UGMM-104(N)

Differential Equation

| TRt T W AR |
Uttar Pradesh Rajarshi Tandon
Open University

Block-1 DIFFERENTIAL EQUATIONS OF FIRST

ORDER AND FIRST DEGREE 3-120
UNIT-1 Differential Equation 5
UNIT-2 Methods of Solution of a Differential Equation of First Order
And First Degree 25
UNIT-3 Linear Differential Equation 53
UNIT-4 Excat Differential Equations 73
UNIT-5 Differential Equation of The First Order But Not of The First
Degree 101
Block-2 APPLICATIONS OF DIFFERENTIAL
EQUATION 121-190
UNIT-6 Geometrical Applications of Differential Equations 123
UNIT-7 Physical Applications of Differential Equations of First Order
and First Degree-I 149
UNIT-8 Physical Applications of Differential Equations of First Order
and First Degree-11 177

Block-3 THE N™ ORDER LINEAR DIFFERENTIAL
EQUATION WITH CONSTANT

COEFFICIENTS 191-296
UNIT-9 The N Order Linear Differential Equation with Constant
Coefficients 193

UNIT-10 Methods of Finding Particular Integrals by Inverse Operator
Method 223

UNIT-11 Equation Reducible to Linear with Constant Coefficients 259
UNIT-12 Linear Differential Equations of Second Order 273 UGMM-104(N)/1




UGMM-104(N)/2



UGMM-104(N)

: I Ld Ld o
Differential Equation
Uttar Pradesh Rajarshi Tandon
Open University

BLOCK

DIFFERENTIAL EQUATIONS OF FIRST ORDER
AND FIRST DEGREE

UNIT-1

Differential equation

UNIT-2

Methods of solution of a differential equation of first order and first degree

UNIT-3

Linear differential equation

UNIT-4

Exact differential equations

UNIT-5

Differential equation of the first order but not of the first degree

UGMM-104(N)/3



FEDORA-071

UGMM-104(N)/4

Course Design Committee

Prof. Ashutosh Gupta Chairman
Director, School of Science, UPRTOU, Prayagraj

Prof. Sudhir Srivastav Member
Professor, Dept. of Mathematics, DDU Gorakhpur University

Gorakhpur

Prof. P. K. Singh Member
Dept. of Mathematics, University of Allahabad, Prayagraj

Prof. Mona Khare Member
Dept. of Mathematics, University of Allahabad, Prayagraj

Dr. A. K. Pandey Member
Associate Professor, E.C.C University of Allahabad, Prayagraj

Dr. Vikas Singh Member

Academic Consultant

School of Science, UPRTOU, Prayagraj
Dr. S. S. TripathiMember

Academic Consultant

School of Science, UPRTOU, Prayagraj

Course Preparation Committee

Dr. Viask Singh Author
Dept. Of Mathematics, Lecturer

DIET, Jaunpur

Dr. S. S. Tripathi Editor
Academic Consultant

School of Science, UPRTOU, Prayagraj

Prof. Ashutosh Gupta

Director, School of Computer and Information Science,

UPRTOU, Prayagraj

Faculty Members, School of Sciences

Prof. Ashutosh Gupta, Director, School of Science, UPRTOU, Prayagraj

Dr. Shruti, Asst. Prof., (Statistics), School of Science, UPRTOU, Prayagraj

Dr. Marisha Asst. Prof., (Computer Science), School of Science, UPRTOU, Prayagraj

Mr. Manoj K Balwant Asst. Prof., (Computer Science), School of Science, UPRTOU, Prayagraj
Dr. Dinesh K Gupta Academic Consultant (Chemistry), School of Science, UPRTOU, Prayagraj
Dr. S. S. Tripathi, Academic Consultant (Maths), Scool of Science, UPRTOU, Prayagraj

Dr. Dharamveer Singh, Academic Consultant (Bio-Chemistry), School of Science, UPRTOU,
Prayagraj

Dr. R. P. Singh, Academic Consultant (Bio-Chemistry), School of Science, UPRTOU, Prayagraj
Dr. Susma Chuhan, Academic Consultant (Botany), School of Science, UPRTOU, Prayagraj

Dr. Deepa Chubey, Academic Consultant (Zoology), School of Science, UPRTOU, Prayagraj

Dr. Arvind Kumar Mishra, Academic Consultant (Physics), School of Science, UPRTOU,
Prayagraj

©OUPRTOU, Prayagraj - 2020
ISBN :

©ALII Rights are reserved. No part of this work may be reproduced in any form, by
mimeograph or any other means, without permission in writing from the Uttar Pradesh
Rajarshi Tondon Open University, Prayagraj.

Printed and Published by Vinay Kumar Registrar, Uttar Pradesh Rajarshi Tandon Open
University, 2023.

Printed By : Chandrakala Universal Pvt. 42/7 Jawahar Lal Neharu Road, Prayagraj.



UNIT1 DIFFERENTIAL EQUATION

Structure

1.1  Introduction

1.2 Objectives

1.3  Definition of differential equation

1.4 Types of differential equations

1.5 Order and degree of differential equations

1.6  Solution of differential equation

1.7  Formation of differential equation

1.8  Geometrical meaning of a differential equation
1.9  Initial value problems

1.10 Statement of Existence and Uniqueness Theorems
1.11 Summary

1.12 Terminal Questions

1.13 Answers to exercises

1.1 INTRODUCTION

The entire field of engineering and science — heat, light, sound,
gravitation, magnetism, fluid flow, population dynamics and mechanics are
described by differential equations. Other modern technologies such as radio,
television, cars and aircraft all depend on the mathematics of differential
equations

Differential equations play an important role in modeling virtually every
physical, technical or biological process, from celestial motion to bridge design to
interactions between neurons. Further applications are found in fluid dynamics
with the design of containers and funnels in heat conduction analysis with the
design of heat spreaders in microelectronics, in rigid-body dynamic analysis, with
falling objects, and in exponential growth of current in an R-L circuit. This unit
introduces first order differential equations — the subject is clearly of great
importance in many different areas of science and engineering.

1.2 OBJECTIVES

After reading this unit students should be able to:
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Define and understand the differential equation and its types
Find the order and degree of a differential equation

Form the differential equation of given function

Solve the given differential equation

Understand the geometrical meaning of differential equation

Solve the initial value problems

YV V. .V V VYV VYV V

State the existence and uniqueness theorems

1.

w

DEFINITION OF DIFFERENTIAL EQUATION

An equation which contains the independent variable, dependent variable
and its derivatives is called a differential equation.

Equivalently,

An equation involving dependent and independent variables and the
differential coefficients (derivatives) of dependant variable with respect to one
independent variables is called a Differential equation.

The general first-order differential equation for the function y = y(x) is written as
% = f(X,y), where f(x, y) can be any function of the independent variable x
X

and the dependent variable y.

For Example:

3Q+X:cosy
dx

1)
2
d ¥+2ﬂ—5x:cosecy
2) dx dx
3
20I 2/—3ﬂ+5x:secy+eX
3) dx dx
dy
—-5y=7
4) dx y
2
d ¥—3ﬂ+cosy:8x
5) dx dx
d’y
m =—
6) dx? m

3
2o
7) dx



1.4 TYPES OF DIFFERENTIAL EQUATION

A differential equation is an equation for a function that relates the values
of the function to the values of its derivatives. An ordinary differential equation
(ode) is a differential equation for a function of a single variable, e.g., x(t) or y(t),
while a partial differential equation (pde) is a differential equation for a function
of several variables, e.g., v(X, y, z, t). An ode contains ordinary derivatives and a
pde contains partial derivatives. Typically, pde’s are much harder to solve than
ode’s.

There are two types of differential equations, namely
1. Ordinary Differential Equations (ODE’s)
ii.  Partial Differential Equations (PDE’s)
i.  Ordinary Differential Equations (ODE’s):

Ordinary Differential Equations (ODE’s): A differential equation involving
derivatives of the dependent variable with respect to only one independent
variable is called an ordinary differential equation (ODE’s).

Equivalently,

ODE is an equation involving an unknown function y of a single variable t
together with one or more of its derivatives Y/, y' etc.

2 3
Example 1.4.1- 2% + (%] =0 is an ordinary differential equation.
X X
ii.  Partial Differential Equations (PDE’s):

Many functions depend on more than one independent variable. Of course, there
are differential equations involving derivatives with respect to more than one
independent variables, called partial differential equations (PDE’s).

RN A . .
Example 1.4.2- o =9 a is partial differential equation.
X

1.5 ORDER AND DEGREE OF DIFFERENTIAL
EQUATION

1.5.1 ORDER OF A DIFFERENTIAL EQUATION:

A differential equation can be classified according to its order and degree.

Order of a differential equation is defined as the order of the highest order
derivative of the dependent variable with respect to the independent variable
involved in the given differential equation.

Consider the following differential equations:

UGMM-104(N)/7
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dy
dx
order is one

= e, this ODE involves highest derivative of first order. Therefore

2

d’y
dx?
Therefore order is two.

1. +y=0, this ODE involves highest derivative of second order.

d’y a2y’
iil. F+X2 (d—z] =sin X, this ODE involves highest derivative of third
X X

order. Therefore order is three.

1.5.2 DEGREE OF A DIFFERENTIAL EQUATION:

Degree of a differential equation To study the degree of a differential
equation, the key point is that the differential equation must be a polynomial
equation in derivatives, i.e., y', y”, y"’' etc. Consider the following differential

equations:
3 2.,\?
1v. d—2/+2 d 3/ —ﬂ+ y=0
ax dx dx
2
v. [ﬂj +ﬂ—sin2y=0
dx dx
Vi. b + sin(ﬂj =0
dx dx

We observe that, in the above equation (iv) is a polynomial equation in
y"', y" and y’, equation (v) is a polynomial equation in y’ (not a polynomial in y
though). Degree of such differential equations can be defined. But equation (vi) is
not a polynomial equation in y’ and degree of such a differential equation cannot
be defined. By the degree of a differential equation, when it is a polynomial
equation in derivatives, we mean the highest power (positive integral index) of the
highest order derivative involved in the given differential equation. In view of the
above definition, one may observe that differential equations (i), (ii), (iii) and (iv)
each are of degree one, equation (v) is of degree two while the degree of
differential equation (vi) is not defined.

Note: Order and deegree (if defined) of a differential equation are always positive
integers.

Text Your Progress-

Find the order and degree, if defined, of each of the following differential
equations:

dy

— —cosx=0
dx



L d? dy)’ d
. il xydTngx(d—i/j —y(d—ijzo

3
—Z 2/+y2+ey =0
iii. X
dy
vil.  1v. o +sin(y")=0
X

viii. Y/ +5y=0

w Y 3w =0

X. (y// )2 +cos(y')=0

Xi. y" =cos3x+sin3x

Xii. (y// )2 +(Y')Y+(y) +y =
y"+2y" +y =0

1.6 SOLUTION OF DIFFERENTIAL EQUATION

In earlier topics, we have solved the equations of the type:

X*+1=0 e (1)
sin2x—cosx=0 ... ... (2)

The solutions of equations (1) and (2) are numbers, real or complex, that will
satisfy the given equation i.e., when that number is substituted for the unknown x
in the given equation, L.H.S. becomes equal to the R.H.S.

Now consider the differential equation ,
d’y
dx’

+y:0 .................. (3)

In contrast to the first two equations, the solution of this differential equation is a
function ¢ that will satisfy it.

i.e., when the function ¢ is substituted for the unknown y (dependent variable) in
the given differential equation, L.H.S. becomes equal to R.H.S.

The curve y=¢(X) is called the solution curve (integral curve) of the given
differential equation.

Consider the function given by

y=¢(X)=asin(x+b) ... 4)

UGMM-104(N)/9
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where a,bER.When this function and its derivative are substituted in equation (3),
L.H.S.=R.H.S.

So it is the solution of a differential equation (3).

Let a and b be given some particular values say a=2 and b :%, then we get a
: . V2
function y=¢,(X) = 2sm(x+ Z] ........... (5)

When this function and its derivative are substituted in equation (3) again L.H.S.
= R.H.S. Therefore ¢, is also a solution of the equation (3).

Function ¢ consists of two arbitrary constants (parameters) a and b, it is called
general solution of the given differential equation.

Whereas function ¢ contains no arbitrary constants but only the particular values

of the parameters a and b and hence is called a particular solution of the given
differential equation. The solution which contains arbitrary constants is called the
general solution ( or primitive) of the differential equation.

Thus,

The solution free from arbitrary constants i.e., the solution obtained from the
general solution by giving particular values to the arbitrary constants is called a
particular solution of the differential equation.

For example:
1.  The solution formula y= ce" , which depends on the arbitrary constant
C, describes a family of solutions and is called a general solution.

2. The graphs of these solutions, drawn in the figure, are called solution
curves.

i

_l_'l
Figure

Given the value of the solution at a point, we can determine the unique
particular solution.



Example 1.6.1: Verify that the function y=€"* is a solution of the differential

. d’y dy
equation +——-6y=0.
1 o dax Y
Solution: Given functionis y=€"".............. (1)

Differentiating both sides of equation (1) with respect to x , we get

dy -3X
—_—= —3e ................. 2
» )

Now, differentiating (2) with respect to x, we have

d’y -3
=9e™* 3
dx? )

2
Substituting the values of (;—2, % and y from equations (3), (2) and (1) in the
X X

given differential given equation, we get

2
LHS= %+%— 6y=9e* -3¢ —6(e*) =9 ~9e* = 0= RHS.
x> dx

Example 1.6.2: Verify that the function y=acosX+bsinX, where a, b € Ris a
2

d’y

solution of the differential equation —
X

+y=0.

Solution: Given function is y=acosX+bsinX............... (1)

Differentiating both sides of equation (1) with respect to x , we get

% =-asinX+bcosx L (2)

X
Now, differentiating (2) with respect to x, we have
d’y
dx’

=-acosX—bsinx L 3)

2

Substituting the values of and y from equations (3) and (1) in the given

X2
differential given equation, we get
d’y
LHS=——-+y=-acos X—bsin X+ acos X+ bsin x=0 = RHS.
X

Example 1.6.3: Verify that the function X+Yy=tan"'y, is a solution of the

differential equation y* 3— +y>*+1=0.
X

Solution: Given functionis X+y=tan'y ... (1)

UGMM-104(N)/11
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Differentiating both sides of equation (1) with respect to x , we get

2 2
S dyOrﬂ( y J:—1 or H__1+y @)

dx:1+y2'& dx{1+y? dx y’

Substituting the values of ;ﬂ and y from equations (2) and (1) in the given
X

differential given equation, we get

2

LHS = y2%+ Y +1= yz[_1+2y ]+ y* +1=0=RHS.

X
Note: The particular solution satisfying the initial condition Y(X,)=Y, is the
solution Y(X) =Yy whose value is y,when X=X, . Thus the graph of the particular
solution passes through the point (X,,Y,) in the xy-plane. A first-order initial
value problem is a differential equation Y’ = f(X,y) whose solution must satisfy

an initial condition Y(X,) =Y, .

Test Your Progress-

In each of the following exercises, verify that the given functions (explicit or
implicit) is a solution of the corresponding differential equation.

1. y=¢€"+1 Yy -y =0 2. y=x>+2x+Cc ;Y -2x-2=0

3. y=cosXx+cC .y +sinx=0 4. y=+1+% ; y/:1 Xyz
+ X

5. y=Ax : Xy =y (x20).

6. y = Xsin X DXy =y x X -y (x£0, x> y).

y2
7. xy=logy+c cy = D (xyz1).
1-xy
8. y—cosy=X . (ysiny+cosy+X)y =y.
9. y=vNa’-x’; xe(-a,a) ; (X+Y)y =0; (y=0).

1.7 FORMATION OF DIFFERENTIAL EQUATION

We know that the equation, X° +Yy> +2X—4y+4=0........... (1). This
represents a circle of centre at (-1, 2) and radius 1 unit.

Differentiating equation (1) with respect to x, we get



dy  x+1
dx 2-vy’

F2 e (2), which is a differential equation. We will find

later on that this equation represents the family of circles and one member of the
family is the circle given in equation (1). This leads to the concept of formation of
the differential equation.

Procedure to form a differential equation that will represent a given family
of curves.

(1)

(i)

If the given family F of curves depends on only one parameter then it is
represented by an equation of the form

F (Y, @) =0, (1).

For example, the family of parabolas y* =aXx can be represented by an
equation of the form f (x, y, a) : y* =ax.

Differentiating equation (1) with respect to x, we get an equation
involving y', y, X, and a, i.e., g(X,y,y,a)=0 ....... ... (2)

The required differential equation is then obtained by eliminating a from
equations (1) and (2) as FX,y,y)=0. .. 3)

If the given family F, of curves depends on the parameters a, b (say) then
it is represented by an equation of the from

F, Xy ab=0 .. ... 4)

Differentiating equation (4) with respect to x, we get an equation
involving y', X, y, a, b,

ie., gxy,y,a,b)=0....... (%)

But it is not possible to eliminate two parameters a and b from the two
equations and so, we need a third equation. This equation is obtained by
differentiating equation (5), with respect to x, to obtain a relation of the
form

h(xy,y,y",ab)=0....(6)

The required differential equation is then obtained by eliminating a and b
from equations (4), (5) and (6) as

FXy,y,y)=0......... (7

Note: The order of a differential equation representing a family of curves is same
as the number of arbitrary constants present in the equation corresponding to the
family of curves.

Example 1.7.1: Form the differential equation representing the family of curves y
= mx, where, m is arbitrary constant.

Solution: We have, y=mx ........... (1)

UGMM-104(N)/13



UGMM-104(N)/14

dy

Differentiating both sides of equation (1) with respect to x, we get PV =m
X
o ) . dy dy
Substituting the value of m in equation (1) we get y= Xd— Or Xd— -y=0,
X X

which is free from the parameter m and hence this is the required differential
equation.

Example 1.7.2: Form the differential equation representing the family of curves
y =asin (x + b), where a, b are arbitrary constants.
Solution: We have y=asin(x +b) ...... (1)

Differentiating both sides of equation (1) with respect to x, successively we get

Y =acos(X+h)..ccocoeireiinnn 2)
dx
d’y .

S =—asin(X+b) ..o (3)
dx

Eliminating a and b from equations (1), (2) and (3), we get

From equation (1), sin(X+b)= Y , substitute this in equation (3) we obtain
a

d’y y d’y
o :_{Ejz_y o e TY=0

Which is free from the arbitrary constants a and b and hence this is the required
differential equation.

Example 1.7.3: Form the differential equation representing the family of
parabolas having vertex at origin and axis along positive direction of x-axis.

Solution: Let P denote the family of above said parabolas (see Figure) and let (a,
0) be the

focus of a member of the given family, where a is an arbitrary constant.
Therefore, equation of family P is

e
rd

X
¥] 3 [

r
< %



Differentiating both sides of equation (1) with respect to x, we get

ZyQ =4a ... cooeeeenn (2)
dx

Substituting equation (2) in equation (1), we obtain the required differential
equation as,

dy

dy dy y>=0 or 2x—=-y=0.
dx

P =2xy—= 2xy—2 —
Y Xydx or Xydx

Example 1.7.4: Form the differential equation representing the family of ellipses
having foci on X-axis and centre at the origin.

Solution: We know that the equation of said family of ellipses (see Figure) is

X2 2
¥+I3O/_2:1 .................. (1)

Figure
Differentiating equation (1) with respect to x, we get

cydy_ b
X dx a

X 2ydy oo YA X

_+_
a’ b’ dx

b> dx  a’

Differentiating equation (2) with respect to x, we get

d’y (dy) d
X{yd zl{dyj }y(dyj 2 :
X X X dy (Qj _y(ﬂj_
y—5+ =0
dx dx dx

X2

2 2
Or yd 2/+ LANERIE =0
dx dx x dx
Example 1.7.5: Form the differential equation of the family of circles touching
the x-axis at origin.

=0 Or x{

Solution: Let C denote the family of circles touching x-axis at origin. Let (0, a)
be the coordinates of the centre of any member of the family (see the following

UGMM-104(N)/15



Fig). Therefore, equation of family C is X’ +(y—a)y’=a’ Or x*+y’ =2ay

3

Figure

where, a is an arbitrary constant. Differentiating both sides of equation (1) with
respect to x, we get

dy
X+Yy-—>
2x+2yﬂzzaﬂ Or x+yﬂ=aﬂ ora=— & . 2)
dx dx dx  dx dy
dx
Substituting the value of a from equation (2) in equation (1), we get
x+yﬂ
x2+y2=2y dde
dx
dy dy
Or (X’ +y*)==2y x+y—=
r( y)dx 5/[ ydxj
dy dy
Or (X*+y’)=-2y*—2=2
r( +y)dx Y dx Y
dy dy _  2xy
Oor (X*-y’)|==2xy Or ==
r( y)dx X dx (x* -y’

This is the required differential equation of the given family of circles.
Text Your Progress-

In each of the following exercises, form a differential equation representing the
given family of curves by eliminating arbitrary constants a and b.

