-scientific experts may be
without any insight. In fact, most Bayesians follows a approach that may combine previous
knowledge to be as objective as possible, subjective choice, etc along with mathematical

convenience.

The conjugate priors are sometimes called objective because the sampling
distribution f(x | 0) completely determines the class of prior distributions. However,
subjective Bayesians suspect use of conjugate type priors since they are justified on technical

grounds and not obtained by fitting the available

In addition to the discussion on conjugate priors in preceding blocks, here we will
learn more about the conjugate priors. These priors are sometimes called objective priors

because the sampling distribution completely determines the class of prior distributions.
Thumb Rule for Constructing a Conjugate Prior:

Here we will learn a thumb rule for constructing a conjugate prior. Suppose t(x) is a
sufficient statistic for the parameter p. Then, using Neyman factorization theorem we can
write the likelihood as L(x,u)=k(t(x),u)h(x) st x=(x1,x2,...,xn) and k(t(x)) is the kernel of
likelihood. Replace all the terms that are functions of sample in the kernel, by prior

hyperparameters to get the conjugate prior.

Example: Let (X1,X2,...,Xn) be a sample from Gamma(m,u) with m>0 known, giving the

kernel to be k(t(x),u)=p™ exp(-t/n). Therefore, the respective conjugate prior is

g(p)=cuexp(b/p)

which is inverted Gamma (a-1, b) with hyperparameters ‘a’ and ‘b’.
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Example: Suppose a lot containing 1000 bulbs containing p fuse bulbs. The past experience
suggests that 5% of the bulbs supplied in the lot are fused. Suppose we are told that each bulb
of being fuse is 0.05 and that this occurs independently. Suppose a random sample of 10
bulbs is taken from this lot, and let X be the number of defectives in the sample. Then, find

the posterior distribution for p with respect to a suitable prior.
Solution: Here, the distribution of X given p, is hypergeometric distribution i.e.
P(X=x | n) = (“*C)(12%#C10)/(1*°C1o); x=0,1,2,...,10

Here, the natural prior for p is g(p) = Binomial (1000, 0.05). So, the joint distribution
of X and p is

P(X=x,u) = P(X=x|p)g(p)

{(MC)(1%HC0)/(1C10) } { (199°C,,)(0.05) *(1-0.05)1000-11
= {(IOCX)(QQOCH-X) (0_05) ”(1—0.05)1000‘“ }
where, x=0,1,2,...,10 and p=x, x+1, ..., x+990

Note that there are x fuse bulbs and (10-x) are working bulbs in the sample. The

minimum possible value for p is x and the maximum value is (990+x).

The marginal pmf of x, say m(x), is obtained by summing over range of p i.e.

m(x) 990+x(10) (990) (0 Cl5)'“ (0 95)1000 T

= (iﬂ) (0.05)*(0.95)10—* 31990 (990) (0.05)H7%(0.95)790~ (p—x)

H—x=0
= (1%)(0.05)*(0.95)107*; x=0,1,2,...,10
which is Bin(10, 0.05) distribution. And hence the posterior distribution of p is

n(u | x) = L& (33‘;) (0.05)47%(0.95)90-(4=%) ; st y=x, x+1, ..., x+990

mix)

1.e. posterior distribution is Bin (990, 0.05) distribution having a range from x to

(990+x).
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Following table provides a list of some popular natural conjugate priors:

Distribution Prior Posterior
Bernoulli (p) | Beta (a, B) Beta (at+x, B-x+1)
Binomial (n, p) | Beta (a, B) Beta (a+x, p+n-x)
Poisson (L) Gama(o, ) Gama(atx, p+1)
NegBin(r,p) | Beta (a, B) Beta (atr, f+x)
Gama(A,B) Gama(o, ) Gama(o+A, B+x)
Uniform(0,0) | Pareto(a, ) Pareto (a+n, max (B, X1, X2,...,Xn)
N(w,6%) NOAY) | N{(c?0+xA?) (™), (6*A?)(c*+A%) "}

9.7 Self-Assessment Exercises

1. Prepare a list of conjugate prior families in different cases and verify.

2. Explain the concepts of Improper Priors, Non-Informative Priors, Invariant Priors along

with their merits and demerits.

3. Explain the concept of subjectivity and explain the related issues.

9.8 Summary

This Unit covers some very interesting and important concepts of Bayesian approach
like subjectivity, Improper Priors, Non-Informative Priors, Invariant Priors and conjugate
prior families. Also, the thumb rule for constructing a conjugate prior for given case equips

the learner to handle the situation in a relatively more mathematically tractable way.

Fisher criticized Student (W.S. Gosset ) for his use of uniform prior on a binomial

parameter saying that his prior does not imply a uniform prior on the binomial parameter
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raised to the fifth power. Student replied that he has no concern about the fifth power of

parameter, an irrelevant transformation.

C.R. Rao (1987) comments “The choice of metric naturally depends on a particular
problem under investigation, and invariance may or may not be relevant.” James Berger
(1985) remarks “The major problem with invariance concerns the amount of invariance that
can be used.” Zellner (1997) is satisfied with invariance of the priors with respect to relevant

transformations.

Box and Tiao (1973) and Bernardo (1976b) have argued that a non-informative prior
should be regarded as a reference prior, i.e., a prior which is convenient to use as a standard
in analysing statistical data. The obvious question is “why should one choose a single prior as
a standard, in particular, uniform prior? They say that non-informative priors are suitable
reference standards because they produce reference posterior distributions which
approximately describe the kind of inferences which we are entitled to make with relevant
initial information. Their argument is based on the assumption that little initial information
should be, modelled by a non-informative prior, at least as good to some proper prior with a

high degree of uncertainty.

Another argument in favour of uniform prior is that when the data are sufficiently
informative so that likelithood function is sharply peaked then it really does not matter what
prior is used since all reasonably smooth prior densities will lead to approximately the same
posterior density. The uniform density, in most cases, is convenient to simplify calculations
of the posterior. This argument supports the uniform prior only in those cases where it
produces approximately the same conclusions as the highly imprecise prior constructed from
a sufficiently large class of prior densities. If the data are highly informative, the uniform

prior may produce reasonable inferences.