Lo XY og 297 —a®® -x?) 3. y-ae™ +be
a
4. y=e™(a+bx) 5. y=€"(acosx+bsinx).

UGMM-104(N)/16 ¢ B the differential equation of the family of circles touching the y-axis at



origin.

7. Form the differential equation of the family of parabolas having vertex at origin
and axis along positive y-axis.

8. Form the differential equation of the family of ellipses having foci on y-axis
and centre at origin.

9. Form the differential equation of the family of hyperbolas having foci on x-axis
and centre at origin.

10. Form the differential equation of the family of circles having centre on y-axis
and radius 3 units.

11. Find the differential equation, which has y=ae"+be™ as the general
solution?.

12. Find the differential equation, which has y = x as its particular solution?

18 GEOMETRICAL MEANING OF A DIFFERENTIAL
EQUATION

Let y(t) be a solution of the ODE y= f(t,y). The graph of the solution
y(t)is called a solution curve. For any point (f,, Y,) on the solution curve
y(t,) =Y, and the differential equation says that Y(t,) = y(t,, Y(t,)).

The LHS is the slope of the solution curve, and the RHS tells us what the
slope is at (t,, Y,) .

1.8.1. Direction Field for Yy = f(t,y):

Draw a line segment with slope f(t;,y,)attached to every grid point
(t;,y;)in a rectangle R where f (t, y) is defined R = { (t, y))a<t<bandc<y<d

}. The result is called a direction field.

UGMM-104(N)/17



Geometric interpretation of Solution is,
Direction field provides information about qualitative form of solution curves.

Finding a solution to the differential equation is equivalent to the geometric
problem of finding a curve in ty-plane that is tangent to the direction field at every
point.

L e B T T e

P D i ot SR g T e M e S B WA 0 o

........

1.9 INITIAL VALUE PROBLEMS (IVP)

A differential equation is an equation involving a relation between an
unknown function and one or more of its derivatives. Equations involving
derivatives of only one independent variable are called ordinary differential
equations and may be classified as either initial-value problems (IVP) or
boundary-value problems (BVP).

The distinction between the two classifications lies in the location where
the extra conditions are specified. For an initial value problem (IVP), the
conditions are given at the same value of X, whereas in the case of the boundary
value problem (BVP), they are prescribed at two different values of X.

An initial value problem is a differential equation (of any order) together
with initial conditions that must be satistfied by the solution of the differential
equation and its derivatives at the initial point.

For example:

dy

i)  Consider the differential equation, — = x> —y*, y(0)=1. Here Xx=0is
X

the initial point.

2
i1)  Consider the differential equation, 3 y_ —yX, y(0)=2, y'(0)=1. Here
X

2

X = 01is the initial point.
Equivalently,

Initial Value Problem- The problem of finding a function y of x when we know
UGMM-104(N)/18



its derivative and its value Y, at a particular point X=0 is called an initial value
problem.

This problem can be solved in two steps.
1.  Find the general solution of the given differential equation.
2. Using the initial data, plug it into the general solution and solve for C.

Consider the problem of finding a function Y(t) that satisfies the following
ordinary differential equation (ODE):
%: f(t,y), a<t<b. The function f(t, y)is given, and we denote the

derivative of the sought function by y'(t) = % and refer to ‘t’ as the independent

variable. Earlier we dealt with the question of how to approximate, differentiate or
integrate an explicitly known function.

Here, similarly, the function f(t, y) is given and the sought result is different
from f(t, y) but related to it. The main difference though is that f(t, y)depends
on Y(t), and we would like to be able to compute Yy(t) possibly for all ‘t’ in the

interval [a, b], given the ODE which characterizes the relationship between the
function and some of its derivatives.

Example 1.9.1: The function f(t, y)=-y+t defined for t > 0 and any real y(t)
gives the ODE Y/ (1) :%: -y+t, t=0. You can verify directly that for any

scalar o the function Y(t)=t-1+o€" satisfies the ODE. If it is given, in
addition, that y(0)=1, then 1=0-1+ae” , hence a = 2 and the unique solution
is y(t)=t—1+2e™.

Boundary Value Problem- It is a differential equation together with a collection

of values that must be satisfied by the solution of the differential equation or its
derivative at no fewer than two different points.

For example:

1)  Consider the differential equation,

2
d—¥—3ﬂ+ y=cosX, y(0)=1and y'(1)=2
dx dx _

2
i1)  Consider the differential equation, % =-yX, ¥y(0)=2, y(1)=1.
X

> =
Example 1.9.2: Show that the function y=(x+1) —%ex is a solution to the first-

dy

order initial value problem —=y—-X, y(0)=—.
dx 3

UGMM-104(N)/19
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Solution: Consider, % =f(XyY)=y-X e (1)
X
From the function, y=(x+1) —%ex, d = l—éex )

Substituting the values of % and y from equation (2) in equation (1), we obtain
X

Y_ y—x:>1—leX :(x+1)—lex—x:1—leX
dx 3 3 3

Thus, LHS = RHS.
The function satisfies the initial condition because

1 )
=(x+D)-—€ = y(0)=1--—==.
y=(x+1) 3 y(0) 373

The graph of the function is shown in the following Figure.

a 2k :l.=f_.'|.—|.I—E:"'
03 L '
"I
| | | ! | I
-4 -2 2\ 4
\
_] - \
=1 \
|
—3t |
Figure

Slope Fields, Viewing Solution Curves- Each time we specify an initial
condition Y(X,)=Y, for the solution of a differential equation Yy = f(X,y), the
solution curve (graph of the solution) is required to pass through the point
(X,,Y,) and to have slope f(X,,Y,)there. We can picture these slopes
graphically by drawing short line segments of slope f(X,y) at selected points
(X, ¥) in the region of the xy-plane that constitutes the domain of f. Each segment
has the same slope as the solution curve through (X,Y)and so is tangent to the

curve there. The resulting picture is called a slope field (or direction field) and
gives a visualization of the general shape of the solution curves. The following
Figure (a) shows a slope field, with a particular solution sketched into it in Figure

(b). We see how these line segments indicate the direction the solution curve takes
at each point it passes through.



— Y -:_-__|,r.:
Figure (a) Figure (b)

Slope field for% =y—-X The particular solution curve
X

through the point (O, %j

1.10 STATEMENTS OF EXISTENCE AND
UNIQUENESS THEOREMS

In ODE theory the following questions are naturally arising :

»  Given an initial value theorem (IVP) is there a solution to it (question of
existence)?

»  Ifthere is a solution is the solution unique (question of uniqueness)?

»  For which values of x does the solution to initial value theorem (IVP)
exists (the interval of existence)?

The fundamentally important question of existence and uniqueness of
solution for initial value theorem (IVP) was first answered by Rudolf Lipschitz in
1876 (nearly 200 years later than the development of ODE). In 1886 Giuseppe
Peano discovered that the initial value theorem IVP has a solution (it may not be
unique) if f is a continuous function of (x, y). In 1890 Peano extended this
theorem for system of first order ODE using method of successive approximation.
In 1890 Charles Emile Picard and Ernst Leonard Lindel6f presented existence and
uniqueness theorem for the solutions of initial value theorem (IVP). According to

Picard Lindel6f theorem if f and Z—f are continuous functions of x, y in some
rectangle: {(x, y): @ <x < f8; y <y < §} containing the point (X,,Y,)then in some

interval X, —0 <X<X,+0 (6 >0) there exists a unique solution of initial value
problem (IVP).

Equivalently,
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In addition to its intrinsic mathematical interest, the theory of ordinary
differential equations has extensive applications in the natural sciences, notably
physics, as well as other fields. The existence and uniqueness of a solution to a
first-order differential equation, given a set of initial conditions, is one of the most
fundamental results of ODE.

We will investigate solutions to the differential equation,

dy _ -
o ft,y), Yt) =Y, oo (1)

where t € R, y € R", and f(t, y)is defined and differentiable (of class C", r> 1)
in a domain U of R x R™ A solution will be a function ¢ : R — R" n, where

o(t) = f(t, o), P(t) =Y, oo )

We will state the following theorems, which guarantee the existence and
uniqueness of the solution for any equation of the form (1).

Theorem 1.10.1: (The Existence Theorem)

Suppose the right-hand side y of the differential equation %: f(t,y)is
continuously differentiable in a neighbourhood of the point (t,,Yy,) € R x R".
Then there is a neighbourhood of the point t, such that a solution of the

differential equation is defined in this neighbourhood with the initial condition
@(t,) =Yy, where y is any point sufficiently close to Y,. Moreover, this solution

depends continuously on the initial point y .

Theorem 1.10.2: (The Uniqueness Theorem)

Given the above conditions, there is only one possible solution for any given
initial point, in the sense that all possible solutions are equal in the neighbourhood
under consideration.

1.11 SUMMARY

In this unit, we studied the definition of differential equation and its
various types. We also saw the order and degree of differential equations and its
solution approaches. We also studied formation of differential equations and its
geometrical interpretation. The initial value problem and boundary value problem
are discussed with existence and uniqueness theorems.

1.12 TERMINAL QUESTIONS

1.  Find the differential equation of the curve. x? + y% = ¢

2. Find the differential equation of the curve as y? = x

2
3.  Find the order and degree of the differential equation (%)2 + (%)2 +
y=0



1.13 ANSWERS TO EXERCISES

Test Your Progress-

1.

1i.
1ii.
1v.
V.
Vi.
Vil.
Viii.
IX.

X.

Order 1 and degree 1

Order 2 and degree 1
Order 3 and degree 1
Order 4 and degree 1

Order 1 and degree 1

Order 4 and degree 1
Order 2 and degree 2
Order 2 and degree 1
Order 2 and degree 3
Order 3 and degree 1

Test Your Progress-

A S

10.

1.

12.

2
d 3/:0
dx

dx? dx
//

y =5y

/

+6y=0

y' -4y +4y=0

y' =2y’ +y=0

ﬂ_ y2 _X2
dx 2Xy

2 2
quﬂ(ﬂj y

dy
dx
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UNIT 2 METHODS OF SOLUTION OF A
DIFFERENTIAL EQUATION OF
FIRST ORDER AND FIRST
DEGREE

Structure

2.1  Introduction
2.2 Objectives

2.3 Methods of solution of differential equations of first order and
first degree

2.4  Method of separation of variables.

2.5 Solution of Homogeneous equations

2.6 Equations reducible to Homogeneous form
2.7  Summary

2.8  Terminal Questions

2.9  Answers to exercises

2.1 INTRODUCTION

Ordinary differential equations find a wide range of application in
biological, physical, social and engineering systems which are dynamic in
character. They can be used to affectively analyze the evolutionary trend of such
systems, they also aid in the formulation of these systems and the qualitative
examination of this stability under and adaptability to external stimuli.

Ordinary Differential Equation- A differential equation which contains only
one independent variable and the derivatives are with respect to this independent
variable only is called ordinary differential Equations.

For Example-

d’y _dy . d’y dy
. -5—= = X 2. —+4y=0 3. — =log X
dx? dxij - dx? b4 dxij 8

The general first-order differential equation for the function y= f(X)is

dy

written as PV = f(x,y) , where f(X,¥y) can be any function of the independent
X

variable x and the dependent variable y.

OR

UGMM-104(N)/25
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Any differential equation of the first order and first degree can also be written in
the form

M (X, y)dx+ N(x, y)dy=0.
Example 2.1.1- The differential equation

dy _X=3y this can also be written as (y—2X)dX—(x—3y)dy=0
dx y-2x

dy

Existence of a solution- The general solution of the equation PV =f(xy) ,ifit
exists, has the form f(x,y, C) =0, where C is an arbitrary constant. Under what
circumstances does a general solution exist? We have the following theorem.
Theorem 1- A general solution of % = f(X,y) exists over some specified
region R of points (X, y) if the following conditions are met:

a) f (X, y) is continuous and single-valued over R

b) o exists and is continuous at all points of R

The general solution f(x, y, C) = 0 of a differential equation % =f(xy)
X
over some region R consists of a family of curves, called the integral curves of the
differential equation, (one curve for each possible value of C, each curve
representing a particular solution), such that through each point in R there passes
one and only one curve of the family f(x,y,C)=0.

2.2 OBJECTIVES

After reading this unit students should be able to:

»  Understand and apply the different methods of solution of differential
equations of first order and first degree

»  Solve the separable, homogeneous and non homogeneous first order and
first degree ODE’s

2.3 METHODS OF SOLUTION OF DIFFERENTIAL
EQUATIONS OF FIRST ORDER AND FIRST
DEGREE

1)  Method of Separation of variables

ii)  Method of solving the reducible to separable form

ii1)) Method of solving the Homogenous ODE

iv) Method of solving the Non-Homogenous (Reducible to homogeneous)
ODE



24 METHODS OF SEPARATION OF VARIABLES

If %: f(X,y) can be expressed as a product %: f(x)-g(y) , where
X X

f(X) is a function of x and g(y) is a function of y, then the differential equation

%: f(x,y) is said to be of variable separable form. The differential equation

X

dy _ dy _ . .

v f(x,y) then has the form i f(xX)-g(y) , it can be written as
X X

% = f(X)-dx , then it becomes separable equation.The method of solution of
aly

it is, by integrating both sides i.e., j%:_‘.f(x)-dx+C. Where C is the
aly
arbitrary constant.

Example 2.4.1- Solve the differential equation % = X—H, y#2.

X 2-Vy
Solution- Consider,
dy _ x+1
dx 2-vy’
(2-y)dy =(x+1)dx (Variable Separable Form)
Integrating, we obtain

j(2—y)dy=j(x+1)dx+c

2 2

2y—y—:7+ X+C

2

This is the required general solution.

2
Example 2.4.2- Solve the differential equation dy = 1+_yz

dx 1+x

Solution- Consider,

dy 1+’
dx 1+x°
dy dx

= (Variable Separable Form)

2

14y’ 14X
Integratin g, we obtain

J- dy2 _ dX2+C
I+y 1+ X

tan”'y=tan "' x+C

Or tan'y—tan 'x=C
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This is the required general solution.

Example 2.4.3- Solve the differential equation X% =coty
X

Solution- Consider,

xﬂ =coty

dx
. tan ydy = ldx (Variable Separable Form)
X

Integrating, weobtain,
Itan ydy = Ildx+ logC
X
log(secy) =logx+1logC

or Y _¢c
X

This is the required general solution.

Example 2.4.4- Solve the initial value problem % +(1+y?*) =0 with y(0)=0
X

Solution- Consider,

ﬂ+(l+y2):0
dx

dy 2
= __q
ol G )
dyz =—dx (Variable Separable Form)
(+y7)

Integrating, we obtain

dy _
I(l+y2) = Idx +C

sotan” Y=—X+C e, )

Now, using the given initial conditions as y(0) =0 , equation (1) becomes
tan” y=—Xx+C =tan"' 0=-0+C Or C=0

Thus, the required particular solution is tan™' y=—X Or tan™' y+Xx=0
Example 2.4.5- Solve the differential equation \/W % =+/4-X
X

Solution- Consider,
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d
\/W—yzxM—x

dx

ﬁdy=1/4;x dx (Variable Separable Form)
Or \/;dy:(%—ljdx, Integratin g

J‘\/?dyzj'[%—ljdx+c

Or zy3/2=2_[x‘”2dx—x+C
3
Or %y3/2=4x”2—x+C

This is the required general solution.
Method of Reducible to Separation of Variables
Some differential equations may not appear in variable separable form initially

but through appropriate substitutions, then it can be made variable separable form.

Example 2.4.6- Solve the differential equation X% +Y=2X/1-Xy*
X

Solution- Consider,

xg—y+y=2xw/1—x2y2 .............................. 1)
X

Qubdtitute xy = v then differentiating with respect to x, we get
dy

x—+y—d—v
dx dx

Equation (1) becomes
?—dxvzzx\/l—vz, thisisin variable sgparabe forninternms of x and v

] dv
Ny

J' 1d_VV2 = IZxdx+C

2
. sin”'v= 2[)(—} +C
2

Or sin~'(xy) = x>+ C isthe required general solution.

= 2xdx, int egrating, we obtain
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Test Your Progress-

Solve the following ODE’s

i) xg:2x2+1
d

X

i) ﬂzz_f
dx vy

i) ﬂzl—cosx
dx 1+4+cosx

iv) ﬂ=ex+y
dx

V) ﬂ:exsinx
dx

vi) xyﬂ:(x+ 2)(y+2)
dx
vii) (€°+e)dy=(e*—e*)dx

viil) Xx(x? —1)% =1 with y(2)=0
X

iX) ﬂ: ytan X with y(0) =1
dx

x) W YCOSX i vy =1
dx 1+2y’

Xi) ﬂ:(x+ y)*
dx

2.5 SOLUTION OF HOMOGENEOUS EQUATIONS

A function f(X, y) is said to be homogeneous function of degree n if
f(Ax, Ay)=A"f (X, y) for any nonzero constant A.

Consider the following functions;
o fxy =y +2xy
By the definition of homogeneous functions;
f (A%, Ay) = 2y* +2(20(Ay) = 2 (Y’ +2xy) = X T (X, y)

UGMM-104(N)/30 This implies that the given function f (X, y) is a homogeneous function of



iii)

degree 2.
f(x, y)=2x-3y

By the definition of homogeneous functions;
f(AX, Ay) =2Ax—=34y = A(2X=3y) = Af (X, ¥)

This implies that the given function f (X, y) is a homogeneous function of
degree 1.

f(x, y)= cosl
X

By the definition of homogeneous functions;

f(Ax, Ay) = cos Y = cosﬂ —cosL=20f (X, Y)
X AX X

This implies that the given function f (X, y) is a homogeneous function of
degree 0.

f(X, y)=sinX+cosy
By the definition of homogeneous functions;

f(AX, Ay) =sinAX+cosdy = A" f (X, y)

This implies that the given function f(X, y) is not an homogeneous
function.

Equivalently,

Therefore, a function f(X, y)is a homogeneous function of degree n if

f(x y)=x"f(y/xX)Or f(x, y)=y"f(x/y).

Consider the following functions;

i)

iii)

f(X y)=y +2xy= xz[(y/x)2 +2(y/x]: x> f(y/X)

or f(x y)=y’ +2xy=y[1+2(x/ y)|=y* f(x/y).
Therefore, f(X, y) is a homogeneous function of degree 2.
f(x y)=2x-3y=x2-3(y/x)|=xf (y/x).

Or f(x y)=2x=3y=y2(x/y)-3]=xf (x/y)

Therefore, f(X, y) is a homogeneous function of degree 1.

f(xy)= cos Y = x"f (Y/X)
X

Therefore, f(X, y) is a homogeneous function of degree 0. UGMM-104(N)/31
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iv) f(X y)=sinx+cosy=X"f(y/x) Or

f (X, y)=sinx+cosy = y"f(x/y)
Therefore, f(X, y) is not a homogeneous function.

Method of Solution of Homogeneous equations- If the differential equation

% =fXY)=X"T(Y/X) e (1) is homogeneous of degree zero. Then,
X
. . . o . dy dv
1. Substitute y = vx, on differentiating w.r.t x, we obtain d_ =V+ xd— .
X X

ii.  Put the value of & =V+ Xﬂ in equation (1)
dx dx

iii.  Simplified equation reduces to the variable separable form in terms of v
and X

iv. Integration leads to the general solution in terms of vV and X

y

v.  Substitute v=-=in the solution obtained in step (iii) gives the required
X

general solution of the equation (1).
Note- If the homogeneous differential equation is in the form

%z f(x,y)=y"f(x/y)where, f(X, y)is homogeneous of degree n., then we
y

o X .
make a substitution v=— 1.e., x=vyand we proceed further to find the general

solution as discussed above.

. . .dy X4y,
Example 2.5.1- Show that the differential equation—==——=—"is homogeneous
dx X +xy

and solve it
Solution- Consider,
dy x+y’
dx x> +xy

g Q:J—]Xz L+ (y/x) =x"f(y/x)

dx  X*[1+y/x]

RHS is a homogeneous function of degree zero. Therefore, equation (1) is a
homogeneous differential equation.

To solve equation (1), let’s substitute y = vx . Then,

on differentiating w.r.t x, we get % =V+ xﬂ ................. (2)

X dx



Substitute equation (2) in equation (1) , we obtain,

dv X2 +Vv*x?