Non-informative priors have strong implications for behaviour and, therefore, should
not be considered non-informative. Furthermore, they may not represent the prior
probabilities when the non-informative priors are improper. The basic problem is that no
precise probability distribution can adequately represent ignorance since complete ignorance

can be properly modelled by the vacuous probabilities and near-ignorance by near vacuous
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probabilities. Walley (1991) thinks that non-informative priors are used and defended due to

some combination of the following:
(1) The problem of little or no information is important in theory and is common in practice.

(i1) A belief in the philosophy that any state of uncertainty, even complete ignorance can be

represented by some precise probability distribution.

(ii1) Some desirable property such as invariance holds for a non-informative prior.
(iv) They do not require assessments of prior information from the user.

(v) Objective statistical methods require objective or logical prior probabilities.

(vi) In some important problem, inferences based on non-informative prior are numerically
identical to classical inferences such as confidence intervals. This may give the impression
that a Bayesian could reproduce the ‘successes’ of frequentist inferences, and therefore

conform that non-informative priors give reasonable answers.

(vil) Adopting a uniform prior density allows us to interpret normalized likelthood function

as a posterior density which makes computation simple.

A variety of rules have been developed for obtaining priors to express little or no
information regarding the parameter ©. Jeffrey’s invoked invariance, Box and Tiao
recommended priors such that likelihoods are data translated, Akaike (1978) and Geisser
(1979) formulated procedures involving the predictive distribution and Kullback-Keibler
divergence measures, respectively. Bernardo (1979) used the notion of maximizing entropy
in the limit, whereas, Zellner (1977) maximized the Shannon’s information of the data

relative to that of prior.
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UNIT-10: BAYESIAN INFERENCE PROCEDURES

Structure

10.1 Introduction

10.2  Objectives

10.3  Bayesian Inference

10.4  Credible sets

10.5 Testing of hypothesis

10.6  Generalized Bayes Procedures, Admissibility and Minimaxity of Bayes
10.7  Self-Assessment Exercises

10.8  Summary

10.9  Further Readings

10.1 Introduction

The Bayesian approach to inference usually refers to prior, posterior and predictive
distributions to obtain estimates of unknown parameters, compare models and test
hypotheses. Bayesian methods are now becoming widely accepted as a way to solve applied
problems of real world. In this unit a few aspects of Bayesian inference are discussed to equip

the learners with some basic understanding of these topics.

10.2  Objectives

After studying this unit, you should be able to

e Explain the Bayesian approach to inference

e Define Credible sets

¢ Differentiate between credible interval and confidence intervals
e Perform testing of hypothesis in Bayesian sense

e Define Generalized Bayes Procedures, Admissibility and minimaxity of Bayes

10.3 Bayesian Inference

Bayesian inference techniques specify how one should update one’s beliefs upon

observing data. Bayesian updating is particularly important in the dynamic analysis of a
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sequence of data. Thus, Bayesian inference plays an important role in statistics. Bayesian
inference has  found  application in a wide range of  activities,
including science, engineering, philosophy, sports etc. More detailed theory of Bayesian

Inferential procedures and examples are given in Block 1 and 2.

Example 1: (Minimax solution) Let X ~ Bernoulli(p), p € {®={0.25, 0.5} } and A={ai, a»}.

Let the loss function be defined as follows.

0| A—>|a|a

pi=025 |1 |4

p2=0.5 3 (2

The set of decision rules includes four functions: di-1234, defined by 61(0) = 61(1)= 02(0)=
03(1) = ar; and 62(1)= 03(0)= 64(0)= d4(1)=a>

Thus, the risk function takes the following values:

1 | R(p1, 6i) | R(p2, 6i) | Maxe R(p, &) | Min; Maxe R(p, 6i)
1 1 3 3

2 1.75 2.5 2.5 2.5

3 3.25 2.5 3.25

4] 4 2 4

a;ifx =0

Thus, the minimax solution is d2(x)= {a fx = 1°
5 =

Example 2: (Squared error loss function) Let a single observation is taken randomly from
binomial (n, p) population and let the prior distribution of p be g(p) =1 for 0 <p < 1. Then,
under L(p, 8(x)) =[p-8(x)]%, estimate the unknown parameter p.

Solution: Obviously, here the PMF is
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P{X=x | p}="Cxp*(1-p)"* x=0,1,2,...,nand 0 <p <1

And the given prior pdf of parameter p is

gp)=1,0<p<l
So, the joint distribution of X and p is

H(x, p) = P{X=x|p}.g(p)
="Cx p* (I-p)*™.1
="Cxp* (I-p™*

So, the posterior density is

n(p | X) = Hﬂﬁ:;}; where M(x) is the marginal distribution of x.

_ Hx,p) = "Gp*(l-p)"*
- -1 - -1
Jo Hx,p)dp [, "Cp*(1 —p)"*dp

__pa-pr pra-p"
jﬂlpx(l_p)n—xdp Bx+1,n—x+4+1)

Thus, the Bayes estimator of unknown parameter p is
1 X[l_ ]]’!—X
Elp|x]=J, pr(pl)dp = [, p (ﬁ) dp

1
CB(x+1ln-—-x+1)

1
[ px+1(1 _ p)n—x dp
a

__ B{x+2m—x+1) x+1
T B(x+ln—-x+1) n4+2

10.4 Credible Sets

We have already discussed Bayesian credible intervals and how to incorporate them

in problem-specific contextual information from the prior information and in Bayesian

analysis it is of interest to find the optimal set, i.e. the smallest set with required posterior

probability, with respect to each prior in the class, called a credible set. Thus, Bayesian
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credible sets can be treated as the correct name for Bayesian "confidence intervals"

(discussed earlier). More specifically, if any set Ae®, wrt a posterior w(8|x) has the credible

probability P(8 € A|x) =fA m(6|x)dB, then A is called a credible set for 6. More

specifically, in Bayesian statistics, a credible interval is an interval used to characterize
a probability distribution under study. It is defined such that an unobserved value of the
parameter has a particular probability a to fall within it. For example, consider an experiment
that determines the distribution of possible values of the underlying parameter say 0, if the

probability that 6 lies between c; and c2 is 0.95, then (c1, ¢2) is a 95% credible interval.