VX =
dx X +xv
dv 1+V° 1+V2 —v—V?
dx 1+v 1+v
dv 1-v
dx 1+v

This is in variable separable form

" liVd :d— , integratin
1-v
J‘1+V J‘_ logC

I— dv+ —dV— logx+1ogC
—log(l—v)+10g =logx+1logC
Example 2.5.2- Show that the differential equation (X— y)dy—(x+ y)dx=0 is
homogeneous and solve it
Solution- Consider,
(X=y)dy - (x+y)dx =0

RHS is a homogeneous function of degree zero. Therefore, equation (1) is a
homogeneous differential equation.

To solve equation (1), let’s substitute y = vx . Then,

d dv
ondifferentitingwrt x weget—y SVAX— e )
dx dx
Substitute equation (2) in equation (1) , we obtain,
dv  X+VX
V+X—=
dx x—xv
dv 1+v 1+V-V+V
Or X—=——-V=—-—"—
dx 1-v 1-v
av _ 1+V
dx 1-v

This is in variable separable form
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1-v dx . .
~dv=—, integrating
1+v X
1-v dx
dv=|—+logC
J.1+v2 Ix &

1 \Y
dv— dv=log x+1logC
~[1+v2 J.1+v2 & &

tan”' V—%log(l +v*)=logx+1logC

Or tan'v+log =logCx

1
N1+ V?

y

Now, substitute v=-= we get
X

tanl(zjﬂog;:long
X 2
‘/1+(yj
X
Or tanl(szogL:logCX
X [X2+y2

This is the required general solution of the given homogeneous differential
equation (1).

Example 2.5.3- Show that the differential equation XCOS(XJ% = ycos(zj + X
X ) dx X

is homogeneous and solve it

Solution- Consider,

d
XCos Y —y:ycos Y + X
X ) dx X
y
ycos( +X
Or ﬂ:—x ............................ (1)
dx y
xcos| =
X

g X[y/Xcos(yj+lj [y/xeos(yj+lj
d_y= X) ). X o xf(y/x)
X XCOS(yj cos(yj
X X

UGMM-104(N)/34 RHS is a homogeneous function of degree zero. Therefore, equation (1) is a



homogeneous differential equation.

To solve equation (1), let’s substitute y = vx . Then,

on differentiating w.r.t x, we get % =V+ xﬂ

X dx
Substitute equation (2) in equation (1) , we obtain,

dv  vxcosV+ X
VHEX—=————

dx XCcosV
dv vcosv+1 vcosV+1—vcosv
Or —_— = V=
dx cosV cosVv
av 1
X— =
dx cosv

This is in variable separable form
dx . :
. cosvdv =—, integrating
X

J.cosvdv = Id—:+logC

". sinv=logX+1logC
sinVv = log(C X)

Now, substitute v= Y we get
X

sin(lj =1log(C x)

X

This is the required general solution of the given homogeneous differential
equation (1).

Example2.5.4- Show that the differential equation 2ye*Ydx+(y—2xe*¥)dy=0
is homogeneous and solve it

Solution- Consider,

2ye*Ydx+(y—2xe*Y)dy =0

X'y
OI’ g—iz% ................................. (1)
2(x/y)eY -1
ZY(( Y)X/y ):yOf(X/y)
2ye

RHS is a homogeneous function of degree zero. Therefore, equation (1) is a
homogeneous differential equation. UGMM-104(N)/35



To solve equation (1), let’s substitute x = vy . Then,

on differentiating w.r.t x, we get X_vs yﬂ .......................... (2)
dy dy

Substitute equation (2) in equation (1) , we obtain,

av_2wye'-y 2ve'-1

V+

dy 2ye’ 2¢e’
dv 2ve' -1
LV Y—=
dy 2¢e’
dv 2ve' -1 2ve’ —1-2ve’
Or y—= -V=
dy 2¢e’ 2¢e’
Or yﬂ _—1
dy 2e'
This is in variable separable form
yd_-1
dy 2e"’
dy

2e'dv=—-—", integrating
y

2_[ e'dv = —Id—;/ +1logC

o 2e"=-logy+logC
2¢" =log(C/y)

. X
Now, substitute v=— we get

2€"Y =log(C/y)

This is the required general solution of the given homogeneous differential
equation (1).

Example2.5.5- Show that the differential equation ydx+ xlog(y/X)dy—2xdy =0

is homogeneous and solve it.

Solution- Consider,

ydx + xlog(y/ x)dy —2xdy =0

Or  ydx=[2x—xlog(y/x)]dy
dy_ Y e, (1)
dx 2x—xlog(y/X)

dy y 0
S, — = =X f /X
UGMM-104(N)/36 dx )((2 —log(y/ X)) (¥/%)
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RHS is a homogeneous function of degree zero. Therefore, equation (1) is a

homogeneous differential equation.

To solve equation (1), let’s substitute y = vx . Then,

on differentiating w.r.t x, we get dy =V+ xﬂ .......................... (2)
dx dx

Substitute equation (2) in equation (1) , we obtain,

dv VX Y
V4 X—= =
dx 2x—xlogv 2-logv
av %
= -V
dx 2-logv
or de _ V—2v+VlogVv _ vlogv—-vVv

dx 2—-logv 2—-logv
X% ~V(logv-1)
dx 2-logv

Or

This is in variable separable form

. 2-logv dv:%
V(logv—-1) X

" 1+(1—10gv)dv=
v(1-logv)
[ [V [V eec
v(1—-logV) v X

dax . .
——, integrating
X

" IL+ logv+logXx =1ogC
v(1—-logV)

y

Now, substitute V== we get
X

This is the required general solution of the given homogeneous differential

equation (1).

Example2.5.6- For the differential equation

Q _Y +cosec(y/X)=0; y=0 when x=1, find the particular solution satisfying

dx

the given condition.

Solution- Consider,
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ﬂ—lﬁ-COSGC(y/X) =0
X

dx
or Y Y cosec(y/ %)= X0 (Y/ Koo )
dx X

RHS of equation (1) is a homogeneous function of degree zero. Therefore,
equation (1) is a homogeneous differential equation.

To solve equation (1), let’s substitute y = vx . Then, Substitute equation (2) in
equation (1) , we obtain,

dv
V+ X— =V — cos ecv
dx

dv
X— =V —Ccos eV — V
dx

dv
Or X— = cos ecv
dx

This is in variable separable form

. dx . :
. sinvdv=— integrating
X

JsianV: j%+logC
X
—cosV=1logxC

y

Now, substitute v=-= we get
X

—cosy/X=logXC.........e....... (3)

This is the required general solution of the given homogeneous differential
equation (1).

Now, to find the particular solution, using the given initial conditions;

y=0 when x=1
From equation (3), we get logC=-10r C=1/e.

Therefore, the require particular solution is given by
1
—cosy/X=logX+log—
e

Or —cosy/x=Ilogx—1

Test Your Progress-
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1. Which of the following are the homogeneous differential equations?

(1) (@Ax+6y+5)dy—By+2x+4)dx=0
(i) (xy)dx—(x*+y")dy=0

(i) (X’ +2y*)dx+2xydy=0

(iv) y'dx+(xX’* —xy-y*)dy=0

2. Show that the given differential equation is homogeneous and solve each

of them.
) X+
Qi Fxy
X X

(1) (x-— y)ﬂ =X+2y
dx

ﬂ_x2+y2

(i) dx  2xy

(iv) [Xcos(y/x)+ ysin(y/x)]ydx=[ysin(y/x)— xcos(y/ X)|xdy

(v) xdy y+ xsin(y/Xx)=0

o
(vi) (2xy+ yz)—2x2%:0; y=2 when x=1
X
x y

y - 4
(vii) dx log y—log X

2.6 EQUATIONS REDUCIBLE OF HOMOGENEOUS
FORM (NON-HOMOGENEOUS ODE'S OF FIRST
ORDER)

The differential equation of the form Y = ax+by+e )]
dx a,x+b,y+c,

is called non homogeneous equation.

The method of solution involves following two types

Type 1- If & E—' , if however a_ b =m(say) then the differential equation
2 aZ 2

becomes of the form d = mEX+y)+C (2). To solve this
dx ax+by+c,

equation, we substitute the common expressionax+ by =V, on differentiation we
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get a+ b%=%. The transformed equation will be solved by the method of
X X

variable separable.

Type 2- If & # chen we substitute X=X +h and y=Y+k, where h and k
a‘2 2

are arbitrary constant to be so chosen as to make the given equation

homogeneous. With the above substitutions, we get dx=dX and dy=dY, so

that d = :—; This reduces the equation to homogeneous form.

dx

Hence, the given equation becomes

dy _ aX+bY+(@h+bk+c)
dX a,X+bY+(a,h+bk+c,)

Now, choose hand K, op that &N+BK+C =0 g &h+bK+C,

Then, the differential equation becomes

dY aX+hY

—= , which is homogeneous.
dX a,X+bY

Now, this equation can be solved as in case of homogeneous equations by
substitutingY =VX . Finally, by replacing X by (X—h)and Y by (y—Kk) we shall

get the solution in original variables X and vy .

Ilustrations on Type-1, non homogeneous ODE’s of first order-

dy _ X+y+3
Example 2.6.1- Find the solution of the differential equation dx  2x+2y+1
dy Xx+y+3
d_ = ﬁ ............... ( 1)
Solution- We have, X X+oy+

Equation (1) is a non-homogeneous ordinary differential equation of Type 1

Here,ﬁzl_ﬂzl
a 2 b 2
Ay xaye3
o 2(x+y)+]
X+y=v:>l+ﬂ:ﬂorﬂ:ﬂ_
Equation (1) gives, Q_l_ V+3 Or dV_ V+3 11

dx  2v+l  dx  2v+l



or g: V+3

dx 2v+l1
_V+3+2v+l
C 2v+l

dv  3v+4

dx  2v+l

This is in variable separable form

v+1

dv =dx
3v+4
2 5/3 .
Or|=- dv = dx, int t
r(3 3V+4jv X, int egrating
j(g— >/3 jdv:jdx+C
3 3v+4
2

51
—V——x—log(3v+4)=x+C
3V x3losv+d)

2 5
Or —v——log(3v+4)=x+C

3 9
Substitute X+ Y=V, we get

%(x +y)— glog[3(x +y)+ 4] = X+ C is the required general solution.

dy _ 2x+y-1
Example 2.6.2- Find the solution of the differential equation dx  4x+2y-4
dy 2x+y-1
d— = m ................... ( 1)
Solution- We have, 9% X+2y~—

Equation (1) is a non-homogeneous ordinary differential equation of Type 1

Here,ﬁ:g:lzﬂzl
a, 4 2 b 2
Jdy_ 2x+y-l
Codx 2(2x+y) -4
axty=vo 24 Y _ Mo I _dv
Put dx dx dx  dx
v—1 dv_ v-1

+2

: ) dv
Equation (1) gives, — -2 = — =
. (e dx 2v—4 dx 2v-4
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dv_v-1+4v-8

dx  2v-4
or y _ 5v-9
dx 2v-4

This is in variable separable form

2v—-4

dv = dx
5v-9
2 2/5 .
—— dv =dx, integratin
(5 5v—9j mteg J

J.(z 2/5 )dv Idx+C
5 5v-9
2 2 1
—v——x—log(5v-9)=x+C
SVT3%3 g( )
2 2
Or —v——Ilog(5v-9)=x+C
V3 og( )

Substitute 2X+ Yy =V, we get

%(ZX +y)— %10g[5(2x +y)— 9] = X+ C is the required general solution.

dy _ X-y+6
Example 2.6.3- Find the solution of the differential equation dx 3x-3y+4
dy XxX-y+6
d_ = m ..................... ( 1)
Solution- We have, 8% 2X=3Y+

Equation (1) is a non-homogeneous ordinary differential equation of Type 1

Here’i:lzﬁz__lzl
a, 3 b -3 3
L dy  x-y+6
Cdx 3(x-Yy)+4
x—y:vzl—ﬂ:% rﬂzl—%
Put dx dx  dx dx

Equation (1) gives, l—yz v+o Or ﬂ:l_ V6
dx 3v+4 dx 3v+4

dv 3v+4-v—-6

dx 3v+4
or % _ 2v-2
dx 3v+4



This is in variable separable form

3v+4
2v-2

dv = dx

1(3 + Ljdv = dx, integrating
2 v-1

j(3+—jdv jdx+C
1
E(3v+710g(v—1))= x+C
3.7
Or —v+—log(v-1)=x+C
S V+7log(v-1)
Substitute x—y =v, we get
3 7 : : :
E(X_ y)+ Elog[(x— y)— 1] = X+ C is the required general solution.

Ilustrations on Type-2, non homogeneous ODE’s of first order-
dy x-3y-7
Example 2.6.4- Find the solution of the differential equation X X—4

dy x-3y-7
Solution- We have, 0X X—4

Equation (1) is a non-homogeneous ordinary differential equation of Type 2, since

a 1 b -3
_¢ —_

a, 1 b 0

Let’s substitute X=X +h and y=Y +k, where h and k are arbitrary constants.
Then,

we get dx=dX and dy=dY, so that & :d—Y
dx dX

Thus, the given equation (1) becomes

dY  (X+h)-3(Y+k) -7 X-3Y+(h-3k-7)
dX (X+hy-4 X +(h-4)

Now, choose h and k such that h—3k—-7=0 and h—4 =0, this implies that h =
4and k =-1

Then, the differential equation (2) becomes,

X 1—3{Y
dY _ X-3Y X

=" < D:x"f(Y/X) ....................... 3), which s
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homogeneous in terms of X and Y of degree zero.

dy dv
Now, substitutingY =VX = — =V + X—

dX dx -
Therefore, Equation (3) reduces to

V+Xd—V—1 3V Or Xﬂ—l 4V
()4 dX

This is in variable separable form

: d_V_dX , Integrating
Cl-4v X
Ji o =[x rtos
" —%log(l—4V):10gCX
1
Or logCX =log—————
8 g(1—4\/)”4
3 C
(1-4v)"*

Y
Now, Substitute V =y then put X=X-4and Y=Y+1 we get

X= % Or x—4= %
(1 _ 4Yj 1— 4(y+j
X X—4
or x—a4= =D o oo X—4y—8
-4y-8
This is the required general solution of the equation (1).
dy _ 2y+6
Example 2.6.5- Find the solution of the differential equation dx  x+y+1
% _ 2y 61 ....................... ()

Solution- We have, 9% X+ Y+

Equation (1) is a non-homogeneous ordinary differential equation of Type 2, since

a 0 b 2

a, 1 b, 1

Let’s substitute X=X +h and y=Y +k, where h and k are arbitrary constants.
Then,
dy dY

e get dx=dX and dY, so that —=—.
wes = dx dX



Thus, the given equation (1) becomes
dy 2(Y+Kk)+6 _ 2Y+(2k+6)
dx (X +h)+(Y+k)+1 X+Y+(h+k+1)

Now, choose h and k such that 2k +6 =0 and h+k+1=0, this implies that h=2
and k =-3

Then, the differential equation (2) becomes,
dy 2Y  X(2Y/X)

aX  X+Y X[HU

homogeneous in terms of X and Y of degree zero.

=X F Y/ X) oo, (3), which is

dy av
Now, substitutingY =VX = —=V+ X—
dXx dXx -
Therefore, Equation (3) reduces to
vaexadv_ v
dX 1+V
or xV _ 2V |, _2V-V-VE o va-V)
dX 1+V  V+1  (1+V)
v _Vv(a-v)_ Vv’-v
dx (1+V) V+1
2
e, x M __V -V
dX V+1

This is in variable separable form

v +1) av = —dTX, Integratin g

I(V +1)dV X g

" J.(L——)dv = log(gj
V-1V X
2log(V —1)—logV = log[%j

Or log[(v%l)z} = log(%J

or c- x{u}
Vv

Y
Now, Substitute V :Y thenput X =X=2 and Y = Y+3 we get
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c- ){(Y/x —1)2}: X{(Y—X)z}
Y/ X XY

Or C =(X_2)|:[(y+3)_(x_2)]2}

(X=2)(y+3)

This is the required general solution of the equation (1).

ﬂ_(2x+ y—1]2
dx X—2

Example 2.6.6- Find the solution of the differential equation

ﬂ_[2x+ y—lJ2
dx X—2

Solution- We have,

Equation (1) is a non-homogeneous ordinary differential equation of Type 2, since

a 2 b 1
S = — =
a, 1 b 0
Let’s substitute X=X +h and y=Y +k, where h and k are arbitrary constants.
Then,
we get dx=dX and dy=dY, so that Q=d—Y
dx dX

Thus, the given equation (1) becomes

dY (2X+h)+(Y+k)-1) (2X+Y+@2h+k-1Y
dX (X +h)-2 - X +(h=2)

Now, choose h and k such that 2h+k—-1=0 and h—2 =0, this implies that h =
2andk=-3

Then, the differential equation (2) becomes,

dXx | X X
is homogeneous in terms of X and Y of degree zero.

2 2
X _(2X+Yj :(X(2+Y/Xj =X F(Y/X) (3), which

dy dv
Now, substituting Y =VX = —=V+X—
dX dx -

Therefore, Equation (3) reduces to
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dv dv

V+X——=2+V) Or X——=V?>+3V +4
dX dX
Or Xd_V:(V_ngiﬁ
dX 2

This is in variable separable form

av _dX Integrating
N7 X

j v =Id>)<< +logC

or 2 tan" (MJ =log XC

V7 V7

Y
Now, Substitute V =" then put X=X=2and Y=Y+3 we get

ﬁtaﬂ_l 2(Y/3<7+3/2J:10gxc
Or %tan_1 %\/37)()):101% XC
2 S (2(y+3)+3(x-2))
Or— =logC(x-2
rﬁtan [ (X—2)«/7 j 0gC(x—-2)
OR

Y(X):%{ﬁx tan(?(log‘X‘+CJ—3X}
Qubstitute X =x—-2 and Y = y+3,we get

y(X) = %{ﬁ (X—2) tan[g(log‘x—Z‘ +cj—3(x—2)} -3

This is the required general solution of the equation (1). UGMM-104(N)/47



Test Your Progress-

Find the solutions of the following differential equations.

o dy  Xx+y+l
O dx  x+y-1
gy X+y+3
W gx ~ 2x+2y+1
dy 6x-4y+3

W) gx ~ 3x—2y+1
dy
(iv) (4x+6y+5)&:3y+2x+4

) (12X+5y—9)dxH(5x+2y—4)dy=0

dy 2x-y+l1
M) dx  x+2y-3
(vii) (2X+ y+1)dx+(4x+2y—-1)dy =0

dy 3y+2x+4
V) dx  4Ax+6y+5

) (2X+4y+3)dy=(2y+ x+1)dx

2.7 SUMMARY

In this unit, we studied the method of solving the differential equation in
which variables are separable and homogeneous equation and method of solving
them. We also studied the equation which are reductive to the homogeneous from.

2.8 TERMINAL QUESTIONS

1. Solve the differential equations.

a) y—x;i—y a(y2+2—i).

. =
b) {x cos (%) +y sin(%) }y - {y sin (%) —x cos(%)} x.;i—z =0
¢) Z—z =e* Y + x%e™Y
UGMM-104(N)/48 d) (x*—y%dx + 2xydy = 0)



2.9 ANSWERS TO EXERCISES

Test Your Progress-

Vi)

vii)

viii)

y=x>+logx+C
3

y?:x2+C

y=tanX—xX+C

e+e’=C

X

y:%(sinx—cosx)+C

(y+2)—log(y+2)* = x+logx* +C
y=1logsechx+C

v 1OgF(qul)z(x—l)z}

2X
y* =logsec” X+1
logy+ Yy’ =sinXx+1

y = tan(X+C)— X

Test Your Progress-

1.
2.