Credible intervals are typically used to characterize posterior probability distributions
or predictive probability distributions. Their generalization to disconnected or multivariate

sets is called credible region.

Credible intervals are a Bayesian analog to confidence intervals in frequentist
statistics. The two concepts arise from different philosophies: Bayesian intervals treat their
bounds as fixed and the estimated parameter as a random variable, whereas frequentist
confidence intervals treat their bounds as random variables and the parameter as a fixed
value. Also, Bayesian credible intervals use (and indeed, require) knowledge of the situation-

specific prior distribution, while the frequentist confidence intervals do not.

Thus, credible regions are not unique; any given probability distribution has an
infinite number of credible regions of probability of interest say, a. For example, in univariate

case, some of the multiple definitions for a suitable interval or region are:

. The smallest interval, sometimes called the highest density (HD) intervals. This
interval will necessarily include the median whenever 0>0.5. Besides, when the
distribution is unimodal, this interval will include the mode.

. The smallest region, sometimes called the highest density region (HDR). For a
multimodal distribution, this is not necessarily an interval as it can be disconnected. This
region will always include the mode.

. A quantile-based interval (QBI), which are computed by taking the inter-

quantile interval for some 0 belonging to (0,1-a). For instance, the median interval of
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probability a is the interval where the probability of being below the interval is as likely
as being above it. It is sometimes also called the equi-tailed interval, and it will always
include the median. Many other QBIs can also be defined, such as the least interval, or

the highest interval. These intervals may be more suited for bounded variables.

One may define the interval for which the mean is the central point, assuming that the

mean exists.

HDR can easily be generalized to the multivariate case, and are bounded by
probability density contour lines. They will always contain the mode, but not necessarily

the mean, the coordinate-wise median, nor the geometric median.

Credible intervals can also be estimated through the use of simulation techniques such

as Markov chain Monte Carlo (discussed in next unit).

Note that if there is an 80% probability that ® falls in the credible interval [0.7089,
0.9142]. Written out, P(® € [0.7089, 0.9142]) = 0.8. Then this is correct because ® is not a

random variable.

Interpretation of confidence interval in the same manner is left as an exercise for the

Readers. For this they should always keep the following in mind:

“Interval estimates are the estimates of parameters that include an allowance for
sampling uncertainty — have long been touted as a key component of statistical analyses.
There are several kinds of interval estimates, but the most popular are confidence intervals
(ClIs): intervals that contain the true parameter value in some known proportion of repeated
samples, on average. The width of confidence intervals is thought to index the precision of an
estimate; Cls are thought to be a guide to which parameter values are plausible or reasonable;
and the confidence coefficient of the interval (e.g., 95 %) is thought to index the plausibility

that the true parameter is included in the interval”.

10.5 Testing of Hypothesis

This topic has already been covered under the topic “Posterior Odd Ratio and
Bayesian Testing of Hypothesis” in detail in Block 2. In brief, the testing procedure can be

particularly defined as (in decision theoretic format):
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For testing Hy: 6 = 6;against Hy: 6 = 6,
d, = acceptHy,d, = rejectHy,
6"(x) = {0,1} i.e choosing d; with prob. 0 and d,with prob.1.
Oré“(x)=1 if x5,
=0 if xeS,°

Some other concepts like equalizer rules, and Wald’s procedure for testing another

comparatively easier approach is based on odds ratios based approach namely Bayes factor.

Let an event A occurs with probability P[A], then the ratio P[A]/(1-P[A]) is called
odds in favour of A (say O[A]) and (1-P[A])/P[A] is called odds against A. Hence, in usual
notations, using Bayes theorem, we get O(Ho | x)= P(Ho | x)/ P(Hi | x) called posterior odds
on Ho. Which gives O(Ho | x)= O(Ho) P(x | Ho)/ P(x| Hi) i.e. O(Ho | x)/ O(Ho)= P(x | Ho)/
P(x| Hi) called the Bayes Factor in favour of Ho (say Boi) which isthe ratio of two
conditional probabilities of data in hand. Jeffreys recommended the following table for

testing of hypothesis using Bayes Factors:

Value of Logio (Bio) Description

0-0.5 Not substantial evidence against Ho
0.5-1 Substantial evidence against Ho

1-2 Strong evidence against Ho

>2 Decisive evidence against Ho

10.6 Generalized Bayes Procedures, Admissibility and Minimaxity of
Bayes

These topics have already been covered in detail in Block 1 and Block 2. Now recall

that,

Definition 3.9: A rule 9 is said to be limit of Bayes rulesd,, if for almost all x
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6, (x) — &(x) (In the sense of distribution) for non-randomized decision rules this definition

becomes d,, — d if d,,(x) — d(x) for almost all x.

Definition 3.10: A rule &, is said to be generalized Bayes rules if there exist a measure T on

® (or non-decreasing function on 6 if ® is real), such that

R(z,8) = [ [ L(6,8) f(x/6) dt(8) takes on a finite minimum value when § = §,

Definition 3.11: A rule §, is said to be extended Bayes rules if §, is e- Bayes for everye > 0.

In other words, &, is extended Bayes rules if for everye > 0 there exist a prior distribution t

such that §, is e- Bayes w.r.to ti.e
Y(r,8,) < ”;f Y(z,8)

Example 3.8: let X~N (6,1) and let 1(8) = N(0,52)

L(6,d) = (8 — d)? The joint p.d.f of (0, x)

h(B,x) = Lﬁexp [—{x—9]2 62

2T 2 202

1 -(x-8)2 @7
fr0 = o [ exp 252~ £] a0

-1 x2
= [2m(1 4+ 62)]= exp [ml

Posterior density of 6 given x,
-1

(1+a2) 2z —1+a? xa?
f(ﬁl"x) = {ZHJZ}—%EXP[ 2g2 (86— 1+02)2]

N xo? o?
1+02'1 402
xg2

The Bayes rule w.r.to 7, is posterior mean i.e d,(x) = 11o2

The Bayes risk, ¥ (1,,d,) = E[E(8 — d,(x))*/X] = %zgz
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Thus d(x)=x is not Bayes.