(if)

(iif)

(iv)

(v)

(iv) is the only homogeneous differential equation

(i) y=1log(Cx)"

log(X* +Xy+Yy’) = Zﬁtan_l(x+2yj+C

V3x
X’ —y*=Cx
secX
C- X
Xy
Cx =cos ecl—cotl
X X

(vi) General Solution: C:le‘“/ ¥ and Particular Solution: xe”

X

X

=1
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(vii) C=-L

X2
Test Your Progress-
i e7=C(x+y)

2 5 X
1l —y——log(3x+3y+4)=—+C
(i) Ty=5logx+3y+4)=2

(i) Ce™Y =3x-2y+3
(iv) 14(2x+3y)—9log|(14x+21y+22)| =49x+C

(V) 6X +5xy+Yy> —9x—4y=C

(-3 Ylo3-4

(vii) X+2y+log2x+y—-1|=C
(viii) 14(2X+3y)—9log|(14x+21y+22) = 49x+C
(ix) 4x+8y+5=Ce™™
(x) Ce™Y=3x-2y+C
Test Your Progress-

)  yx*-1)=x+C

X3
i —=—+C
) yx—1 3

llogx

iii) yx* =e€‘+C
iv)  y(x*-1)=x+C
V) ye?‘z =x+C

) x* logx_x_4
4 16

Vi)
vii) x€’ =tany+C

viii) Y =tanX+C+/tanX

UGMM.-104(N)/50 ix) 2y= NG log xX* + x* cos(%) +Cx*



x) 2YlogX+cos2x=C

xi)  ysec’ X=secX—2
xii) yd+ x*)=tan" x—%

Test Your Progress-

1 5

) Xy’ :ﬁJrC

I —logx 1
i) —=—22__iC

Xy X X

6 5 4

ax? =y 2X X e
iii) Y (1+X) s 5t
iv) tan'y-e = xel —e—X2+C
1v) ) >

v) Yy’ cos’ X=_?2COSS x+C

: 2
Siny :l(x+l)2+C

) (x+1)> 2

vii) e =€ (e -1)+C
Viii) Xxlogy=xe*—e*+C

3

Ly =2
|X)?:7+3

X) X’ —y’ =3y’sinX
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UNIT-3 LINEARDIFFERENTIAL EQUATION

Structure

3.1 Introduction

3.2 Objctives

3.3 Linear Differential Equations of First Order and First Degree

3.4  Bernoulli's Differential Equation (Or Non Linear Equarions of
First Order and First Degree)

3.5 Summary
3.6  Terminal Questions

3.7 Answers to Exercises

3.1 INTRODUCTION

The ordinary differential equations may be divided into two large classes,
namely, linear equations and non-linear equations. Whereas non-linear equations
are difficult in general, linear equations are much simpler because then solutions
have general properties that facilitate working with them, and there are standard
methods for solving many particularly important linear differential equations.

In the previous unit, we had learnt how to solve variable separable form,
homogeneous and non homogeneous differential equations of first order and first
degree. In this lesson we will learn how to solve linear, non linear ( i.e.,
Bernoulli’s Equation) , exact and non exact ODE’s which are very useful in
various physical and Engineering applications.

3.2 OBJECTIVES

After reading this unit students should be able to:

»  Understand and find the solution of linear differential equations of first
order and first degree

»  Solve the Bernoulli’s equation ( Or Non linear differential equations) of
first order and first degree

»  Solve the exact differential equations of first order and first degree

»  Identify the integrating factor to Solve the non-exact first order and first
degree ODE’s
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3.3 LINEAR DIFFERENTIAL EQUATIONS OF
FIRST ORDER AND FIRST DEGREE

A first-order linear differential equation is one that can be written in the form
d

POy =Q(9.

dx

Where P and Q are continuous functions of X. Equation (1) is the linear equation’s
standard

form.

dy

Equation (1) is linear (in y) because y and its derivative p occur only to the first
X

power, they are not multiplied together, nor do they appear as the argument of a

function (such as siny, €’, or 1/% ).

Example 3.3.1- Put the following equation in standard form: X% = x> +3y
X

Solution- Consider, X% = x> +3y
X

Dividing by x

Which is in the standard form %+ P(X)y =Q(X) with P(x)= 3 and Q(X) =X
X X
, so the minus sign is part of the formula for P(X).

3.3.2 Solving Linear Equations-
dy
dx
function Vv(X) that transforms the left-hand side into the derivative of the product

We solve the equation +Py=Q by multiplying both sides by a positive

V(X)-y. We will show how to findv(X)in a moment, but first we want to show
how, once found, it provides the solution we seek.

Here is why multiplying by V(X) works:

Original equation in standard form is % +PX)Y=Q(X) cevveerreannen. (1)
X

Multiply by positive V(X), we obtain



v(x)% + POOV(XY = QUOV(X)

V(X) is chosen to make Vﬂ+ Pvy = i(V.y)
dx dx

d
&(wx)- y)=V(X)Q(X)
Integrating w. r. t “ x”’

(v(x)-y) = [v(0Q(x) dx

1
V=100 | R ES e E T — 2)

Equation (2) expresses the solution of Equation (1) in terms of the functions V(X)
and Q(X). We call v(X)an integrating factor for Equation (1) because its
presence makes the equation integrable.

Remark-

Why doesn’t the formula for P(X) appear in the solution as well? It does, but
indirectly, in the construction of the positive function v(X). We have The

condition imposed on V(X) is %(v(x)- y(X))= v(x)% + P(X)V(X) Y(X)

By using the product rule of derivatives

v(x)ﬂ + yﬂ = v(x)ﬂ + P(X)V(X) Y(X)
dx dx dx

or y% = P(OV(X) Y(X)

This last equation will hold if ;ﬂ = P(X)V(X) , which is in variable separable
X
form .. ﬂz P(x) dx; v(X)>0
V(X)

Integrate both sides

ﬂ—jp(x) dx

v(x)
Or logV(X) = j P dx
Taking exponentiation on both sides to solve for v(X).

e =™ or ved™ 3)

Thus a formula for the general solution to Equation (1) is given by Equation (2), =~ UGMM-104(N)/55
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where V(X)is given by Equation (3). However, rather than memorizing the

formula, just remember how to find the integrating factor once you have the
standard form so P(X) is correctly identified.

Any anti derivative of P works for Equation (3).

To solve the linear equation ;ﬂ+ P(X)y =Q(X), multiply both sides by the
X

. . P(x)d . .
integrating factor V(X) = eJ % and integrate both sides.

When you integrate the product on the left-hand side in this procedure, you
always obtain the product v(X)Yy(X) of the integrating factor and solution function

y(X) because of the way Vv(X) is defined.
Remark-

Here, it is observed that if the function Q(X)is identically zero in the standard

form given by the equation (1), the linear equation is separable and can be solved
by the method of variable separable form.

d
Py =Q)
dx
If Q(X)=0, then we get

& +P(X)y=0

dx
Or & =—P(x)dx

y

This is in variable separable form.

Example 3.3.1- Solve the equation X;ﬂ =x>+3y, Xx>0.
X

Solution- Let’s first put the given equation X% =x*+3y, x>0 in the standard
X
dy 3 o 3. . .
formas———y=X.cccoooverrrnen. (1) so that it is linear and P(X) =—— is identified.
X X X

The integrating factor is

V(X) = eIP(x)dx _ ej—(axx)dx

— e—3logx — L

X3

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate



1 dy 3 1
Or — =

x> dx x4y X

d (1 : :
Or o X—3y = —-, int egrating

1 1

PR e

X1—3y=—1;+C

Solving this last equation for y gives the general solution:

y:x{—lJer:—x2 +Cx’, x>0
X

Example 3.3.2- Solve the equation X’ % +(x=2)y=xe?""
X

Solution- Let’s first put the given equation x2%+(x—2)y=x2e‘2/ * in the
X
dy X—2 —2/X .. .
standard form asd—+ Y= (1) so that it is linear and
X X

X—2
X2

P(x) = is identified.

The integrating factor is

X—2 1 2
X240 [—]dx
WMZJﬁ :JX%
log| x\+§

2 2
= g"ex = xe~

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate
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dx X’
Or xe?’* [d_er X_22 yj = X
dx X
Or j—x(xye”): jxdx, int egrating
>
X-y-e*’” :X7+C

Solving this last equation for y gives the general solution:

x C
:e—z/x 24 =
y-e(2: S

Example 3.3.3- Solve the equation Xlog X gy +y=2logX

X

Solution- Let’s first put the given equation Xlog X% + Yy =2logX in the standard
X
1 2
form asﬂwL Y= e (1) so that it is linear and P(X) =
dx | xlogx X xlog X

is identified.

The integrating factor is

I L I(I/XJO’X
xlog x —e log X

— elog(log X) — lOg X

V(X)=¢

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate

Or i[y(log X)] = glog X, int egrating
dx X
y(log x) = I%log xdx +C

Or y(log x)= ZJ‘leog xdx +C

2
y(log x) = %+ C
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Or y(logx)=(logx)> +C

Solving this last equation for y gives the general solution:

C
y=logx+——
logx:

Example 3.3.4- Solve the equation (X+ y+ l)% =1.
X

Solution- Let’s first put the given equation (X+ Y+ 1)% =1 in the standard form
X

asﬂ— ! @] %:X+y+10r %—X:y+1 .................. (1) so that it is
y

=—Or
dx (X+y+1) dy
linear and P(y)=—11s identified.

The integrating factor is

V(X) = ejP(y)dy _ ef—ldy

= e_y

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate

e’ (d_x_ xj =e”V(y+1)

dy
dr _ B . .
Or d—y[xe y]ze Y(y+1), integrating
[xe‘y]zje‘y(y+1)dx+c
Or xe7 =—(y+D)e” + _[ e’dy+C
xe?l =—(y+1)e? —e? +C

Solving this last equation for x gives the general solution:

x=-y-2+Ce’.

Example 3.3.5- Solve the equation (1+y?)+(x—e™ y)% =0.
X

Solution- Let’s first put the given equation (1+Yy*)+(X— e y)% =0 in the
X
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standard form as (1+ yz)%+ (X—€e™Y)=00r (1+ y2)%+ X =gy

dx X e o :
Or —+ o= N (1) so that it is linear and P(y)=-lis
dy (I+y) (d+y)
identified.

The integrating factor is
1
R
wmzé e
— e‘[an’1 y

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate

tan~! y dX X tan ! y etafl Y
e —+————|=€
dy (1+y?) (1+y?)

d 4 G ey . :
—(xetan y)=e‘a“ y( ] integrating

dy (1+y*)
tan~! y

tan~! y € tan~! y
xe _-[—(1+y2)e dy+C
e2 tan ™! y
(1+y*)

. Xetan" Yy %eﬂan' y + C

Or xe™ ¥ = _[ dy+C

Solving this last equation for x gives the general solution:
1 tan ! y —tan ! y
X=—e +Ce
2 .

Example 3.3.6: Find the particular solution of 3X% —-y=logx+1, x>0,
X

satistying y(1) =-2.

Solution: Let’s first put the given equation 3X%— y=logXx+1, x>0 in the
X

standard form asﬂ_ 1 _logx+l

— Y E e e (1) so that it is linear and
dx 3x 3X

P(X) = —Lis identified.
3X

The integrating factor is



1
V(X) _ eJ.P(X)dX _ ej—gdx

1/3

Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate

Xl/S(ﬂ_Ly] _ X1/3(1OgX+1]
dx 3x 3X
d

Or &(yx“):%(logxﬂ)x“”, int egrating

yx ' = %J.(log X+1)x*dx+C

-1/3 -1/3

1 X X
Or yx'? == (logx+1 +3
Y 3{( gx+)——+3|

dX}LC
X

Or yx'° = [— (log x+1)x™""° +_[x“”3dx]+C

or yx* =[- (logx+)x* =3x** |+ C

Solving this last equation for y gives the general solution:

y=[-(logx+1)—3]+Cx"* Or y=[-(logx+4]+Cx"* Or y=Cx"’ —logx—4

Now, let’s use the given initial conditions as; when X=1land y=-2 in the
equation (2), we get

—-2=—(0+4)+C = C=2. Substituting the value of C in equation (2) gives the

particular solution given by y=2x"" —logx—4.

Example 3.3.7: Find the particular solution of %+ ycot X = 4Xcos ecx,
X
satisfying y(%} =0.

Solution: Consider , %+ YCOt X =4XCOSECX  .ovvvrrrrrennnne (1) this is linear and
X

P(X) = cot Xis identified.

The integrating factor is

V(X) _ eJ.P(x)dx _ eJ-cot xdx

_ glogsinx _ iy UGMM-104(N)/61



Now, we multiply both sides of the equation (1) by the integrating factor viz.,
V(X) and then integrate

sin{%/ + ycotxj = (4xcosecx)sinx
X

Or sinxﬂ + ycosX=4X

dx
d, . . :
Or d—(ysmx) =4x, mtegrating
X
ysinX= 4dex+ C
ysinx=2x>+C

Solving this last equation for y gives the general solution:

2x* +C
y:

' Or y=(2X*+C)COSECX ooveveverenn. ()
sin X

Now, let’s use the given initial conditions as; when Xzzand y=0 1in the

equation (2), we get

2 2
O:%+C =C :—%. Substituting the value of C in equation (2) gives the

2
particular solution given by y = (2x*> — %) COSECX.

Test Your Progress-

Solve the following differential equations:

i) (xz—l)ﬂ+2xy:1
ax

ii) x(x—l)ﬂ—yzxz(x—l)2
dx

1
iii) XQJF ylogx= e'x 2
dx

iv) (X —1)%+2xy:1

d e
V) d—z(l+2xy=e

. dy , ~
UGMM-104(N)/62 vi) X—X +2y—X"logx=0



vii) dx+ xdy =e ¥ sec” ydy

sin ZXQ— y = tan X

dx

viii)

Q+ y  sin2X
dx xlogx logx

xi) Solve %y+2ytanX:sinX Giverlhauy:owhem:%Z
X

xii) Solve (I+ xz)%/ +2Xy= Giventhat y=0whenx=1
X

1+x*

34 NON-LINEAR (OR BERNOULLI'S) DIFFERENTIAL
EQUATIONS

Definition 3.4.1- An equation of the form %+ P(X)y=Q(X)Y".coeeverenn. (1),
X
where P and Q are functions of X only and ‘ n’ is a real number.

Case 1- If n=1then equation (1) can be written as

dy _ _
o HPOO=QUOY =0 2)

This is of variable separable form, therefore its general solution is given by
jﬂq(P—Q)dx:c.
y

Case 2- If n# 1then divide the equation (1) by y", we obtain

nd .
y d—y+ POOY™ = Q(X) oo 3)
X
Put Yy =u
Differentiate with respect to X; (I1-n)y™" Y = du .
dx dx

Equation (3) gives; (;u
X

+(1=n)P-u=(1-n)Q . This is linear differential equation

in U and X
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. (1-n)Pd
Therefore, Integrating factor = ej P

(1-n) Pdx
. .. 1-n)Pdx=[ (1- )Q»ej
Its general solution is given by ueI (-mpox=f (-

To get the general solution of equation (1), substitute Yy =u.

Example 3.4.2- Solve the equation %jt ycot X = y*sin® Xcos® X.
X

Solution- Given equation g_y +yYcot X = Y7 sin 2 XS X ererereenens (1) is Bernoulli’s
X
equation.
o . . dy 1 )
Dividing equation (1) by VY°, we obtain y d—y+—cot X =sin’ Xcos® X
Xy
..................... (2)
PutL:u = _de_y:d_uOr %d_y:_d_u
y y- dx  dx y*© dx dx

Equation (2) gives,

du . 2 2
—— 4 uUcotX=sIn" Xcos” X
dx

du )
Or d——uootX:—sm2 XCOSZ X oo, (3)
X

This is linear equation in Uand X with P(X) =—cot Xis identified

The integrating factor is

V(X) _ e_[P(x)dx _ e—_[cot xdx

—log sin x

=e = (Co sec Xx)

Now, we multiply both sides of the equation (3) by the integrating factor viz.,
V(X) and then integrate

du . )
COS ecx d_ —ucotX |= (— Sin -~ XCcos X)COS eCcXx
X

du . 2
Or cos ecxd——ueot XC0S ECX = —SIn XCcos ™ X
X

d . . .
or d—(u cos €cx ) = —cos * Xsin X, int egrating
X

U cos ecX = J.cosz X(—sin X)dx + C

cos’ X
3

U cos ecx = +C

Substitute 1 =Uu, we get
y



1 cos” X
—COSECX =
y

equation (1)

+C is the required general solution of the given differential

E le 3.4.3- Solve th ti ng a =xy"?
xample 5.4.9- DOIVE the equation -
P d dx 1-x
d
Solution- Given equation d—i + N Xiz = XY . (1) is Bernoulli’s equation.

dy X
-1/2 /2
Dividing equation (1) by Yy'?, we obtain Y &"‘myl =X

1/2@:@0r y—1/2$/: du
dx dx dx dx

Puty"/? =u:>%y‘

Equation (2) gives,

du x
2—+——U=X
dx 1-x°
du X X
Or —+———-U== s 3)
dx 21-x7) 2
This is linear equation in Uand X with P(X) = 2(1—X2)is identified
- X

The integrating factor is

X
—= _d
Vi (X) _ eJ‘P(X)dx _ e.[ 2(1-x%) X

i x
_ @2 @-x%)

dx

Arlge “Liogasd)
_e Mt a4

1
= (1 _ X2)1/4

Now, we multiply both sides of the equation (3) by the integrating factor viz.,
V(X) and then integrate
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b qau o x XL
A=xH"* 1 dx  20=x>) | 2{a=x*)"*

1 @Jr X Ue X
(1_ X2)1/4 dx 2(1_ X2)5/4 2(1_ X2)1/4

d [L} L x Integrating

& (I—XZ)M :E(I—XZ)M’
T X 4
_(1_X2)1/4_=5J‘(1_x2)1/4 X+C
B u —_lx__lx(l_xz)3l/4
(1-xH"] 2 2 3/4

Or oo u2)1/4=—3(1—x2)3“4+C
—X

Substitute y'"'> =u, we get

1/2

(l_yxw = 3(1-x2)"*+C Or y"* =—3(1-x2)+C(1—x*)""* is the required
general solution of the given differential equation (1).
Example 3.4.4- Solve the equation %+ Xsin2y = X’ cos’ y
X
Solution- Given equation %+ Xsin2y = X’ cos” Y .ooee..... (1) 1is Bernoulli’s
X
equation.
Dividing equation (1) by cos’y, we obtain sec’ y;ﬂ +2Xtany = X’
X
..................... (2)
, dy du
Puttany=U = sec” y—=—
dx dx
Equation (2) gives,
du F2XUS= XD e 3)
dx

This is linear equation in Uand X with P(X)=2xis identified.

The integrating factor is

V(X) _ eJ‘P(x)dx _ ezjxdx



Now, we multiply both sides of the equation (3) by the integrating factor viz.,
V(X) and then integrate

e’ ( du + 2xuj —e“x
dx

Or %((uexz)=exz x’, Integratiig
ue’ = j e x> xdx+C

2 1 2
ue“ =—e“ (X’ -1)+C
2
Substitute tany =u, we get

1 ) X—1 . 0 Sx-1
tanyexz :Eexz(x —1)+COrtany:T+Ce Or y=tan T+Ce

is the required general solution of the given differential equation (1).

Example 3.4.5: Solve the equation %(X2 Y’ + Xy): 1
X
Solution: Given equation %(X2 Y’ + Xy): 1 can be written as % = (X2 Y+ Xy)
X y
dx 23 . - -
Or PV XY =XYoo (1) 1s Bernoulli’s equation.
y
. . ) . L dx 1 ;
Dividing equation (1) by X°, we obtain ————y=y ..., (2)
X dy x
1 U —ldx du
Put —= N VY
T ox x> dy dy
Equation (2) gives,
du du
—-yu=y Or —+yu=-y’ 3)
dy dy

This is linear equation in Uand y with P(y)=—yis identified.

The integrating factor is

« X):e[F’(y)dy: e[ydy: o

Now, we multiply both sides of the equation (3) by the integrating factor viz.,

V(X) and then integrate. UGMM-104(N)/67
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eyz/z(j_;+ yuj: _ey2/2y3
Or di( y2/2u)= —e¥" 2y’ Integratin g
y

ue’ 2 =—Jeyz/2y3dy +C

2 2 2
ue’? =—ye¥ 2 y2e¥"? 4+ C

. 1
Substitute —=u, we get
X

—leyz/2 =—y*e 2 4+2e"2+C Or 1 =—y*+2+Ce'%is  the required
X X
general solution of the given differential equation (1).
Example 3.4.6- Solve the equation & = (sin X—sin y) cos X
dx cosy
Solution- Given equation Y_ (sin x—sin y) COSX can be written as
dx cosy
cos y;ﬂ = (sin XCcos X —sin ycos X) Or cos y% + sin Y cos X = sin Xcos X
X X
..................... (1) 1s Bernoulli’s equation.
Put siny=u=cos yﬁ =%
dx dx
Equation (1) gives,
%jtcosxu:sin XCOSX  toveeeeeireeerireeeireeenee s (2)
dx

This is linear equation in Uand X with P(X) = cos Xis identified.
The integrating factor is

ejP(x)dX _ Icos xdx _ esinx

V(X) =

Now, we multiply both sides of the equation (2) by the integrating factor viz.,

V(X) and then integrate.

inx  dU in X (.
esmx(d——cos XU | = e *(sin xcos X )
X

Or (;j_x(u e™" X)z e™" *(sin xcos x ), int egrating

ue™ = Ie““x(sin Xcos X )dx + C
ue™* = jsin x-e*.cos xdx + C

Or ue™* =e™*(sin x—1)+C



Substitute sin y =u, we get
sinye™ =" (sinx—1)+C Or siny =(sinx—1)+Ce™™ Or y=sin"" [sinx—1+Ce_Si“X
is the required general solution of the given differential equation (1).