Butd, (x) — d(x) aso — oo.

Miscellaneous Examples

Example: Suppose X= (X1, X2, ....... Xn) is a random sample of size n from N(0, ¢?) the
prior distribution of 2 is Jeffreys’ non-informative prior g(a?)e 1/, so that g(i:r2 | x ) is an

Inverted-Gamma ( n, E x ) If we consider the loss to be squared error in loga?, i.e
L(c?,a)= (loga — loga?)?,

the Bayes estimate of g2 is a =exp (E(loga?)), where expectation is taken with respect to
g(a?]x).

since,

]‘i

E(loga?x)= ( ) f (62) G H]exp(

)log g?da? / 1"( )
—f Zz exp(z)log( )dZ/’F( )
= [logS fﬂm zg_l exp(—z)dz — fﬂm zg_l exp(—z) logzdz] JT (2),

=logS-¥ G),

Where 1,!)(&)— — logF(cr) 25 =Y . x?,and 2exp (LP G)) >~ n — 1 (Jahnke and

Emde, 1945). For large n, we have a= Zx? / (n — 1). If we had used SELF to estimate o2,

the Bayes estimate of a2 would have been E(c?| x) = ZxZ/(n — 2).

a

2
On the other hand, if we had used invariant loss function L(g%,a) = (; — 1) ,the

Bayes estimate of a2will be

A8 () ) (2 -2

Example (Ferguson, 1967). Suppose E = (Xy, X5, ... X,) is a random sample from the

Pareto density

MScSTAT/MASTAT-301(N)/172



Kok
f(x |9) = Ff{gm}(X), @ > 0,k = 0 known.
Using the conjugate prior for the parameter &, find the Bayes estimate of & when the loss

function is

2
, h=3

()L (8,a) = (E 1)
(i) L(8,a) = |loga — log8|

(i) L (6,a) = |g —1],n= 2.

Solution. The likelihood function of 8, given X, is

£ (9‘5) = k”exp[—k X, Eog% I{jﬂ.xi-l;.)(ﬁ) /T %

Since x(;) =min (x4, x5, ... ... X, ) is the sufficient statistic for 8, the conjugate prior for 8

is g(8)= -5 0511 (g, ().

The posterior pdf for 6 is

g(9|£) - ;TTEB"”‘lf(o.ml}(ﬂl my = min(x(1)m)

2
(1) The Bayes estimate under L(6,a) = (g — 1) 1s

) _ +
Since E (9 1| x) = &,
- mi(n+f-1)

_ +
andE(B z‘x) :;7;3’
- mii'n+,\5’—2j
Hence a = an+E-2)
n+g-1 °
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10.7 Self-Assessment Exercises

1. Define the concept of credible sets and their role in inference.

2. Define the relationship between credible sets and testing process.

10.8 Summary

Though most of the topics in this unit have already been covered but still this unit
gives a sight to explore those topics in the light of credible sets. Here a few points learnt in

this unit are

The basic problem of decision theory is the following: Given a space of actions #, and
a loss function L(0, d), find a decision function 6 in D such that the risk R(0, 9) is "minimum"

in some sense for all 0 e ©.

Reasonably smooth prior densities will lead to approximately the same posterior
density. The uniform density, in most cases, is convenient to simplify calculations of the
posterior. The argument supports the uniform prior only in those cases where it produces
approximately the same conclusions as the highly imprecise prior constructed from a
sufficiently large class of prior densities. If the data are highly informative, the uniform prior

may produce reasonable inferences.

In a classic paper, Neyman (1937) laid the formal foundation for confidence intervals.
It is easy to describe the practical problem that Neyman saw Cls as solving. Suppose a
researcher is interested in estimating a parameter 6. Neyman suggests that researchers

perform the following three steps:
a. Perform an experiment, collecting the relevant data.

b. Compute two numbers — the smaller of which we can call L, the greater U — forming

an interval (L, U) according to a specified procedure.

c. State that L<O<U — that is, that 6 is in the interval.
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This recommendation is justified by choosing an procedure for step (b) such that in
the long run, the researcher’s claim in step (c) will be correct, on average, X% of the time. A

confidence interval is any interval computed using such a procedure.

Suppose you have iid samples x = (x1, ..., Xn) from some distribution with unknown
parameter ®. You are in the Bayesian setting, so you have chosen a prior distribution for the
RV 0. A 100(1 — a)% credible interval for ® is an interval [a, b] such that the probability

(over the randomness in ®) that ® lies in the interval is 1 — a:
P(®€[a b])=1-a
If we’ve chosen the appropriate conjugate prior for the sampling distribution (like

Beta for Bernoulli), the posterior is easy to compute. Say the CDF of the posterior is FY .
Then, a 100(1 — a)% credible interval is given by
[Fy! (a/2), Fy! (1- 0/2)]

Note that in frequentist’s approach 95% confidence interval means that with a large
number of repeated samples, 95% of such calculated confidence intervals would include the
true value of the parameter. In frequentist terms, the parameter is fixed (cannot be considered
to have a distribution of possible values) and the confidence interval is random (as it depends
on the random sample).

Bayesian credible intervals differ from frequentist confidence intervals by two major aspects:

e Credible intervals are intervals whose values have a (posterior) probability density,
representing the plausibility that the parameter has those values, whereas confidence
intervals regard the population parameter as fixed and therefore not the object of
probability. Within confidence intervals, confidence refers to the randomness of the very
confidence interval under repeated trials, whereas credible intervals analyses the

uncertainty of the target parameter given the data at hand.
e Credible intervals and confidence intervals treat nuisance parameters in radically

different ways.
For the case of a single parameter and data that can be summarized in a single sufficient

statistic, it can be shown that the credible interval and the confidence interval coincide if the
unknown parameter is a location parameter, with a prior that is a uniform flat distribution and

also if the unknown parameter is ascale parameter, has a Jeffreys' prior — the latter
following because taking the logarithm of such a scale parameter turns it into a location
parameter with a uniform distribution. But these are distinctly special (albeit important)

cases; in general, no such equivalence can be made.

MScSTAT/MASTAT-301(N)/175



10.9 Further Readings

e  Ait-Sahalia, Y. and Hansen, L.P. (Eds) (2010) Handbook of financial econometrics, Vol
2, North Holland Pub.
e  Berger, J.O. (1993) Statistical Decision Theory and Bayesian Analysis, Springer Verlag.

e Bolstad, William M.; Curran, James M. (2016). "Comparing Bayesian and Frequentist

Inferences for Mean". Introduction to Bayesian Statistics (Third ed.). John Wiley &

Sons. pp. 237-253.
e Gemerman, D and Lopes, H. F. (2006) Markov Chain Monte Carlo: Stochastic

Simulation for Bayesian Inference, Chapman Hall.

e Jaynes, E. T. (1976). "Confidence Intervals vs Bayesian Intervals", in Foundations of
Probability Theory, Statistical Inference, and Statistical Theories of Science, (W. L.
Harper and C. A. Hooker, eds.), Dordrecht: D. Reidel, pp. 175 et seq

e Kahneman, D.; Tversky, A. (1982). Judgement under Uncertainty: Heuristics and

Biases. Cambridge University Press.
e Kalos, Malvin H.; Whitlock, Paula A. (2008). Monte Carlo Methods. Wiley-VCH.

e Lee, P.M. (1997) Bayesian Statistics: An Introduction, Arnold.

e Leonard, T. and Hsu, J.S.J. (1999) Bayesian Methods, Cambridge University Press.

e Lindley, D.V. (1965). Introduction to probability and statistical inference from Bayesian
view point, Cambridge university press.

e  Mazhdrakov, M.; Benov, D.; Valkanov, N. (2018). The Monte Carlo Method.
Engineering Applications. ACMO Academic Press.

e  Robert, C.P. (1994). The Bayesian Choice: A Decision Theoretic Motivation, Springer.

e Robert, C.P. and Casella, G. (2004) Monte Carlo Statistical Methods, Springer Verlag.

e  Ross, S.M. (2023) Simulation, Elsevier Inc.

e Rubinstein, R. Y.; Kroese, D. P. (2007). Simulation and the Monte Carlo
Method (2nd ed.). New York: John Wiley & Sons.

MScSTAT/MASTAT-301(N)/176
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11.9  Summary

11.10 Further Readings

11.1 Introduction

Bayesian analysis, also called Bayesian sensitivity analysis, is a type of sensitivity
analysis applied to the outcome from Bayesian inference or Bayesian optimal decisions.
Robust Bayesian analysis, also called Bayesian sensitivity analysis, investigates the
robustness of answers from a Bayesian analysis to uncertainty about the precise details of the
analysis. Robust Bayes methods acknowledge that it is sometimes very difficult to come up
with precise distributions to be used as priors. Likewise, the appropriate likelihood function
that should be used for a particular problem may also be in doubt. In a robust Bayes
approach, a standard Bayesian analysis is applied to all possible combinations of prior
distributions and likelihood functions selected from classes of priors and likelihoods
considered empirically plausible by the analyst. In this approach, a class of priors and a class
of likelihoods together imply a class of posteriors by pair-wise combination through Bayes

rule.

11.2  Objectives

After studying this unit, you should be able to
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e Define the idea of Bayesian Robustness.
e Define Markov Chain Monte Carlo (MCMC) techniques.

e List the methods involved in Monte Carlo integration.

11.3 Ideas of Bayesian Robustness

Broadly robustness defines the sensitivity of the estimates. Bayesian analysis, also
called Bayesian sensitivity analysis, is a type of sensitivity analysis applied to the outcome
from Bayesian inference or Bayesian optimal decisions. Robust Bayesian analysis, also called
Bayesian sensitivity analysis, investigates the robustness of answers from a Bayesian analysis
to uncertainty about the precise details of the analysis. Robust Bayes methods acknowledge
that it is sometimes very difficult to come up with precise distributions to be used as priors.
Likewise, the appropriate likelihood function that should be used for a particular problem
may also be in doubt. In a robust Bayes approach, a standard Bayesian analysis is applied to
all possible combinations of prior distributions and likelihood functions selected from classes
of priors and likelihoods considered empirically plausible by the analyst. In this approach, a
class of priors and a class of likelihoods together imply a class of posteriors by pair-wise
combination through Bayes rule. Robust Bayes also uses a similar strategy to combine a class
of probability models with a class of utility functions to infer a class of decisions, any of
which might be the answer given the uncertainty about best probability model and utility
function. In both cases, the result is said to be robust if it is approximately the same for each
such pair. If the answers differ substantially, then their range is taken as an expression of how

much (or how little) can be confidently inferred from the analysis.

Robust Bayesian analysis, also called Bayesian sensitivity analysis, investigates the
robustness of answers from a Bayesian analysis to uncertainty about the precise details of the
analysis. An answer is robust if it does not depend sensitively on the assumptions and
calculation inputs on which it is based. Robust Bayes methods acknowledge that it is
sometimes very difficult to come up with precise distributions to be used as priors. Likewise
the appropriate likelihood function that should be used for a particular problem may also be
in doubt. In a robust Bayes approach, a standard Bayesian analysis is applied to all possible
combinations of prior distributions and likelihood functions selected from classes of priors

and likelihoods considered empirically plausible by the analyst. In this approach, a class of
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priors and a class of likelihoods together imply a class of posteriors by pairwise combination
through Bayes' rule. Robust Bayes also uses a similar strategy to combine a class of
probability models with a class of utility functions to infer a class of decisions, any of which
might be the answer given the uncertainty about best probability model and utility function.
In both cases, the result is said to be robust if it is approximately the same for each such pair.
If the answers differ substantially, then their range is taken as an expression of how much (or

how little) can be confidently inferred from the analysis.