Example 3.4.6- Solve the equation

Y Y _ yixsinx, x> 0 with initial condition y(z) =1

dx x

Solution- Given equation % + Y_ VIXSINX e, (1) is Bernoulli’s
X X
equation.
Dividing equation (1) by Y~, we obtain —-—=+— = XSin X......ceeevrunne. (2)
y dx  xy

Put l =Uu= _—zlﬂ = %

y y- dx dx
Equation (2) gives,

—%+lu=XSinxOr %—lUZ—XSinX ................................... 3)
dx X dx x

C . : -1. .. .
This is linear equation in Uand X with P(X) = —1is identified.
X

The integrating factor is

1
V(X) = NI b

—log X
— @loex _

X

Now, we multiply both sides of the equation (3) by the integrating factor viz.,
V(X) and then integrate.

x\Ldx X
Or i(—) = —sin X, Integratin g
dx \ x
E:—J.sinXdX+C
X
E:cosX+C
X

Substitute 1 u, we get
y
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Uy =cosX+C Or 1 COSX+C it (4) i1s the required general

X Xy
solution of the given differential equation (1).
Now, let’s use the given initial conditions as; when X=r7and y=1 in the
equation (4), we get

1 =cost+C=C= l+ 1. Substituting the value of C in equation (4) gives the
T T

. . . 1
particular solution given by — =cos X+ 1 +1.
Xy T

Test your progress-

Solve the following differential equations:

dy ¥ _ 2
1) dx X y
d
ii) Xd_i+ y =Yy’ logX
dy 2y X
3_ =y _ -~
2 T x y?
v) ﬂ+(2xtan_1 y—Xx° X1+ yz): 0
dx
. 2
9 ﬂ_ytanxzszcos X
dx y
) , dy 2 ., 3
vi) 2Yycosy ————siny” =(X+1)
dx x+1

vi) % —e(e-e)

) §
viii) X——+ Yylogy = xye
dx
) 'Y oy oox G _
Xy i y’ =2x". Giventhat y(1)=1

X’y —x’ g—iz y* cos X. Given that y(z)=nx
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3.5 SUMMARY

In this unit, we studied the liner differential equation of first order and first
degree and method of solving them. We have also seen the Bernoulli’s differential
equation i.e. equation which are reducible to linear from and its solution.

3.6 TERMINAL QUESTIONS

1. Solve the following differential equations

& _
A. - mxtny+q

Yo 432 _
B. XY Xy

Cc. sin2+ 3y =cosx
dx

D. (cosx)dy = y(sin — y)dx.

3.7 ANSWERS TO EXERCISES

Test Your Progress-
i yxX*-1)=x+C
X X
.o - + C
oy x-1 3

1logx

iy yx2 =e+C
iv)  Y(X*=1)=x+C

v)  ye’ =x+C
4 4
, , Xlogx X
= -—+C
) 4 16

vii) X&' =tany+C

viii) y=tanx+Cy/tanx

ix) 2y=xlogx’+x’ cos(%j+Cx2
x)  2YlogX+cos2x=C

xi) ysec’ X=secX—2
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xii) y(1+x*)=tan X—%

Test Your Progress-

1 5
1) 5 5:—2+C

Xy’ 2X

I -logx 1
i) —=——2t__4C

Xy X X

Xt 2 X

lll) y3(1+X)2:Z+?+7+C
‘ L g Xzex2 ex2
iv) tan y-€ = _7_,_(;

-2
v)  Yy’cos’ X:?cos5 x+C

siny’

W) (x+1)°

1
=—(x+1)*+C
2( )

vii) e =e (e*-1)+C
viii) xlogy =xe* —e*+C

Y =_—2+3

IX) —
X6 X3

X) X’ =y’ =3y’ sinx



UNIT4 EXCAT DIFFERENTIAL EQUATIONS

Structure

4.1  Introduction

4.2 Objectives

4.3  Excat Differential Equations of First Order and First Degree

4.4  Integrating Factors to Solve Non-Excat Differential Equations
of First Order and First Degree

4.5 Summary
4.6  Terminal Questions

4.7  Answers to Exercises

4.1 INTRODUCTION

The ordinary differential equations first order and first degree has different
forms according to their nature, namely, exact differential equations and non-
exact differential equations. Whereas non-exact equations are difficult in general,
exact equations are much simpler because the solutions of exact differential
equations are solved by using direct testing of necessary condition of exactness
and formula for general solution, and there are standard methods ( i.e., integrating
factors ) for solving many particularly important non exact differential equations.

In the previous unit, we had learnt how to solve variable separable form,
homogeneous, non homogeneous and linear and non linear differential equations
of first order and first degree. In this unit we will learn the techniques for solving
analytically some special forms of ODE’s namely exact and non exact, which are
useful in various applications.

4.2 OBJECTIVES

After reading this unit students should be able to:
»  Solve the exact differential equations of first order and first degree
»  Find the integrating factors in different forms

»  Identify the suitable integrating factor to solve the given non-exact first
order and first degree ODE
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4.3 EXCAT DIFFERENTIAL EQUATIONS OF FIRST
ORDER AND FIRST DEGREE

Definition 4.3.1- A differential equation M (X, y)dx+ N(X,y)dy=0. Where M
and N are functions of x, y is called an exact differential equation if there exists a
function f(X, y)having continuous first order partial derivatives such that

M :;i and N ::g for such a function f, we write Mdx+ Ndy =df where
X

df stands for df = ﬂdx + idy )
OX oy

Equivalently,

A differential expression M (X, y)dx+ N(X, y)dy is an exact differential in a region
R of the xy— plane if it corresponds to the differential of some function f (X, y)
defined on R.

A first order differential equation of the form M (X, y)dx+ N(X,y)dy =01s called

an exact differential equation if the expression on the left hand side is an exact
differential.

The criterion for an exact differential-

Let M (X, y)and N(X, y) continuous and have continuous first partial derivatives
in a rectangular region R defined by a<X<b,c<y<d. Then a necessary and
sufficient condition for M (X y)dx+ N(x, y)dyto be exact differential is
oM  ON

oy ox

Theorem 4.3.2- The Necessary and sufficient condition for the differential
equation Mdx + Ndy = 0 to be exact is ™M = %—N

X
Proof- By the definition of an exact differential equation, there exists a function
f (X, y) having continuous partial derivatives such that M :(;i ............. (1) and
X
N == L (2)
oy

Differentiate equation (1) partially with respect to y and equation (2) partially
o’ f ON  o*f

and —= .
oy - OX oX OX-oy

with respect to X, we obtain, E =

For the functions having continuous first order partial derivatives it is true that
o’f  of
oy-ox OX-oy




S M N
oy ox
Now, let us suppose that M = N :
oy 0OX

To prove: Mdx+ Ndy = 0 is an exact differential equation.

Let F(X, y) = j M dx [where j M dx means while integrating keep ‘y’ constant].
y y

) oM ©ON 0*F 0’F
Consider —=—= =
oy OX 0oy-Ox oOX-oy
ON  O*F
- — — =
OX OX-0y

Ori N—ﬁ =0
OX oy

As N — g—F = ¢(Y) (say) as it does not contain terms of X
y

n=E
: N—6y+¢(Y)

M dx+ N dy=2—§dx+(%+¢(y)]dy

_OF 4 OF
Now, = dx + & dy +#(y)dy
=dF +4(y)dy = d(F +y(y)) where d[y(y)]= ¢(y)dy

Therefore, Mdx+ Ndy = 0 is an exact differential equation.

Thus, the general solution of it is given by,

F (X, y)+j¢(y)dy=c where F(X, y) = J'M dx

Keeping y constant

#(y)=N —%:, where @¢(y) is independent of X (i.e., free from X).

Hence, the general solution of an exact differential equation is given by

JMax+ [g(y)dy=C

Keeping yconstant

Equivalently, I M dx + J.(Terms of N free fromx)dy =C

Keeping yconstant
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Note 4.3.2- The general solution of an exact differential equation can also be
given by

[Ndy+[g(ydx=C.

Keeping xconstan t

Equivalently, I N dy + I(Terms of M free fromy)dx=C

Keeping xconstant
Example 4.3.3- Solve the differential equation
(X* —4xy—2y*)dx+(y* —4xy—2x>)dy=0

Solution- Given equation is (X* —4xy—2Yy*)dX+(y* —4xy—2x>)dy=0

Here, M =(x’-4xy-2y*)  and N = y? —4xy—2x>
-'-ﬂ:—‘“(—“y .'.®:—4y—4x
oy X
% = Ga_N = Given equation is an exact differential equation.
X

". The general solution of it is given by

JM dx+J(Terms of N freefromx)dy=C

Keeping yconstant

= j(x2—4xy—2y2)dx+Jy2dy:C

Keeping yconstant
X3 X2 y3
sy S coyix+| L |=C
ol 5%
X’ 2 2 y’
Or —-2xy-2yx+|—|=C
3 y—-2y ( 3 )
Example 4.3.4- Solve the differential equation
(y’e¥ +4x})dx+(2xye” —3y*)dy=0
Solution- Given equation is (y*€? +4x*)dx+(2xye” —3y*)dy=0
Here M =y’eY +4x° and N =2xye? —3y’
oM oN
N =yeY 2xy)+2yeY .- o 2xye” (y*)+2ye”

=2yeY (xy* +1) =2ye¥ (xy* +1)



oM ©ON : . : . .
..—— =— = Given equation is an exact differential equation.

oy X

". The general solution of it is given by

IM dx+J(Terms of N free fromx)dy=C

Keeping yconstant

= j(yzewz +4x3)dx—3jy2dy:C

Keeping y constant
eps s

o e +x'-y'=C

Example 4.3.5- Solve the differential equation

(2xy+ y—tan y)dx+ (X’ — Xtan” y+sec’ y)dy =0

Solution- Given equation is (2Xy+ y—tan y)dx+(X* + X— Xsec’ y)dy =0

Here, M =2xy+y-tany  and N = x> +X—Xxsec’ y
.'.ﬂ=2x+1—seczy .'.@=2X+1—seczy
oy OX
=2ye” (xy* +1) =2ye” (xy* +1)
% = 8a_N = Given equation is an exact differential equation.
X

". The general solution of it is given by

_[M dx+_[(Terms of N free fromx)dy=C

Keeping yconstant

= _[(ny+ y—tany)dx=C

Keeping yconstant

X2
: Z{T}rxy—xtanyzc

Or x'y+xy—xtany=C

Test Your Progress-

Solve the following differential equations
) x(1+y)H)dx+yd+x*)dy=0

i)y (X —ay)dx=(ax—y’)dy
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iii)  ysin2xdx—(y’ +cos’ X)dy=0
V) (1+e’Y)dx+eY1-)dy=0
y

v)  (1+€’)cosxdx+e’sinxdy=0

vi)  (2X* +6xy—yH)dx+(3X* —2xy+y*)dy=0
vii)  (y*eY +4x )dx+(2xye? —3y*)dy=0
viii) (x€¥ +2y)dx+ ye¥dy=0

xdy — ydx

ix) xdx+ydy= N

X) (2xy+ Y —tan Y)dX+ (X> — Xtan® y +sec’ y)dy =0

4.4 NON EXCAT DIFFERENTIAL EQUATIONS AND
INTEGRATING FACTORS

It is sometimes possible that even though the original first order
differential equation M (X, y)dx+ N(X,y)dy = 01is not exact, but we can multiply

both sides of this differential equation by some function [say, f(X,Y) ] so that the
resulting differential equation f(X,y)M (X, y)dx+ f(X,y)N(X,y)dy =0 becomes
exact. Such a function (or factor) f(X,y)is known as an integrating factor for the
original differential equation M (X, y)dx+ N(X,y)dy=0.

Sometimes a differential equation which is not exact, can be made so on
multiplication by a suitable factor called an integrating factor.

Remark- It is possible that we lose or gain solutions while multiplying an
ordinary differential equation by an integrating factor.

For Example- consider the first order differential equation ydx— xdy =0, which
is clearly non-exact. But observe that if we multiply both sides of this differential

equation by the factor Lz, the resulting ODE becomes %—izdy = 0 which is
y

exact. The rules for finding integrating factors of the equation
M (X, y)dx+ N(X, y)dy = 0 are as follows.

4.4.1 INTEGRATING FACTORS FOUND BY INSPECTION

In a number of cases, the integrating factor can be found after regrouping
the terms of the equation and recognizing each group as being a part of an exact
differential. In this connection the following integrable combinations prove quite
useful.



1) xdy + ydx = d(xy)
iy XYy d(i)

x? X

T L d(logPD
Xy X

v) ydx—2xdy _ _d(ﬁj
y y

%) —Xdzl—ygsz (tan1 XJ
X2 4y

Vi)

xdy — ydx _ d[llog X+ y]

Example 4.4.1 (i)- Solve the differential equation (ye‘dx—e*dy)+2xy’dx=0.

Solution- We have (ye‘dx—e*dy)+2xy’dx=0. Here, we can observe that the
terms ye€* and €*dy should be put together.

" m;edy +2xdx=0 Or d(e—J +2xdx =0 . Integrating, we obtain
y y

X

e . . .
—+x*> =C is the required general solution.

y

Example 4.4.1 (ii)- Solve the differential equation Xdy— ydx+a(x* +y*)dx=0.

Solution: We have xdy— ydx+a(x* + y*)dx=0. Here, we can observe that the
terms xdy — ydx and (X2 + yz) should be put together.

~ xdy— ydx

—=——+adx=00r d(tanl Xj +adx=0 Integrating, we obtain
X +y

X

(tan1 —j +ax=C is the required general solution.
X
a’(xdy — ydx)

Example 4.4.1 (iii)- Solve the differential equation xdy+ ydx= 3
X +y

a’(xdy — ydx)
x> +y?
terms are already combined together.

Solution- We have xdy+ ydx= . Here, we can observe that the all
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sod(xy) = azd(tan‘1 X] . Integrating, we obtain
X

Xy =a’ tan™' [ij +C is the required general solution.
X

44.2 INTEGRATING FACTOR OF A HOMOGENEOUS
EQUATION

If M(x y)dx+ N(x y)dy=0be a homogeneous equation in X and vy, then

is an integrating factor provided Mx+ Ny #0.

Mx+ Ny
. . . . dy dy
Example 4.4.2(i)- Solve the differential equation X+ yd— =y- Xd— .
X X
Solution- Given equation is X+ yﬂ =y- Xﬂ ............................. (1)
dx dx
dy dy
Or X—+y—=y—-X
dx Y dx Y
Or (x+ y)ﬂ =y—-X
dx
Or (y=X)dX=(X+y)dy=0 ...c.cevvrrrrernnnne. 2)

Here, M =y—x and N =—(x+Y)

.'.aﬂ:l and a—N:—l
oX
oM  ON
L —t—
oy oX

Thus, given equation is non-exact differential equation.
But equation (1) is homogeneous differential equation.
Now, Consider MX+ Ny = x> —xy+xy+y> =x+y> #0

1

.. Integrating factor = =
eoraing Mx+Ny x*+y’

Multiplying equation (1) by the integrating factor ———- we get
X +y
2/_ X2 dx— )2(+ y2 dy=0 . (3) is  exact, because as
X +y X +y
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M=% and N, ==Y

x> +y° x> +y’
oM (X +Y)D)-(Y-X)(2Y) X +2xy—-Y’ ond
oy (X’ +y?)’ (X +y?)?
N, (X +Y)=D+(X+ YY) X +2xy—Y
ax (X2+y2)2 (X2+y2)2
_ M, N,
oy ox

Hence, the general solution of the equation (3) is given by,

IMldx+I(ranB of N, free fromx) dy=C

yconstant
y—X _
| [Xz oy ]dx—C

yconstant

| X
Ory _[ [X2+y2]dx—.|'xz+y2dx:c

yconstant

y-ltan*1 (ﬁj—%log‘xz + yz‘ =C
y y

or tan”'| X —llog‘xz+y2‘:C
y) 2

This is the required general solution of the given equation (1).

Example 4.4.2(ii)- Solve the differential equation Xydx—(x* +2y>)dy=0.

Solution- Given equation is XydX—(X> +2y*)dy=0..................

Here, M =xy and N =—(x*+2y*)

.'.aﬂ:x and 8—N:—2x
oy OX
oM  ON

L — it —
oy oX

Thus, given equation is non-exact differential equation.

But equation (1) is homogeneous differential equation.

Now, Consider MXx+ Ny =x>y—x’y—2y’ =2y’ #0
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.. Integrating factor = ! =— 13
Mx+Ny 2y

Multiplying equation (1) by the integrating factor o we get
y

1

) 3(Xydx)+2 3(X2+2y2)dy=0 .................. (3) is exact,
y y
2 2
Mlz—ﬁ3 and NI:—%
2y 2y

LM, _ YD) +xy(6Y?)
oy (2y*)’

and
_=2xy’ +6xy° X
4y° y’
N, 2yH(2x)—(X* +2y*)(0)
OX 2y*)’
_Ay x
4y° Y
C M, N,
oy ox

Hence, the general solution of the equation (3) is given by,

IMﬂx+I(Terms of N, free fromx) dy=C

yconstant

[ (_Xndxﬂ%dy:c

yconstant 2 y

Or — 12 j xdx+_[lydy:C

y yconstant

2

1 X
- —+logy=C
2y’ 2 gy
X2
Or logy— =C
gy 4y

This is the required general solution of the given equation (1).

Example 4.4.2(iii)- Solve the differential equation

(X*y—2xy*)dx—(x’ =3x’y)dy=0.

because

as



Solution- Given equation is (X’ y—2xy”)dx— (X’ =3x°y)dy=0  ....ccccccc...... (1)
Here, M =x’y—2xy*> and N =—(x’ —3x%y)
M _ x> —4xy and 6—N:—3x2 +6Xy
oy OX
oM  ON
N ——E—
oy oX
Thus, given equation is non-exact differential equation.
But equation (1) is homogeneous differential equation.
Now, Consider Mx+ Ny=Xy—2x’y* =X’y +3x’y* = x’y*> 20
. Integrating factor = _ !
N Mx+ Ny x*y’
Multiplying equation (1) by the integrating factor ——- we get
Xy
21 > (X*y—2xy*)dx — 21 5 (X =3X°Y)dy =0 .ooverreree. (3) is exact, because as
Xy Xy
M, _1.2 and N, :—i2+i
X y 'y
M, = _ 1 and
o Yy
oN, 1
OX y?
. OM, _oN,
oy ox

Hence, the general solution of the equation (3) is given by,

IMldx+I(ranB of N, free fromx) dy=C

yconstant

1 2 3
5 fefi-e

yconstant

Or 5—210gx+310gy:C
y

This is the required general solution of the given equation (1).

Note- If the given differential equation M (X, y)dx+ N(X,y)dy=0 is
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homogeneous and exact then solution of differential equation is factor of
Mx+Ny=C.

443 INTEGRATING FACTOR FOR AN EQUATION OF
THE TYPE

f, (% y)ydx+ f, (X y)xdy=0:

is an

If the equation M (X, y)dXx+ N(X,y)dy=0be of this form, then N
X—Ny

integrating factor ( Provided M dx—Ndy #0).

Example 4.4.3(i)- Solve the differential equation (1+ Xy)ydx+ (1—xy)xdy=0.

Solution- Given equation is (14 Xy)ydX+ (1= Xy)XAY =0 ..cceevvevrrrrerrenee. (1)

Here, M =y+xy> and N=x-x’y

.'.ﬂ=1+2xy and @zl—zxy
oy oX
oM  ON

N ——E—
oy ox

Thus, given equation is non-exact differential equation.
But equation (1) is of the form f, (X, y)ydx+ f, (X, y)xdy=0.
Now, Consider MX— Ny = yx+ X’ y* —xy+ X’ y> =2x>y* #0

1
Mx—Ny 2x’y?

.. Integrating factor =
Multiplying equation (1) by the integrating factor 22% we get
X"y

Ly(ij xyz)dx+ﬁ(x—x2y)dy:0 .................. (3) is exact, because as

Mol g oL

oM, _on,
oy ox

Hence, the general solution of the equation (3) is given by,
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ledx+jU ermf N, freefronx) dy=C

yconsant

| (2” 2dex j—dy C

yconstant

(Lx—lj+ logX——logy C
2y X

Or l(_—1+logx—logyj =C
2\ xy

or —ilogX=cC,

Xy oy
or logX-L -,
y xy

This is the required general solution of the given equation (1).

Example 4.4.3(ii)- Solve the differential equation

(XY +x)dy+(X*y’ —y)dx=0.