Although robust Bayes methods are clearly inconsistent with the Bayesian idea that
uncertainty should be measured by a single additive probability measure and that personal
attitudes and values should always be measured by a precise utility function, they are often
accepted as a matter of convenience (e.g., because the cost or schedule do not allow the more
painstaking effort needed to get a precise measure and function). Some analysts also suggest
that robust methods extend the traditional Bayesian approach by recognizing incertitude as of
a different kind of uncertainty. Analysts in the latter category suggest that the set of
distributions in the prior class is not a class of reasonable priors, but that it is rather a
reasonable class of priors. The idea is that no single distribution is reasonable as a model of

ignorance, but considered as a whole, the class is a reasonable model for ignorance.

Robust Bayes methods are related to important and seminal ideas in other areas of
statistics such as robust statistics and resistance estimators. The arguments in favor of a
robust approach are often applicable to Bayesian analyses. For example, some criticize
methods that must assume the analyst is "omniscient" about certain facts such as model
structure, distribution shapes and parameters. Because such facts are themselves potentially
in doubt, an approach that does not rely too sensitively on the analysts getting the details

exactly right would be preferred.

There are several ways to design and conduct a robust Bayes analysis, including the
use of (i) parametric conjugate families of distributions, (ii) parametric but non-conjugate
families, (ii1)) density-ratio (bounded density distributions), (iv) &-contamination,
mixture, quantile classes, etc., and (v)bounds on cumulative distributions. Although
calculating the solutions to robust Bayesian problems can, in some cases, be computationally
intensive, there are several special cases in which the requisite calculations are, or can be

made, straightforward.
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114 Asymptotic Expansion for Posterior Density

A framework for Bayesian inference: - Additional information which may update

beliefs about Bare usually in the form of observed data x,,x-,..., x,. The information
regarding O contained in the data is represented by the likelihood function. Bayes’ theorem

can also be used to update beliefs about a parameter 0 after data are observed. The updated
beliefs are represented by the posterior distribution. The posterior distribution, which

summarizes all the information available about 8 after observing data, is the primary focus of

Bayesian inference.

Beliefs about an unknown parameter 8 are also represented probabilistically in
Bayesian statistics. A subjective estimate can be made of the probability that the value of 0 is

04, say, that is, of the probability P(6 = 0,), for some value 0.

If you are certain that 8 = 8,, then P(B8 = 8,) = 1. However, the value of 8 is
rarely known with certainty. Instead, there will be other values of 8 that are possible. Usually,
the possible values of 0 are all values in some continuous interval. For example, if O is a
proportion, then the true value of 8 could potentially be any value in the interval [0, 1].
However, for simplicity, first suppose that 8 can only be one of a set of discrete values
04,05,..., 0,. For each possible value 0;, the probability P(8 = 8;) can be estimated
subjectively, so that P(8 = 0;) represents beliefs about whether or not 8 = 0;. If
P(B = 8;) is estimated for all possible values of 8;, then these probabilities will form a
probability distribution for 8. This probability distribution gives a probabilistic representation

of all the available knowledge about the parameter 0, and is known as the prior distribution,

or simply the prior.

Suppose that the random variable X has some distribution with unknown parameter 8.
If it were known that the value of 8 is 8, then the distribution of X would be known exactly.

If X is discrete then, conditional on © = 0,, the (conditional) probability mass function
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p(x|8@ = By) can be written down. Similarly, if X is continuous, the conditional probability

density function f(x|8 = 8;) can be written down.

Given an observation x on a discrete random variable X, the value of the conditional
p.m.f. p(x|8 = B;) can be calculated for each possible value 8, of 0. Since a value is
defined for each possible value of 8, these values can be viewed as values of a function of 8,
which can be written p(x|0). This function is called the likelihood function, or simply the

likelihood. It represents how likely the possible values of 0 are for the observed data x.

More generally, in a statistical inference problem, the data consist of n independent

observations xy, ..., xyon X. In this case, the likelihood is of the following form:
L(0) = p(data|8) = p(x.]|8) X ---x p(x,|0) if Xis discrete,

L(0)

f(data|0) = f(x;|0) x---x f(x,]|0) if Xis continuous.

11.5 Bayesian Calculation

Suppose a 30-year-old man has a positive blood test for a prostate cancer marker
(PSA). Assume this test is also approximately 90% accurate. In this situation, the individual
would like to know the probability that he has prostate cancer, given the positive test, but the
information at hand is simply the probability of testing positive if he has prostate cancer,
coupled with the knowledge that he tested positive. Bayes theorem offers a way to reverse

conditional probabilities and, hence, provides a way to answer these questions.

Bayesian probability is one of the major theoretical and practical frameworks for
reasoning and decision making under uncertainty. The historical roots of this theory lie in the

late 18th, early 19th century, with Thomas Bayes and Pierre-Simon de Laplace.

In its raw form, Bayes Theorem is a result in conditional probability, stating that for

two random quantities yand 6,

p(Bly) = P& — p(y10)p(®)

p(y) p(y)

b
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wherep(-) denotes a probability distribution, and p(- |-) a conditional distribution.
Where y represents data and 6 represents parameters in a statistical model, Bayes Theorem
provides the basis for Bayesian inference. The 'prior' distribution p(B8) (epistemological
uncertainty) is combined with 'likelihood' p(y|8) to provide a 'posterior' distribution p(8|y)

(updated epistemological uncertainty): the likelihood is derived from an aleatory sampling

model p(y|8) but considered as function of 8 for fixed y.

11.6 Monto Carlo Integration

Monte Carlo methods are numerical techniques which rely on random sampling to
approximate their results. Monte Carlo integration applies this process to the numerical
estimation of integrals. Monte Carlo integration uses random sampling of a function to

numerically compute an estimate of its integral.

One of the earliest applications of random numbers was in the computation of

integrals. Let g(x) be a function and suppose we wanted to compute 6 where

1
g = J;] g(x)dx

To compute the value of 0, note that if U is uniformly distributed over (0, 1), then we

can express 0 as

0=E [g(U)]

If Uy, Uy, ... ,Uk are independent uniform (0,1) random variables, it thus follows that
the random variables g(Ui), g(U2), ..., g(Ux) are independent and identically distributed
random variables having mean 0. Therefore, by the strong law of large numbers, it follows

that, with probability 1,

g(U;)
k

= E[g(U)] as k— o

[N =

i=1
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Hence, we can approximate 6 by generating a large number of random numbers u; and
taking as our approximation the average value of g(uj). This approach to approximating

integrals is called the Monte Carlo approach.

If we wanted to compute
b
g = J- g(x)dx
a

then, by making the substitution y = (x — a)/(b — a), dy = dx/(b — a), we see that

1
g = f g+ b — aly)(b — a)dy
1]

1
=0 =[ h(v)dy
Q

where h(y) = (b —a) g(a + [b — a]y). Thus, we can approximate 6 by continually generating

random numbers and then taking the average value of h evaluated at these random numbers.

Similarly, if we wanted
6 = [ gx)dx
0

we could apply the substitution y = 1/(x + 1), dy = —dx/(x + 1)> = —y? dx, to obtain the
identity

o= J;] G dy

where

h(y) =g(y' — 1)/y?

Similarly, the utility of using random numbers to approximate integrals becomes more

apparent in the case of multidimensional integrals.

Inverse Transform Sampling Method:
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Most common problem in using Monte Carlo techniques is generating random
samples. And the foremost answer to this problem is inverse transform method. Inverse
transform sampling method (also known as inversion sampling, the inverse probability
integral transform, the inverse transformation method, or the Smirnov transform) is a basic
method for pseudo-random number sampling, i.e., for generating sample numbers

at random from any probability distribution given its cumulative distribution function.

Inverse transformation sampling takes uniform samples of a number say u between 0
and 1, interpreted as a probability, and then returns the smallest number x € Q such that F(x)
> u for the cumulative distribution function F of a random variable. For example, suppose we
want to generate an observation from F being the distribution of exponential distribution with

mean p. Here, F(x) = 1- exp(x/pn). We will follow the steps given below to
Step 1: Generate a random observation from Uniform (0, 1), say u.
Step 2: Calculate x=p {Loge(1-u)}

This x will be an observation from exponential (). Repeat step 1 and step 2 for ‘n’

times to generate a random sample of size ‘n’.
The Acceptance—Rejection Technique:

Main issue with the above-mentioned technique is that using this technique for a
complex distribution function is not easy. In all such cases another random number
generation technique namely, acceptance-rejection technique may be useful. The

acceptance—rejection technique is defined as follows:

In Acceptance—Rejection sampling, first we sample a point on the x-axis from the
proposal distribution. Then, we draw a vertical line at this x-position, up to the maximum y-
value of the probability density function of the proposal distribution. And then sample
uniformly along this line from 0 to the maximum of the probability density function. If the
sampled value is greater than the value of the desired distribution at this vertical line, reject
the x-value and return to starting step; else the x-value is a sample from the desired

distribution.
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This algorithm can be used to sample from the area under any curve, regardless of
whether the function integrates to 1. In fact, scaling a function by a constant has no effect on

the sampled x-positions.

Step by step process of acceptance—rejection method is as follows:
Step 1: Simulate the value of Y, having probability mass function g;.
Step 2: Generate a random number U.
Step 3: If U <pY /cqY , set X =Y and stop. Otherwise, return to Step 1.

Example: (The Estimation of m) Suppose that the random vector (X,Y) is uniformly
distributed in the square of area centred at the origin. That is, it is a random point in the
region specified in Fig. 3.1. Let us consider now the probability that this random point in the

square is contained within the inscribed circle of radius 1

=
\__/

(=L;:=1)

(1, =1)

e=(0,0)
Note that since (X, Y) is uniformly distributed in the square, it follows that
P{(X,Y) is in the circle} =P{X>+Y*< 1}

= Area of the circle/Area of the square = n/4
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Hence, if we generate a large number of random points in the square, the proportion
of points that fall within the circle will be approximately m/4. Now if X and Y were

independent and both were uniformly distributed over (—1,1), their joint density would be
fxy)=ff(y)=14st(-1 <x<1L,-1<y<)

Since the density function of (X,Y) is constant in the square, it thus follows (by
definition) that (X,Y) is uniformly distributed in the square. Now if U is uniform on (0, 1),
then 2U is uniform on (0, 2), and so 2U — 1 is uniform on (—1,1). Therefore, if we generate

random numbers U; and U,, set X =2U; — 1 and Y =2U; — 1, and define

12{1 if X* +v* =1
0 Otherwise

Then, E [I] =P{X>+Y?’< 1} =n/4

Hence we can estimate /4 by generating a large number of pairs of random numbers

u1,u and estimating 7/4 by the fraction of pairs for which (2u; —1)* +(2u2 —1)* <1.

11.7 Markov Chain Monto Carlo Techniques

Markov Chain Monte Carlo (MCMC) techniques are methods for sampling from
probability distributions using Markov chains. MCMC methods are used in data modeling for
Bayesian inference and numerical integration. MCMC techniques aim to construct cleverly
sampled chains which draw samples which are progressively more likely realizations of the
distribution of interest. Here, Monte Carlo methods are numerical techniques which rely on
random sampling to approximate their results. Monte Carlo integration applies this process to
the numerical estimation of integrals. Monte Carlo integration uses random sampling of a
function to numerically compute an estimate of its integral. Suppose that we want to integrate

the one-dimensional function f(x) from ato b:

F = f(x)dx

We can approximate this integral by averaging samples of the function f at uniform

random points within the interval. Given a set of N uniform random variables X; € [a, b)
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with a corresponding pdf of 1/(b — a), the Monte Carlo estimator for computing F is

N
-~ 1
P (- ) 0
i=0
The random variable X; € [a, b) can be constructed by warping a canonical random

number uniformly distributed between zero and one, & € [0,1):X; = a + (b — a).

Markov chain - Monte Carlo technique.

Markov Chain Monte Carlo (MCMC) techniques are methods for sampling from
probability distributions using Markov chains. MCMC methods are used in data modeling for

Bayesian inference and numerical integration. Monte Carlo techniques are sampling methods.