Solution- Given equation is

(XY +X)dy+(x*y’ —y)dx=0 Or (xX’y* —1)ydx+ (X’ y*

Here, M =x’y’ —y and N=xX'y* +X

: aM =3x’y*—1and aa—N:3x2y2+1
X

oM  ON
—_— i —_
oy oXx

Thus, given equation is non-exact differential equation.

But equation (1) is of the form f, (X, y)ydx+ f, (X, y)xdy=0.

Now, Consider MX—Ny=x’y’ —xy—x’y’ —xy=

.. Integrating factor = ! __ |
Mx—Ny  2xy

Multiplying equation (1) by the integrating factor — 2L we get
Xy

_—1(x2y3 - y)dx—L(x3y2 +X)dY =0 oo,
2xy 2xy

+1)xdy=0

(3) is exact,

because

as
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| = +— and N, = -
2 X 2 2y
'.aMlz— and N, __
oy 0
. OM, oN,
oy X

Hence, the general solution of the equation (3) is given by,

IMﬂx+I(Terms of N, free fromx) dy=C

yconstant

-xy* 1 1
I [ §y+&de—I2—ydy:C

yconstant

y> X 1
—=—x— |+=logX——logy=C
[ 5 2] gx-logy

This is the required general solution of the given equation (1).

Example 4.4.3 (iii)- Solve the differential equation
(XY +xy+1)ydx+ (X’ y* —xy+1)xdy=0.
Solution- Given equation is (X°y* + Xy +1)ydx+(X*y* —=xy+1)xdy=0 ...........

Here, M =X’y +xy>+y and N=xy* —x’y+X

.'.aﬂ:3x2y2+2xy+1 and a—N:3x2y2—2xy+1
oy OX
oM ON

S —F—
oy OX

Thus, given equation is non-exact differential equation.

But equation (1) is of the form f, (X, y)ydx+ f, (X, y)xdy=0.

Now, Consider MX—Ny= X"y’ + X’ y> +xy— X'y’ +X’y* = xy=2x"y* 20



1
Mx—Ny 2x°y?

.. Integrating factor =

Multiplying equation (1) by the integrating factor —— 5 ! we get
%

M=xy’ +xy’+y and N=xXy* =X’y +X

Xy (XY’ +xy* + y)dx+ 2x1 (Y =Xy +X)dy =0 (3) is exact,
because as M1:X+L+ 12 N, = x_ 1 1
22X 2X°y 2 2y 2%y’

oM, 1 CON, 11

. =————>— and.. =———

oy 2 2Xxy oy 2 2xy
.M, _ON,

T 9y ox

Hence, the general solution of the equation (3) is given by,

IMldx+I(ranB of N, free from x) dy=C

yconstant

y
J (2 2x 2% yjdx I—dy ¢

yconstant
ﬁ+llogX—L —llogy:C
2 2 2xy ) 2

Or l(Xy+logx—i—log yj =
2 Xy

This is the required general solution of the given equation (1).

4.4.4 (a)- If the differential equation M (X, y)dx+ N(X,y)dy =0 is non-exact and
there exists a continuous single variable function f(X) such that

oM ON

f(X)= % then eJ ro is an  integrating  factor  of
M (X, y)dx+ N(x,y)dy=0.
Equivalently,

In the equation M (X, y)dXx+ N(x,y)dy=0,

6M 6N

if 2% _ f(x)(say)[ i.e., function of x only], then eJ PO s an integrating
N
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factor.

1

Example 4.4.4(a) (i)- Solve the differential equation (xy> —e* )dx— x>ydy =0

1

Solution- Given equation is  (xy® —e* )dX— X2 ydy = 0.....ccovvrrevveeen... )

1
Here, M =xy’—-eX and N=-xy

'.W=2xy and axz—zxy
M N
oy oX

Thus, given equation (1) is non-exact differential equation.

Now, consider
M _oN

oy &:2xy+2xy: 4xy
N -x'y =Xy

_ 4 f(x).(i.e, function of only x)
X

1
—4|—d
Therefore, Integrating Factor (I F) = eI % e e = g tloex =

1
x*

Multiplying the given differential equation by the Integrating Factor (I F) =

we get

3 2

1 i 1 2 1 1 .
—(xy? —eX)dx - —(x*y)dy =0 Or [y_4exx de—(y)dyzo 1s an exact
X X X X

X
1
y e y
differential equation. Because as M, ==--——- and N, =-—=- gives
X X X
W2 g M 2] 2 MW,
oy X oX X X oy oX

The general solution is given by

IMI dx+j(Terms of N, free fromx) dy=C

yconstant

yconstant

1
2 X
_y2+e =C
2X 3
1
X 2
o &Y |-c
32X

This is required solution of given differential equation (1).




Example 4.4.4(a) (ii)- Solve the differential equation

(y+ y +X32jdx+i(x+ xyz)dy: 0

3

Solution- Given equation is

.M 14y and —:l(l+ 2)
oy 4
oM  ON

Lt —
oy ox

Thus, given equation (1) is non-exact differential equation.

Now, consider

M N 1 3
ay OX :1+yz_4(1+y2):4(1+y2)

N

: : == =1(x).(i.e, functiorof onlyx)
4(x+xyz) 4(1+y2) X

3
X)dx —dx
Therefore, Integrating Factor (I F) = ejf( ™ < eIX =gl =

Multiplying the given differential equation by the Integrating Factor (I F) =x’, we
get

y X 1
X{y'*'? +E dx+Z><x3(x+x3f)dy:0 is an exact differential equation.

3,3 5 4 4.2
y +X— and N, =—+
2 4 4

oM, _aN,
oy  oXx

Because as M, =Xy+

oM,

gives

=x’ +x’y’ and 8(;\" =X’ +xXy’ =
X

The general solution is given by

IMldx+J'Crerms of N, free fromx) dy=C

yconstant
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34,3 5
j [X3y+x3y +X7de=C

yconstant

4 4.3 6
[u& y +X_J:c

4 12 12
Or 3x*'y+x'y’ +x* =C,
Or x*Qy+y’+x*)=C,
This is required solution of thegiven differential equation (1).
Example 4.4.4(a) (iii)- Solve the differential equation
(3xy—2ay” Jax+(x* —2axy)dy =0
Solution- Given equation is

(3xy—2ay2 )dx+(x2 —2axy)dy: (R 1)
Here M =3xy—2ay’ and N =x’—2axy

a—M=3x—4ay and a—N=2x—2ay
OX
oM ON
L
oy OX

Thus, given equation (1) is non-exact differential equation.

Now, consider

oM ON

Oy Ox _3x-dgy-2x+2ay x-2ay _1_ f(x). (i.e, function of only x)

N x> —2axy X(X—-2ay) X

J‘141x log X
e X

Therefore, Integrating Factor (1 F) = ej reos_ =e™*" =X

Multiplying the given differential equation by the Integrating Factor (I F) =X, we
get

x(3xy —2ay’ )dx+ X(X2 —2axy)dy: 0 is an exact differential equation. Because
as M, =3x’y—2axy’ and N, = x’ —2ax’y gives
oM, oM, _ON,

oN
=3x> —d4axyand —L=3x>-4daxy = —-
oX oy OX

The general solution is given by

ledx+I(TanB of N, free fromx) dy=C

yconstant



I(3x2y—2axy2)dx=C

yconstant
3 2\ ,2
3X y+ 2ax’y _C
3 2

Or 6X’y+6ax’y’ =C,

Or x’y(x+ay)=C,

This is required solution of the given differential equation (1).

Example 4.4.4(a) (iv)- Solve the differential equation

(x2 +y’ + 2x)dx+ (2y)dy=0

Solution- Given equation is (X2 +y + 2X)dx+ (2 y)dy: (ST (1)

Herg M=x’+y*+2x and N=2y

ﬂ:zy and @zo
0 OX
oM  ON

L — it —
oy oX

Thus, given equation (1) is non-exact differential equation.

Now, consider

oM oN

&y x_2y_
N 2y

Therefore, Integrating Factor(l F)=el'* — /'™ _ ¢

Multiplying the given differential equation by the Integrating Factor (I F) =€, we
get

e (X2 +y° +2X)dX+ e (2y)dy: 0 is an exact differential equation. Because as
M, =€'(X’ +y* +2x) and N, =2Yye" gives
oM, _ N,

a'\/Il —
oy OX

X

2ye* and N, _ 2ye* =
oX

The general solution is given by

ledx+I(TanB of N, free fromx) dy=C

yconstant
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j (x2 +y° +2x)exdx:C

y—constant

szexdx+ Iyzexdx+2 jxexdx:C
y—constant y—constant y—constant

Or x’e -2 _[ xe“dx+ y’e* +2(xe* —e) =C,

y—constant
Or x’e" —2(x€" —e*)+y’e* +2(xe“ —€*)=C,
Or x’e*+y’e*=C, Or e (x*+y’)=C,
This is required solution of the given differential equation (1).

4.4.4 (b)- If the differential equation M (X, y)dx+ N(x, y)dy=0 is non-exact and
there exists a continuous single variable function f(y) such that

N_am
OX
f(y)= T@y then e[ Y s an inte grating  factor  of
M (X y)dx+ N(x, y)dy=0.
Equivalently,

In the equation M (X, y)dx+ N(x, y)dy=0,
N M

oy

If T =f(y) (say) [ i.e., function of y only], then eJ o is an integrating

factor.

Example 4.4.4(b) (i)- Solve the differential equation
(B3x*y* +2xy)dx+(2X’y’ —x*)dy =0
Solution- Given equation is

GBX*y* +2xy)dx+ (22X’ Y’ = x*)dy =0 ..o (D

Herg M =3x’y*+2xy and N=2xXy’ —x’

a—M=12x2y3+2x and 6—N=6x2y3—2x
OX
oM ON
Lt —
oy oXx

Thus, given equation (1) is non-exact differential equation.

Now, consider



oN oM

ox oy 66Xy —2x—12x°y’ —2x
M xy(3xy’ +2)
a2y 3 —
_ —6x Y X :_2X(3Xy3 2D _22_ ¢y (i.e, function of only y)
Xy(3xy” +2) XyG3xy +2) Yy

2
. - =dy 1
Therefore, Integrating Factor(l F) = ejf(y)dy =e h = =—
y

Multiplying the given differential equation by the Integrating Factor (I F) :Lz,
y

we get
1 2.4 1 3.3 2 20 2X 3 X
7(3x y +2xy)dx+7(2x y —x)dy=0 Or (3x"y +7)dx+(2x y—7)dy:0

. . . . X
is an exact differential equation. Because as M, =3X’y’ +-—~ and
y
2

X
N, = 2X3y—7 gives

%:6X2y_2_)2( and %:6x2y_2_)2( :%:%
oy y OX y oy oX

The general solution is given by
J'M1 dx+_[(Terms of N, free fromx) dy=C

yconstant

I (3x2 y? +%]dx =C

yconstant y

3,,2 2
Xy +2x _C
3 2y

2
Or (x3y2 +X—j: C
y

This is required solution of given differential equation (1).

Example 4.4.4(b) (ii)- Solve the differential equation
2x*y+e*)ydx—(e* +y’)dy=0
Solution- Given equation is

XY +E)YIX— (€ + Y )AY =0 oo (1
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Here M =2x’y*+€'y and N:—(ex+y3)

.'.ﬂ:4x2y+eX and @z—ex
OX
oM ON
L —E—
oy oXx

Thus, given equation (1) is non-exact differential equation.

Now, consider

N_M
ox oy —€—4x’y—e*
M 2X°y* +€y
_ X 2 _ X 2 .
= 226 3 Xy __ -2 +2)§ ) _=2_ f(y).(i.e, functionof only y)
2X°y° +€'y y(e* +2X7y)
Tl 1
Therefore, Integrating Factor (| F)zej =eV =’ =—
y

Multiplying the given differential equation by the Integrating Factor (I F) :Lz,
y

we get

1 y 1 e e .
7[(2x2y2 +e y)]dx—F(e +y)dy=0 Or (2x° +7)dx—(7+ y)dy=0 is

X

e X
an exact differential equation. Because as M, = (2x* +—) and N, = —(e—2+ Y)
y y

oM, e oN, e oM, ON,
=-— and T =
y OX y oy OX

The general solution is given by

gives

jMﬂx+j(Terms of N, free fromx) dy=C

yconstant

j 2x° +e—;)dx—jydy =C

yconstant

This is required solution of given differential equation (1).

Example 4.4.4(b) (iii)- Solve the differential equation



(X+ y+1)ydx+ (X+3y+2)xdy=0
Solution- Given equation is

(X+ Y+ Dydx+(X+3y+2)Xdy=0 .....cccurreue.. (D

Here M =xy+y>+y and N=x>+3xy+2X

@:x+2y+l and @:2x+3y+2
oy oX
oM ON

N —FE—
oy oXx

Thus, given equation (1) is non-exact differential equation.

Now, consider

N oM
OX oy 2X+3y+2-x-2y-1
M Xy+y' +y
_ o xry+l 1 f(y).(i.e, functiorof onlyy)
y(X+y+l) 'y

1
I

Therefore, Integrating Factor (I F) = ejfmdy =) ==y

Multiplying the given differential equation by the Integrating Factor (I F) =y, we
get

(X+ Y+ DY X+ (X+3y+2)xydy=0 Or (xy* + Y’ + y*)dx+ (X’ y+3xy* +2xy)dy=0

is an exact differential equation. Because as M, =xy’+y +y> and

N, = X*y+3Xy” +2xy gives
M, =2xy+3y>+2y and %:2xy+3y2+2y :%:%
OX oy oX

The general solution is given by

ledx+I(TanB of N, free fromx) dy=C

yconstant

J. (xy>+y’ +yHdx=C

yconstan t
2.,2
(xzy +Y X+ ysz =C

This is required solution of given differential equation (1).
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4.4.5 FOR THE EQUATION OF THE TYPE

x*y*(mydx+nxdy)+ x¥ y* (m' ydx+n' x)dy, then an integrating factor is
ath+l_btk+l a'+h+1 b'+k+1

X" yk . Where - -
m n m n

Example 4.4.5 (i)- Solve the differential equation
(xy+2x>y?)ydx+ (xy — X’ y*)xdy =0

Solution- Given equation is

(Xy+2X° Y7 ) yaX+ (XY= XY )XAY =0 .o, 1)
Here M =xy’+2x’y’ and N=xy—xy’

aﬂ:2xy+6x2y2 and %—szxy—3x2y2
X
oM ON
, ——E—
oy oXx

Thus, given equation (1) is non-exact differential equation.

Now,

Equation (1) can be written in the form

x*y*(mydx+nxdy) + x* y* (m' ydx+n' x)dy as
xy(ydx+ xdy) + x> y* (2 ydx— xdy) = 0

with a=b=1,m=n=1anda' =b' =2, m =2, n' =—1

a+h+1 b+k+l an a'+h+1 b'+k+1

m n m' n'

Where

I1+h+1 1+k+l1 24+h+1 2+k+1
= = and =

1 1 2 -1
h—-k=0 and h+2k+9=0 = h=k=-3

on solving we obtain

-, Integrating factor = x"y* =xy~* = Xslys :

Multiplying the given differential equation (1) by the Integrating Factor (I F) =

——, we get
X3 y3

! (Xy+2X°y*) ydx+ !

— — (xy—x’y*)xdy=0 Or (%+g)dx+(L—l]dy:0
Xy Xy y

X’y X Xy’
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: : . : 1 2
is an exact differential equation.  Because as M, :(—+—j and

Xy X
N, = Lz_l gives aMlz ;12 and ale ;12 jaMlzaNl
Xy~ y oy Xy oX Xy oy OX

The general solution is given by

J'Mldx+_[(‘l'erms of N, free fromx) dy=C

yconstant

[ (grifotyore

yconstant

[_—1+210g XJ—logy:C
Xy

2
or log[x—j 1.c
y

This is required solution of given differential equation (1).

Example 4.4.5 (ii)- Solve the differential equation
(X*y+ yHdx+ (22X +4xy’)dy=0
Solution- Given equation is

Y+ YHOX+ (2% +4xy)AY =0 .o, (1)

Here M =x’y+Yy* and N=2x+4xy’

S M +4y’ and N _6x2 +4y’
oy oX
oM  ON

L —t—
oy oXx

Thus, given equation (1) is non-exact differential equation.
Now,
Equation (1) can be written in the form

x*y? (mydx+nxdy) + x* y* (m' ydx+n' x)dy as
x>y (ydx+2xdy) + X° y* (ydx+4xdy) =0

with a=2,b=0,m=1,n=2 anda' =0,b' =3, m' =1, n' =4

a'+h+1 b'+k+1

a+h+1 b+k+1
= di 1 - 1

m n m n

Where
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2+4h+1 0+k+1 0+h+1 3+k+1
= = d =

an on solving we obtain
1 2 1 4

2h—k=—5 and 4h—k=0 :>h:§ and k=10

5/24,10

- Integratirg factor = x"y* = x*"?y"’.

Multiplying the given differential equation (1) by the Integrating Factor (I F) =

x3/2 y10 , we get

X2y 00y +y e 7Y (26 +4xy )dy=0 Or(X2y +x2y Yo (2% "2y +4X 2y Yly=0
is an exact differential equation.

Because as M, =Xy +x°*y")  and N, = 2"y +4x77yP)  gives
11 7

_aMl:11X"”2y10+14x5/2y13 and %zle_lxz y10+4x1x7 Yo
OX 2 2
:11X9/2y10+14x5/2y13
oM, ON,
- —L=_"l
oy  OX

The general solution is given by

ledx+I(TanB of N, free fromx) dy=C

yconstant

J‘ (X9/2y11 n x”y”)dx:C

yconstant

11/2 7/2
| X 14| X
+ — |=C
Y (11/2} Y (7/2)
14

2 2
Or Zy''x'2 L2472 _ ¢
lly 7y

2 3
Or 2y“x7/2(x—+y—] =C
11 7

This is required solution of given differential equation (1).

Test Your Progress-

Solve the following differential equations.
i)  ydx—xdy+logxdx=0
i) ydx—xdy+3x’y*e* dx=0
iii)  2ydx+X(2logx—y)dy=0



dy_x+y
dx  xy’

v) (Y +2y)dx+(xy’ +2yt —4x)dy=0

1v)

vi) 2y’ +2)dx+3xy’dy=0

vii) (X’ —2y?)dx+2xydy=0

viii) 2xydy—(x*> +y* +1)dx=0

ix) (y+y))dx+xydy=0

x) (¢ +xy")dx+2y’dy=0

xi) (XY’ + y)dx+2(x*y* + X+ y")dy=0
(y* +2y)dx+(xy’ +2y* —4x)dx =0

4.5 SUMMARY

In this unit, we studied criteria for an exact differential equation and non
exact differential equation and to find Integrating factors in different cases to
make the equation exact. We also studied how to find the integrating factor by
inspection of the differential equation.

4.6 TERMINAL QUESTIONS

1. Solve the following differential equation.

A, (x? —ay)dx = (ax — y?)dy.

x x x
B. (1+ey>dx+eY(1—;)dy—0
C. (e+1)cosxdx+eYsindx=0
D. y(axy +e*)dx —e*dy =0
E. cos(x+y)dy =dx (hintputx+y=t)
ay _ 2
F. dx—(4x+y+1).