Direct simulation: Let X be a random variable with distribution (x) ; then the

expectation is given by:

E(X) = Z xf(x)

xER

which can be approximated by drawing n samples from f(x) and then evaluating

1

Thus, MCMC techniques aim to construct cleverly sampled chains which (after a burn in
period) draw samples which are progressively more likely realizations of the distribution of

interest; the target distribution. Following section discusses a few MCMC algorithms:

1. Gibbs Sampling: The simplest MCMC algorithm is called the Gibbs sampler. When
it is possible to directly sample iteratively from all of the complete conditionals, the
resulting MCMC algorithm is a Gibbs sampler. Thus, this method requires all the
conditional distributions of the target distribution to be sampled exactly. When
drawing from the full-conditional distributions is not straightforward other samplers-
within-Gibbs are used. Gibbs sampling is popular partly because it does not require
any 'tuning'. Algorithm structure of the Gibbs sampling highly resembles that of the
coordinate ascent variational inference in that both algorithms utilize the full-

conditional distributions in the updating procedure.
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Algorithm of Gibbs Sampler:

Given (00, X©)

1. Draw O ~ p(@® | X, Y)

2. Draw XV ~ p(X| ©1,Y)

Continuing in this fashion, the Gibbs sampler generates a sequence of random

variables,

{@©® X®1,_y, g; which converges to p(®, X|Y).

As the situation varies from this simple case, the experimenter switches to

other versions of Gibbs sampler or some other methods.

Metropolis—Hastings algorithm: This method generates a Markov chain using a
proposal density for new steps and a method for rejecting some of the proposed
moves. It is actually a general framework which includes as special cases the very
first and simpler MCMC (Metropolis algorithm) and many more recent alternatives
listed below:

In some cases, one or more of the conditional distributions cannot be
conveniently sampled, and thus the Gibbs sampler does not apply. For example, in
models that are nonlinear in the parameters, parameter conditional distribution may be
unrecognizable. In other cases, the distribution might be known, but there are not
efficient algorithms for sampling from it. In these cases, a very general approach
known as the Metropolis—Hastings algorithms will often apply. To generate samples
from m(®), a Metropolis—Hastings algorithm requires the researcher to specify a
recognizable proposal or candidate density q(®(g“)| ®€™). In most cases this
distribution will depend critically on the other parameters, the state variables and the
previous draws for the parameter being drawn. Similarly, a few extensions of
Metropolis—Hastings algorithm like Metropolis-adjusted Langevin algorithm and
other methods that rely on the gradient (and possibly second derivative) of the log
target density to propose steps that are more likely to be in the direction of higher
probability density. Also, Pseudo-marginal Metropolis—Hastings, the method that
replaces the evaluation of the density of the target distribution with an unbiased
estimate and is useful when the target density is not available analytically, e.g. latent
variable models.
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Implementing Metropolis—Hastings requires only drawing from the proposal, drawing
a uniform random variable, and evaluating the acceptance criterion. Intuitively, this
algorithm “decomposes” the unrecognizable conditional distribution into two parts: a
recognizable distribution to generate candidate points and an unrecognizable part
from which the acceptance criteria arises. The acceptance criterion insures that the
algorithm has the correct equilibrium distribution. Continuing in this manner, the

algorithm generates samples with required distribution as limiting distribution.

The Metropolis—Hastings algorithm significantly extends the number of
applications that can be analyzed as the complete conditionals conditional density
need not be known in closed form. A number of points immediately emerge like
Gibbs sampling is a special case of Metropolis—Hastings and that the acceptance
probability is always one and the algorithm always moves. As Gibbs sampling is a
special case of Metropolis, one can design algorithms consisting of Metropolis—
Hastings or Gibbs steps as it is really only Metropolis. The case with both Metropolis
and Gibbs steps is generally called a hybrid algorithm. Also, the Metropolis—Hastings
algorithm allows the functional form of the density to be non-analytic, for example,
which occurs when pricing functions require the solution of partial or ordinary
differential equations. One only has to evaluate the true density at two given points.
Furthermore, there is an added advantage when there are constraints in the parameter
space one can just reject these draws. Alternatively, sampling can be done conditional
on specific region. This provides a convenient approach for analyzing parameter

restrictions imposed by economic models.

Algorithm of Metropolis-Hastings method:

Step 1: Draw ©®*D from the proposal density q(@¢*) | ©®)
Step 2: Accept O@"D with probability o (O©> ©E™D)

where,

o (0® ©E™) = Min [{n (O€™/qOE™ | 0©)/ 1 (0®/q(O® | OE ) 1]
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11.8 Self-Assessment Exercises

1. Define the concept MCMC techniques.
2. Obtain the value of pi using any simulation method.

3. Solve the following integrals:

(1) 8= fﬂm exp(x?)dx

(i) 8 = f24 log(x)dx

Also compare your results with exact values and comment.

11.9 Summary

Robustness is the property of being strong and healthy in constitution. When it is
transposed into a system, it refers to the ability of tolerating perturbations that might affect
the system's functional body. In the same line robustness can be defined as "the ability of a
system to resist change without adapting its initial stable configuration" or Robustness in the
small refers to situations wherein perturbations are small in magnitude, which considers that
the "small" magnitude hypothesis can be difficult to verify because "small" or "large"
depends on the specific problem. Conversely, "Robustness in the large problem" refers to
situations wherein no assumptions can be made about the magnitude of perturbations, which
can either be small or large. Furthermore, robustness has two dimensions: resistance and
avoidance.

Asymptotic Expansion often occur when an ordinary series is used in a formal
expression that forces the taking of values outside of its domain of convergence. Usually, in
scientific applications, only a finite number of coefficients are known. Typically, as
n increases, these coefficients settle into a regular behaviour determined by the nearest
radius-limiting singularity. Asymptotic Expansion for Posterior Density is also focused on
obtaining the convergence on sequence of respective estimates for the unknown parameters
of population under study.

Bayesian Calculations, Monto Carlo techniques and Markov Chain Monto Carlo
Techniques are used to handle so many real-world problems where conducting a real
experiment is either not feasible or too expensive. Also, all those problems whose analytical

solution is not easily achievable can very easily be solved using these techniques with a given
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level of confidence. Further, Markov chain Monte Carlo methods are used to study
probability distributions that are too complex or too highly dimensional to study with analytic

techniques alone.
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Notes
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