4.7 ANSWERS TO EXERCISES

Test Your Progress-
i (1+x)H1+y*)=C

i)y X -3axy+y’ =C
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iii) 3ycos2x+2y’ +3y=C

iv) x+ye’v=C

v) (¢Y+Dsinx=C

vi) 2X —9x’y-3xy’+y’ =C

vii) e¥ +x'-y'=C

viii) €Y +y*=C

ix) X +y +2tan'(x/y)=C

x) Xy+(y—-tany)x+tany=C
Test Your Progress-

i) y+cx+logx+1=0

. X
i)y Z+€ =c
y

iii) 4ylogx=Yy*+cC

iv)  3logx—(y/x) =c

V) (y+%}x+ y’=c

vi) Xy +x* =c
X +y*=cx’

vii)

viiiy X Y ~1=cx

ix) X+xy=c

X) (x2 +vy? —l)e"2 =cC

xi) (x2 +vy* —l)e"2 =C

( 2X 2]
Xy+—2+y =C
xii) y
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UNIT-5 DIFFERENTIAL EQUATION OF
THE FIRST ORDER BUT NOT OF
THE FIRST DEGREE

Structure

5.1 Introduction

5.2 Objectives

5.3 Equations Solvable for p
5.4  Equations Solvable for y
5.5 Equations Solvable for x
5.6  Clairaut's Equation

5.7 Singular Solutions

5.8 Summary

5.9 Terminal Questions

5.10 Answers to Exercises

5.1 INTRODUCTION

. o . : d
As %wﬂl occur in higher degrees, it is convenient to denote d—i by p.
X

Such equations are of the form f(x,y, p)=0, which is not of first degree, is

called a differential equation of first order and higher degree, the general form of
first order and nth degree differential equation is

P +a P +a, P e, +a_ p+a =0(n>1)
Where @, &y, cooovvvnniininnn. ,a, are functions in X and y. Now we shall discuss
the solution of the above differential equation in the following three cases.
Equations solvable for p
Equations solvable for x

Equations solvable for y

5.2 OBJECTIVES

After reading this unit students should be able to:

»  Solve the Differential equations of the first order but not of the first
degree,
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»  Recognize and solve the equations solvable for x, y and p
»  Identify and solve the Clairaut’s equation

»  Find the singular solutions of the given ODE’s

5.3 EQUATIONS SOLVABLE FOR P

Let p"+ap" +a,p" "+, +a  p+ra, =0(N>1) e, (1)

be the differential equation of first order and n™ degree. If it can be solved for ‘p’
then equation (1) can be resolved into ‘n’ linear factors in ‘p’. Then, we have

[P= T, YIP= (Y] [p—f,(x y)]=0

d
=p-f(xy)=0, p—f,(XY)=0, .ccceceevern p-f, (X y)=0, where p:d_i

A
dx

Solving each of n differential equations, we get ‘n’ solutions. Let them be
F(xy,c)=0,F(XVY,C,)=0........ F.(x,y,c,)=0
Thus, the solution of equation (1) is given by

F(XY,C)xF (X Y,C) X xF.(Xy,c,)=0

But equation (1) is of first order differential equation.

Therefore, the solution of equation (1) is given by
F.(XY,0)xF (X, Y,C) X xF (X Yy,c)=0 bytakingc, =c, =........ =C,=C.

dy dx x
Example 5.3.1- Solve the differential equation d—;/——x X Y

dy y X

Solution- Given equation is ———— e (D
I X
Usi ﬂzp : p——=——X P’ + Y_ X120
SIng gy gives Py X Or Xy

yY . x)_
Factorising leads ( p+;j( p‘;) =0

:{erXj:O ................... 2 and(p—szo ..................... (3)
X y

From equation (2), we have



ﬂ+l=0 Or xdy+ydx=0
dx x

Or d(xy) =0, integrating we obtain
Xy=C
From equation (3), we have
dy_X
dx vy
Integrating, we obtain

=0 Or xdx—ydy=0

x2—y2:c

j— 2 — 2 g . . .
Thus, xy=c Or X —y*=¢ constitute the required solution.

dy( d
Example 5.3.2- Solve the differential equation d—z:(a{ + yj = X(X+Y).
Solution- Given equation is ﬂ(ﬂ + yj =X(XFY) e (D
dx\ dx

d
Using d_);: p gives p(p+ Y) = X(X+ y)

Factorising leads to P+ py—X —xy=0 Or p’ =X’ + py—xy=0
or (P+X)(P—X)+Yy(p—X)=0

or (P=X(p+Xx+Yy)=0

From equation (2), we have

%—x=0 Or dy = xdx, integrating, we obtain yzx?+c
X

dy dy
From equation (3), we have g, * x+y=0 Or ax y=-X

This represents the linear differential equation of first order and first degree.

-, Integrating factor=1.F = J¥ e
It’s general solution is given by
ye* = J'(—x)exdx+ c Orye=-xe"+e*+c Or y=(1-x)+ce”*

2
X _ . . .
Thus. Y= > +c and y=(1—-X)+cCe* constitutes the required solution.
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d
Example 5.3.3- Solve the differential equation {(dj—g +(X— y)é -Xx=0

2
Solution- Given equation is ){%) +(X=Y)——X=0.ccerrrernn. (D

dy
Using gy P gives Yp* +(X=y)p—x=0

Factorising leads to  YP~ — PYXP—X=0

or PY(P-D+x(p-1)=0

or (P—D(py+x)=0

= (P~D=0 . (2)and (PY+X)=0 oocoevrrrrrrnne. (3)

From equation (2), we have

jy_lzo Or dy = dx, integrating, we obtain y=x+cOr y—x=c
X

dy dy X
From equation (3), we have y ax +Xx=0 Or & = _y

2 2
Or Ydy+ xdx=0, Integrating, we obtain y? + X? =C

2 2

y

Thus. Y~ X=¢ and EX + > = C constitutes the required solution.

Test Your Progress-

Solve the following differential equations (Equations Solvable for ‘p’)
i) p’+2pycotx—y> =0
i) XyY(p +D=(X+y")p
i)  xyp® + (X +xy+ Yy )p+(X* +xy)=0
iv) P +(2x-y)p’ =2xy’p
V) Xy (pT+2)=2py’ +X
Xp® —2yp+X=0

vi)

5.4 EQUATIONS SOLVABLE FORY

UGMM-104(N)/104 Let f(XY,P)=0.cc0eeveerrrnnnnne. (1) be given differential equation. If equation (1)



cannot be resolved into linear factors in ‘p’ and if it can be put in the form
Y=F06P) e, (2) then we say that equation (1) can be solved for Y.

Differentiating equation (2) with respect to 'X' we get a differential equation in
two variables x and p of the form

_dy_ dp
p= dx_q{x, p, dxj ........................ 3)

Now, it may be possible to solve this new differential equation in 'X' and 'p'.
Let its solution be F(X, p,C) =0 ...cccvveeuvennenn. (4).

Eliminating ‘p’ from equations (2) and (4), we obtain the required general
solution of the equation (1) in the form F(X,y,C)=0.Where ‘c’ is arbitrary

constant.
Note-

(1) In case elimination of p is not possible from equations (1) and (2) for x
and y and obtain X=F,(p,C), y=F,(p,C) as the required solution, where
'p'is the parameter.

It is called a solution in the parametric form.

(i1)) The solution which does not contain an arbitrary constant is called
singular solution.

(iii) The solution which does not contain 'X' i.c., in the form f(y, p)=0 and
if it is solvable for 'p' we get p=¢(y) which can be solved by using
variables separable method. If it is solvable for 'y' it can be written in the
form which can also be solved by using variables separable method.

(iv) If given differential equation is homogeneous in 'X' and 'Y' then it can be
written in the form f(p, y/X)=0, this equation can be solved using
method of solving homogeneous equation.

Example 5.4.1- Solve the differential equation y+ px=Xx*p’
Solution- Given equationis Y+ pXx=x'p> Or y=x'p* = pX c.coceev.e... (1)

Equation (1) is a differential equation solvable for Y

Differentiating equation (1) with respect to X

dy |, dp dp dy
&—[2P&X4 + p2(4x3)}—{&(x)+ p}’ using P= 754

= p-4p°X + p+x%—2px4%:0

dx dx
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= 2p(1—2px3)+x$(1—2px3):0
X

= (1—2px3)+(2p+x%J:0
dx

= 1-2pX)=0oeevernnn. (2) and (2p+x$):0 ................... (3)
dp
Here, equation (2) is discarded as it does not contain §, and it gives singular
solution.
dp 2dx  dp

From equation (3), we obtain 2p= _X& Or x " p - integrating,

dx dp ) C
2j—=—j—+logC:>210gx+10gp:10gCOr X'p=cOr p=—............ 4)

X p X

Eliminating ‘p’ from equations (1) and (4) gives the general solution of the
equation (1).

ie, y=x'p’ - px
2
op=S o y=xt| & o E e E
Using, X’ x> X’ X

= 2 —— . .
Thus, ¥Y=C x - Where ‘¢’ is arbitrary constant.

Example 5.4.2- Solve the differential equation y=X+atan™' p

Solution- Given equationis y=X+atan™' P ......c......... (D

Equation (1) is a differential equation solvable for Y

Differentiating equation (1) with respect to

dy a dp dy

X1+ p* dx > using P=

= p=1+ 2@ :>p+p3:1+p2+a@
1+ p~ dx dx

=0r 1+ p2+a@— p-p’=0Or (1+ p2)+a%— p(1+ p*)
dx dx

= (1+ p2)+[1— p+a%j:0
dx



= A+pP)=0 e, (2) and (l—p+a$]:0 ................... (3)

Here, equation (2) is discarded as it does not contain , and it gives singular

solution.
From equation (3), we obtain,

dp adp dp -1, . .
(1—p)+a& Or—g_(p 1) Or h-)  a dX,mtegratmg,

! [ox+c=logp-D+>=cOr (p-h=€ * Or p=e *+1........d)
(p-D a a

Eliminating ‘p’ from equations (1) and (4) gives the general solution of the
equation (1).
ie, y=x+atan' p

X

X
USing: p:e "l

—_— 71 C_7 . .
Thus, Y= X+atan (e s 1] . Where ‘c’ is arbitrary constant.

Example 5.4.3- Solve the differential equation (8p° —27)x=12p’y

3 —
Solution- Given equationis (8p’ —27)x=12p°y Or y= %
2px 99X
R (1)
3 4p

Equation (1) is a differential equation solvable for Y

Differentiating equation (1) with respect to

2 dp
@2 ]2 PP R
dx 3 dx| 4 p* ,using P~ g
d
2] o P20,
N O
3 dx| 4 p
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4
Multiplying by 12P

12p° :8p4[p+ x@}—ﬂ[ p’ —2xp@}
dx dx

2P +27)- AR +27)=
pdx(4p +27)—p (4p +27)=0

Or (4p’ +27)(2xp?— p°)=0
X

= 4P’ +27)=0.coceeen.. (2) 2xp%—p2= .................. (3)
X
dp
Here, equation (2) is discarded as it does not contain gy and it gives singular
solution.
. . 2X %_ 2 _ 0 . .
From equation (3), we obtain p dx p=0 separating the variables and

integrating,
2J-% = J‘%+10gc = 2logp-logx=1logc
P X

2

2
Or log[p—j:logc Or p—:c Or p=4/XC woovverieeeien. (4)
X X

Eliminating ‘p’ from equations (1) and (4) gives the general solution of the
equation (1).
2px  9x

ie, y="P_
Y 3 4p°

2x/xe 9% o _2xxe 9

3 axe VT3 T

Using , p=\/% = Y=

2x«/x_c

Thus, Y= 3 ~Ci . Where ‘1’ is arbitrary constant.

Example 5.4.4- Solve the differential equation y=2px+ p"

Solution- Given equationis y=2pX+ p" (1)

Equation (1) is a differential equation solvable for Y

Differentiating equation (1) with respect to



dy dp), o dp _dy
D _1» el i . =2
dx [ (p+deJ+np dx |» USIng P dx

dp ni dp
= 2 e —_—
= Pp { (p+xdxj+np dx:|

= p+(2x+ np™ )% =0

Or p%+2x: —np™' Or %+£x=—np“’2
D .

dp p

This represents linear equation in terms of x and p.

I )

PR log p*
~IF=e" =e*" =p

Its general solution is given by

n+1 n-1
n
P +cOr X=- P

n+1 (n+1)

xp® = I— np"p*dp+c Or xp* =-n +cp”

Substituting the value of x from equation (2) in equation (1), we get

n-1 _ n B
Y=2|0(— P +cpzj+ p" Or yzz[ np +£J+ p" or y=28, 120 o
n+1 n+1 p p 1+n

An equation (2) and (3) constitutes the required general solution.
Test Your Progress-

Solve the following differential equations (Equations Solvable for ‘y’)
i) Xp’-2py+x=0
i) xp’-2p’y+4x>=0
iiiy y=xp’+p
iv)  y—-2xp=tan~'(xp*)
V) Y= psinp+cosp

4
o (2] A2y
X X

5.5 EQUATION SOLVABLE FOR X

Let f(XY,P)=0cocveeiernee (1) be given differential equation. If equation (1)
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cannot be resolved into linear factors in ‘p’ and if it can be put in the form

X=F(Y,P) e 2).

Then we say that equation (1) can be solved for x. Differentiating equation (2)
with respect to 'X' we get a differential equation in two variables X and p of the

form

Now, it may be possible to solve this new differential equation in 'y' and 'p'.
Let its solution be F(Y, p,C) =0 ...cccveeurnneee. (4)

Eliminating ‘p’ from equations (2) and (4), we obtain the required general
solution of the equation (1) in the form F(X,y,c)=0.Where ‘c’ is arbitrary

constant.

Note-
1)  This method is especially useful for equations which do not contain y.
i1) If it is not possible to eliminate ’p’ from equations (2) and (3)[i.e.,
elimination is not feasible) then equations (2) and (3)together represent the

general solution of equation (1) in terms of p. Where ‘p’ may be regarded
as a parameter.

Suppose that the given differential equation does not contain ‘y’ i.e., in the
form f(x,p)=0. If it is solvable for ‘p’ then it may be written as P = ¢@(X)

which can be solved by variables separable method. If it is solvable for 'X', it may
be written as X = ¢(p) which can also be solved as explained above.

Example 5.5.1- Solve the differential equation p° —4Xyp+8y* =0
Solution- Given equationis P’ —4xyp+8y’ =0

Equation (1) is a differential equation solvable for X

_1p 8y
X4{y+p} .......................... (1)

Differentiating equation (1) with respect to Y

o dp

2D y— —y-—
dx 1 P dy y=p Py dy dy
= +8 . p =7
dy 4 yz : p2 , using dx



1 2 2
4 2 TP , multiplying by Ay'p , We obtain

d d
ay’p=p*| 2py R p? |+8y?| p-yP
dy dy

d
=2y (P =4y")+ Uy’ = p) =0

Or (2y$— p}(p3—4y2)=0
y

= (P’ =4y )=0 .o (2) and [2y?—pj=0 ................... (3)
y
dp
Here, equation (2) is discarded as it does not contain d_y and it gives singular
solution.
dp dp _dy
From equation (3), we obtain 2 yd_y ~p=00r 2? - 'y - integrating,
2
ZI%:J.ﬂHogc:Zlogp—logyzlochr P _cor P°=CY .. (4)
p y y

Eliminating ‘p’ from equations (1) and (4) gives the general solution of the
equation (1).

2
ie, x:l{p—jtﬂ} p’ —4xyp+8y’ =0
4y p

1 8y 1 y|] ¢ y
- P=cy= X=—|Ct—= |=—|c+8 |2 |[==+2,|F
Using, b y= 4[ /cy] 4( C] 4 c

C
Thus, X~ 2\/§ Where ‘¢’ is arbitrary constant
u 5 4 C . ry .

Example 5.5.2- Solve the differential equation p = tan(x— " P 5 j
+P

Solution- Given equationis p= tan[x— " P 5 j
+P
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- P - P
=tan” p=X— Or x=tan p+
p 1+ p2 p 1+ p2 ............................ (1)
Equation (1) is a differential equation solvable for x
Differentiating equation (1) with respect to Y
dp dp
1+ p*)— —2p*—
o | 1w Py o
dy |1+ p*dy (1+p°)° , using dx
dp dp
1+p>)—-2p* -~
L ow TPy Py .
— = — 4+ . . p(1+ p ) .
p |1+p®dy (1+ p*)? , multiplying by , we obtain

1+ %) = p+ p) Py pas pr2p) P
dy dy

dp 22
Or 2 p@: (1+p7) . This is in variable separable form

2pdp__ dy, Integrating, we obtain

(1+p’)
2p
S| —————dp=
Iyl
~(1+p*) ' =y+cC

Or y=c—(+p*)"

P
1+ p’

The general solution of equation (1) is given by X=tan p+ and

y=c—(1+p*)".

Example 5.5.3- Solve the differential equation p’x—bp=a

a b
Solution- Given equation is p’x—bp=a Or p’x=a+bp Or x= F +F

Equation (1) is a differential equation solvable for X
x=a,b
= R (1)



Differentiating equation (1) with respect to Y

dx_|-3a_2bldp  dy
dy__ p* p3_dy’ using p_dx

=

1 [-3a 2bldp —3a 2bldp
— T O =
p Lp  pJdy p° pdy
-3 -2
Or (—3ap —2bp )dp: 4 This is in variable separable form
Integrating, ,[ (—3ap’3 —2bp” )jp - .[ dy+c

Or —3aj p‘3dp—2b_[ pldp=y+c

This gives the general solution of the equation (1).
Test Your Progress-

Solve the following differential equations (Equations Solvable for x’)
) p-(y+3)p+x=0
i)y y=2px+y’p’
iiiy py+2px=y
iv)  X-yp=ap’
V)  4xp’ +4yp-y'=0

5.6 CLAIRAUT'S EQUATION

Differential equation of the form y= pX+ f(p) ..ccceeveennnn. (1) 1s called Clairauts
equation.

Clairauts equation is solvable for ‘y’.

Differentiating with respect to ‘x’, we obtain

d d d d d
Y P, p+f'(p) P or d—i:(x+f/(p))d—s+p

dx  dx dx
Using p:;—dz(l, we obtain (X+ f/(p))gzO
dp ,
= —=0rrren. (2) and X+ f (P)=0 .eeveverrnene. (3)
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Here, Equation (3) is discarded as it gives singular solution. Therefore to find the
general

solution of equation (1), let’s solve equation (2).

% =0 = dp=0, integrating Jdp =COr p=C.ccceeecnene (4), where ‘¢’ is
X
arbitrary constant.

Now, eliminating ‘p’ from equations (1) and (4), we get y=cx+ f(c) , which is
the general

solution of the Clairaut’s equation given by (1).
Note-

1) It can be observed that, the general solution of the Clairaut’s equation
y = pXx+ f(p) will be obtained by replacing ‘p’ with ‘c’.

i) Many equations of the first order but of higher degree can be easily
reduced to the Clairaut’s form by making suitable substitutions.

dy\’ d
Example 5.6.1- Solve the differential equation; Y+ 2(d_§j =(X+ l)d—){.
. : : . . dy)’ dy
Solution- Given differential equation is Y+2 e =(X+ 1)& ................. (D

d
Using p:d_i’ we get y+2p2 =(X+1)pOr y:(X+1)p—2p2 = p(X+1- p)

This is in Clairaut’s equation, therefore it’s general solution is

y=cCc(X+1-cC).

Example 5.6.2- Solve the differential equation; X’ (y— pX) = yp’

Solution- Given differential equationis X’(y-p9=yp* (1)
Put x*=u and y=v = 2xdx=du and dy=dv
S AN S O A

dx du/2x du du 2xdx 2x-

5o X (Y= pX)=yp® = u(v-2Pu) = 4uvP’

- (V=2Pu)=4vP* Or 2pu=v-4vP’

Orv= 5
1-4P

This is in Clairaut’s equation, therefore its general solution is



o0 y- 2¢cx?
1-4¢? 1—4c?

Example 5.6.3- Solve the differential equation; (pX—Yy)(py+X)=2p
Solution- Given differential equation is (pX—Y)(py+X)=2p (1)

Put X’ =u and y* =v = 2xdx=du and 2ydy=dv

_dy_dv/2y _xdv_xg .o dv_2ydy  yp

T dx du/2x ydu y du 2xdx X

L (PX=Y)(PY+%) = zpj(w fj(pf+f) 2%&

or (“P VJP 1)\/__2P*/_ Or (UP—V)(P+1)=2P
A\/_
2P

. (UP- v)_2— Or v=uP———
P+1 P+1

This is in Clairaut’s equation, therefore its general solution is

2C 2C
v=cu-—— Or y* =cx’ ——
c+1 c+l’

Test Your Progress-

Solve the following differential equations (Clairaut’s Equation)
) X(Y-pR)=yp’
i) (Px+y)’ =py’
iii) y=2px+p’y
iv) y=px+qfl+p?
v)  sin(y—px)=p
viy Y 2py+piX-pi=al

5.7 SINGULAR SOLUTIONS

If we eliminate ‘p’ from equation (3) given by X+ f (p)=0 and the Clairaut’s
equation in (1)

given by y= px+ f(p) , we obtain an equation involving no constant. This is the
singular

solution of equation (1) which gives the envelope of the family of straight lines UGMM-104(N)/115
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given by the equation (4).
We need to proceed as below to obtain the singular solution.

1)  Find the general solution by replacing ‘p’ by ‘c’, we obtain the equation

“4)

ii)  Differentiate equation (4) with respect to ‘c’, we obtain X+ f (C)=0

iii) Eliminating ‘c’ from equations (4) and (5) leads to the singular solution.

Example 5.7.1- Find the general and singular solution of the differential equation
Xp® —yp+a=0

Solution- Given differential equation is Xp* —Yp+a=0.....ccccorrvrvv...c.. (D

= yp=a+xp> Or y=xp+%

This is in the form of Clairaut’s equation given by ¥ = PX+ f(p

Therefore it’s general solution is given by

Now, to find the singular solution differentiating equation (2) with respect to ‘c’,
we obtain

a
0=x-— Or c¢’=
c

X | o
Q

Eliminating ‘c’ from equations (2) and (3), we get

\/7 \/7 Or Y=\/%+x/a_x Or y=%

This is the desired singular solution.

Example 5.7.2- Find the general and singular solution of the differential equation
p=log(px—y)

Solution- Given differential equation is p=log(pX—Y)

= (px—-y)=¢€” Or y=px+e’ 1)

This is in the form of Clairaut’s equation given by y=px+1(p)

Therefore its general solution is given by



Y=CX+E e (2)

Now, to find the singular solution differentiating equation (2) with respect to ‘c’,
we obtain

0=x+€e° Or e =-x Or c=log&j ................ (3)

Eliminating ‘c’ from equations (2) and (3), we get

y= xlog(lJ +e!™0 Or y= Xlog(l] oL
X X) X
This is the desired singular solution.

Example 5.7.3- Find the general and singular solution of the differential equation
p =sin(y - Xp)

Solution- Given differential equation is p = sin(y— Xp)

=sin” p=y-xp Or y=px+sin’' p (1)

This is in the form of Clairaut’s equation given by ¥ = PX+ f(p
Therefore its general solution is given by
Y=CX+SINT'C oo, (2)

Now, to find the singular solution differentiating equation (2) with respect to ‘c’,
we obtain

Eliminating ‘c’ from equations (2) and (3), we get

= X'~ +sin_{ Xz_l}

X X

This is the desired singular solution.
Test Your Progress-

Find the general and singular solutions of the following differential equations

)  y=px+4(@p°+b?)
i)  sin pXcosy=cos pXsiny+ p
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iii) y -2pxy+p’x’—p>=a’

v Y= PX ++/1+ p°

5.8 SUMMARY

In this unit, we have studied the diffential equation of the first order but
not of first degree which are (1) Solvable for y (2) Solvable for x. (3) Solvable for
p. We also studied Clairaut’s equation and how to determine singular solution.

5.9 TERMINAL QUESTIONS

1. Find the general and singular solution of the differential equation(xp —
»?=p*-1
2. Solve
2 D _ =
Yy +x+y)Z—y=0
3. Solve
y?.logy = xyp +p?
4.  Solve

1
y = px + (1 + p?)2.

5.10 ANSWERS TO EXERCISES

Test Your Progress- (Solvable for ‘p’)-
. 20,2 2 2 X
1) C Yy sin” X—tan (Ej:o

i)y (Y -x'-c)(y-cx)=0
iii) (Y’ +X —0)(2xy+ x> -¢)=0
iv)  (y=O)(y+X —c)(xy+cy+1)=0
v) (Y =X =Xy =X -c)=0
vi) 2Cxy=C’X +X

Test Your Progress- (Solvable for ‘y’)-
i) 2cxy=c’x’+X

iiy 2c’y=c’x’+4



iii) y=xp>+p and PP = pc

v) y= 2Jex +tan”' ©

V) X=sinp+cC

vi)  y=2Jex+c?
Test Your Progress- (Solvable for ‘y’)-

i)  x=(y+3)p-p’ and y=(p’-D+c(p’ -1

i)y y>=2cx+C’

iii) y>=2cx+cC’

v) (y+ ap)m+ acosh™' p=c

V) 4x(cy’)’ +4y(cy’) -y =0 Or 4c(l+cxy)—y=0
Test Your Progress- (Clairaut’s Equation)-

i) y =cx+c’

iiy xy=cy-c’
iy 2cX
111 =

1-¢’

iv)  y=cx++1+c’

V) y=Cx+sin''c

vi) y=cxxva’+c’

Test Your Progress-

i)  General solution is y=cx++ac’+b’ . Singular solution is
y+V1-x> =0

ii) General solution is Yy=CX-sin'C.

[ 2
y=+1-x> —sin” X

-1
X

Singular  solution is

iii) General solution is y=cX++y1+C.

;  Singular  solution is
X’ X’
y= +4/1+ >
1-x 1-X

UGMM-104(N)/119



iv) General solution is y=cxt+va’+c’. Singular  solution s
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UNIT-6 GEOMETRICAL APPLICATIONS
OF DIFFERENTIAL EQUATIONS

Structure
6.1 Introduction
6.2  Objectives

6.3 Geometrical Applications of Differential Equations of First
Order and First Degree

6.4  Orthogonal Trajectories in Cartesian form
6.5 Orthogonal Trajectories in Polar form

6.6  Oblique Or Isogonal Trajectories

6.7 Summary

6.8  Terminal Questions

6.9 Answers to exercises

6.1 OBJECTIVES

Differential equations are very important mathematical subject from both
theoretical and practical perspectives. The theoretical importance is given by the
fact that most pure mathematical theories have applications in differential
equations.

The practical importance is given by the fact that the most important time
dependent scientific, social and economical problems are described by differential
equations. The bridge between nature (or universe) and us is provided by
mathematical modelling, which is the process of finding the correct mathematical
equations describing a certain problems. This process might start with
experimental measurements and analysis, which leads to differential equations.

Many real-world problems, when formulated mathematically, lead to
differential equations. We encountered a number of these equations in previous
units when studying phenomena such as the motion of an object moving along a
straight line, the simple harmonic motion of moving object, simple electrical
circuits, heat flow of an object, the decay of a radioactive material, the growth of
a population, and the cooling of a heated object placed within a medium of lower
temperature.

In the previous units we introduced differential equations of the form

dy

— = f(X), where f is given and Yy is an unknown function of X. When f is

dx
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continuous over some interval, we learned that the general solution y(X) was
found directly by integration, Yy =j f (X)dx. And we also investigated differential

equations of the form % = f(X, y), where f is a function of both the independent
X

variable X and the dependent variable y. There we learned how to find the general

solution when the differential equation is separable.

In this unit we further extend our study to include other commonly
occurring first-order differential equations. They involve only first derivatives of
the unknown function Yy(X), and model phenomena such as simple electrical
circuits, or the resulting concentration of a chemical being added and mixed with
some other fluid in a container.

In this unit, we shall consider only such practical problems which give rise
to differential equations of the first order and first degree.

6.2 OBJECTIVES

After reading this unit students should be able to:

»  Understand the geometrical applications of ODE’s of first order and
degree

»  Understand the orthogonal trajectories

»  Understand the oblique or isogonal trajectories

6.3 Geometrical Applications of Differential Equations
of First Order and First Degree

(i) Cartesian Coordinates-

bl

T!
Let P(x, y) be any point on the curve f(X,y)=0 (as shown in the figure). Then,
UGMM-104(N)/124 We have



10.

(i)

Let P(r,0) be any point on the curve r = f () (as shown in the figure). Then, we

have

Slope of the tangent at the point P(x, y) 1s tany = %
X

Equation of the tangent at the point P(x, y) is Y-y = %(X —X) so that
X

its X -intercept is OT = X— y.% and y -interceptis OT' = y— X.%.
X X

Equation of the normal at the point P(x, y)is Y -y = —%(X - X)
y

2
Length of the tangentis PT =y. [| 1+ (%]
y
. | dy 2]

Length of the normal is PN =Y. || 1+ o
: dx
Length of the sub-tangent is TM = y.d—
y
dy

Length of the sub-normal is MN =y.

Differential of the area = y.dx Or x.dy

Radius of the curvature at the point P(x, y) is P =
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l. wy=0+¢

2. tangzﬁ—r(ii , P=rsing

11 1(drY
3. —S =1t 7l T
p- r° r°ldé

: , dé

4.  Polar sub-tangentis OT =r"-—

dr

5.  Polar sub-normal is ON = i

d9 dr
r d6’

Some Basic illustrations to understand/study the importance of further
geometrical applications-

I

Example 6.3.1- Find the equation of the curve which passes through the point (3,

-4) and has the slope 2y at the point (x, y) on it.
X

Solution- It is given that, slope of the curve is % _2y
X X

dy 2 .

Or — =—dx (Variable Seperable Form)
y X

Integrating, we obtain

logy=2logXx+1logC

Where, C is the constant of integration.

L y=CxX (1) is the equation of the curve

Since, this curve passes through the point (3, -4). Equation (1) gives
-4=9COrC=——

Therefore required equation of the curve is given by y = —g x> Or 4x*+9y=0.

Example 6.3.2- Find the equation of the curve which passes through the origin
and has the slope x+3y—1.

Solution- It is given that, slope of the curve is % =X+3y—-1......ol. (1)
X



Put x+3y—-1=v
:1+3ﬂ:Q
dx dx

rﬂ:l[ﬂ_l}
dx 3| dx

Substituting in equation (1), we obtain

l[dv }
—|—=1|=V
3| dx

Or % =3v+1 (Variable Separable form)
X

s =dx, Integrating
3v+1

%log(3v+ 1) =X+logc

Where, ‘c’ is the constant of integration.

1Og{(?)vﬂ)} 3y

C3

V+1
Or3:_=e3X
c

Put v=x+3y-1

Since, this curve passes through origin. Equation (1) gives —3=¢> Or ¢ =-3

Therefore  required equation of  the curve is given by
3X+9y—3=-3e"™ Or x+3y—1=—-€".

Example 6.3.3- At every point on a curve the slope is the sum of the abscissa and
the product of the ordinate and the abscissa and the curve passes through (0, 1).
Find the equation of the curve.

dy dy

Solution- It is given that, slope of the curve is PV =X+Xy Or PV =X(1+Yy)
X X

Or lﬂ = xdx (Variable SeperableForm)
Ty

Integrating, we obtain
2

log(1 + ) =X7+10gC

Where, C is the constant of integration.
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(+y) _

c €2 i, (1) is the equation of the curve

Since, this curve passes through the point (0, 1). Equation (1) gives

3:IOr C=2
C

Therefore  required  equation of the curve is  given by
y+1=2e""> Or y=2e"">-1.

Example 6.3.4- A curve is such that the length of the perpendicular from origin
on the tangent at any point P of the curve is equal to the abscissa of P. Prove that

dy

the differential equation of the curve is y’ —2xyd—— x> =0, and hence find the
X

curve.
Solution- Let the equation of the tangent at P(x, y) is given by Y —y = %(X - X)
X

Since the length of the perpendicular from origin on the tangent at any point P of
the curve is equal to the abscissa of P.

xg—y
- X~ _y

2
1+(dyj
dx
2 2
Or (xﬂ— y) =X 1+($/]
dx dx
Or X (@T +y —2xy$/ =X +X (@T
dx dx dx

Or y"—x —2xy$/:0
dx

This is the required differential equation of the curve.

Now, to find the equation of the curve, consider y* — 2xy% -x*=0
X

2
d D (1), it is homogeneous ODE of first order and first
dx 2xy
degree.
Put y=w= d =V+ xﬂ, then equation (1) gives
dx dx



dv v*x*-x

V+X— = 5
dx  2xV
dv_v-1 = v -2v-1 -Vl
dx 2v 2v 2v
22\/ dv= OIX(\/ariableSeperabIeforrr)
V' +1 X

Integratiig, weobtain
log(v* +1) =—logx+logc

Where, ‘c’ is the constant of integration.
Cc
Or log( +1) :log(—J
X
Or (V* +1):E Or x(V' +1)=c
X

ubstitutes =

X <

X2

y2
(—Hjx:cOr x> +y* =cX

This is the required equation of the curve.

Example 6.3.5- A plane curve has the property that the tangents from any point

on the Y-axis to the curve are of constant length ‘a’. Find the differential equation

of the family to which the curve belongs and hence obtain the curve.

Solution- Equation of the tangent at the point P(x, y) is Y — y=%(x -X) .
X

Since X =0.

.'.Y—y=g(0—x):>Y=y—xﬂ
dx dx

The point on Y-axis is (0, y— X;ﬂj .
X

The tangents from any point on the Y-axis to the curve are of constant length ‘a’.
This implies that

\/(O—x)z +(y—x%— y)z —a= (xz +x2(%j2]= a’
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A

Ji

d (Variable Seperable form)
X

\/7

———dx, integrating

2 2

a-+va’ —x
y =va’-x’ +alog————+¢c
X

Example 6.3.6- Determine the curve whose sub-tangent is twice the abscissa of
the point of contact and passes through the point (1, 2).

Solution- Let P(x, y) be the point on the curve. The sub tangent at P(x, y) is y.%

y.% =2x (Variable Seperable form)
y
Since .. L = 2Q, integrating
X y
s logx=2logy+1logC OF X=CY ..ceevvrerrrrrernne. )

This is the required equation of the curve. Since, this curve passes through the
point (1, 2).

From equation (1), we get |=4c Or c=

1
4
Hence, the equation of the curve is y° = 4X.

Example 6.3.7- Determine the curve in which the length of the subnormal is
proportional to the square of the ordinate.

Solution- Let P(x, y) be the point on the curve. The sub normal at P(x, y) is y.%
X
: dy , dy . o S
Since y.d—a y = y.d—— ky~, where ‘k’ is constant of proportionality.
X X

" d_ kdx (Variable Seperable form)
y
Integrating, we obtain
logy = kx+logc Or y = ce®
Where, ‘¢’ is the constant of integration.

Example 6.3.8- Show that the curve in which the portion of the tangent included
UGMM-104(N)/130 between the co-ordinates axes is bisected at the point of contact is a rectangular



hyperbola.

Solution- Let the tangent at any point P(x, y) of a curve cut the axes at T and T  as
shown in the following figure.

Since, its X -intercept is OT = X— y.d—
And its y -interceptis OT' = y— X.d—

Therefore, the co-ordinates of T and T are ( -y j— Oj and (O y—X- ((ij
y X

Since P is the mid-point of TT'.

(x y- g);j+0

2

=X

Or x—y-%:ZX Or x-dy+y-dx=0
y

Or d(xy)=0.Integrating, Xy =C

This represents the equation of the rectangular hyperbola, having ‘x” and’y’ axes
as its asymptotes.

Example 6.3.9- Find the curve for which the normal makes equal angles with the
radius vector and the initial line.

Solution- Let PT and PN be the tangent and normal at the point P(r,8) of the

curve so that tang=r ? Since ZOPN=90"—-¢=/0NP (as shown in the
r

following figure).

il'.n._l' i"-l‘! i
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0 =2/PON =180" —(180° —2¢) = 2¢
0 o dé .
Or 5=¢ tangztan(ﬁ:r'W (Variable Seperable Form)

dir: cot € -dé@. Integratin g, we obtain
r
.0
log r = 2 log sin 5+ log c
Or r =csin’ 9 _ LC(l— cos 6)
2 2
Thus , the curve is the cardioid r = a(l - cos @).

Example 6.3.10- Find the shape of a reflector such that light coming from a fixed
source is reflected in parallel rays.

Solution- In the XY-plane, let PP’ be the reflected ray, where P is the point (x, y)
on the curve f(x,y)=0.

If TPT' be the tangent at P, then angle of incidence = angle of reflection.
;. p=LOPT =/P'PT'=Z0OTP =y
ie, p= ;ﬂz tan £ XOP = tan 2¢
X

2 tan ¢ 2p

=1—‘[an2¢§_1—p2

or 2x=-_ yp which is solvable fOr X s oo .. (1)
p

Now, differentiating equation (1) w. r.t. “y’, we obtain

dp (1+p*)/p
r _— e =
ydy (1+p*)/p? P

9 _ _d_y’ int egrating , we obtain
p y
log p=-log y+logc

p
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Now, eliminating ‘p’ from equations (1) and (2), we obtain

2X =

2

y y

Z—yp=>2x=2—-c Or y*-c’=2cx Or y’> =c’+2cx
p C

Hence the reflector is the member of the family of paraboloids of revolution
y’ +2° =¢” +2¢X.

Test Your Progress-

(i) The tangent at any point of a certain curve forms with the ordinate axes a
triangle of constant area A. Find the equation to the curve.

(ii) Find the curve which passes through the origin and is such that the area
included between the curve, the ordinate and the X-axis is twice the cube
of that ordinate.

(iii) Find the curve whose
(a) Polar sub-tangent is constant
(b) Polar sub-normal is proportional to the sine of the victorial angle.

(iv) Determine the curve for which the angle between the tangent and the
radius vector is twice the victorial angle.

(v) Find the curve for which the tangent at any point P on it bisects the angle
between the ordinate at P and the line joining P to the origin.

(vi) Find the curve for which the tangent, the radius vector ‘r’ and the
perpendicular from the origin on the tangent form a triangle of area kr°.

6.4 ORTHOGONAL TRAJECTORIES

The concept of the orthogonal trajectories is of wide use in applied

mathematics especially in field problems. For instance, in an electric field, the

paths

along which the current flows are the orthogonal trajectories of the

equipotential curves and vice versa. In fluid flow, the stream lines and
equipotential lines (line of constant velocity potential) are orthogonal trajectories.
Likewise, the lines of heat flow for a body are perpendicular to the isothermal
curves. The problem of finding the orthogonal trajectories of a given family of
curves depends on the solution of the first order differential equations.
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Definition 6.4.1-

An orthogonal trajectory of a family of curves is a curve that intersects each curve
of the family at right angles, or orthogonally (as shown in the following figure 1).

Orthogonal trajectory

Figure 1: An orthogonal trajectory intersects the family of curves at right
angles, or orthogonally

For instance, each straight line through the origin in an orthogonal trajectory of
family of circles X* +Yy> =a’, centred at the origin is an orthogonal trajectory (as
shown in the following figure 2).

Figure 2: Every straight line through the origin is orthogonal to the family of
circles centred at the origin.

Such mutually orthogonal system of curves are of particular importance in
physical problems related to electrical potential, where the curves in one family
correspond to strength of an electric field and those in the other family correspond
to constant electric potential. They also occur in hydrodynamics and heat-flow
problems.

Equivalently,

Two families of curves are such that each curve in either family is
orthogonal (whenever they intersect) to every curve in the other family. Each
family of curves is orthogonal trajectories of the other. In case the two families
are identical, then we say that the family is self-orthogonal.

Note- Orthogonal trajectories have important applications in the field of physics.

For Example- The equipotential lines and the streamlines in an irrotational two
dimensional flow are orthogonal.



Slope ==lfdy/dx ~ __——

Slope = dy/dx

Orthogonal Trajectories

To find the orthogonal trajectories of the family of curves F(x, y, ¢)=0 [i.e.,
Cartesian Form|-

i.  Form its differential equation in the form f (X, Y, %) =0 by eliminating
X
‘c’.
. dy ax . .. .. . .
ii.  Replace v by Y in this differential equation, (so that the product of
X y

their slopes at each point of intersection is -1).

iii.  Solve the differential equation of the orthogonal trajectories of the form

f[x,y,—%jzo.

Example 6.4.1- Find the orthogonal trajectories of family of straight lines through
the origin.

Solution- The family of straight lines through the origin is given by,

Differentiating equation (1) w.r. t 'X', we obtain

dy
= =M i 2
” )
Eliminating ‘m’ from equations (1) and (2), we get
Y_Y o XY =Y =0 e, 3)
dx x

This represents the ODE for the family of straight lines represented by the
equation (1).

Now, replace % by _ & in this differential equation represented by the
X y

equation (3).
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This represents the ODE for the orthogonal family of straight lines represented by
the equation (1).

Integrating equation (4), we obtain

2 2 2
XY _C o x> +y*=c?
2 2 2

This represents the family of circles with centre at the origin (as shown in the
following figure).

e i
y “
S _— \\
i M A
£ b
'a \ \ |
— i 1
\ * o
W F |
l‘.
\\ 7
\ y
\'\. \‘H‘ -
\\,\ J,/’/

Example 6.4.2- Find the orthogonal trajectories of family of curves xy=a, a#0
is an arbitrary constant.

OR

If the stream lines (paths of fluid particles) of a flow around a corner are
Xy = constant, find their orthogonal trajectories (called equipotential lines).

Solution: The given family of curves xy = arepresents the family of parabolas ,

This represents the ODE for the family of straight lines represented by the
equation (1).

dy

Now, replace by _ K in this differential equation represented by the

dx dy
equation (2).

—x%+ y=0 Or xdx=ydy
dy



This represents the ODE for the orthogonal family of straight lines represented by
the equation (1).

Integrating equation (3), we obtain

2 2 2
X Y% orx-y=c
2 2 2

This represents the family of hyperbolas (as shown in the following figure).
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Example 6.4.3- Find the orthogonal trajectories of family of semicubical parabola

ayz — 3

Solution- The given family of curves ay’ = X represents the family of semi
cubical parabolas ,

Eliminating ‘a’ from equations (1) and (2), we get

2y dy =3x> Or == 2xdy =3
y* Jdx y dx

This represents the ODE for the family of semi cubical parabolas represented by
the equation (1).
dy

X

Now, replace by —% in this differential equation represented by the
y

equation (3).
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_%%:3 (Variable Seperable Form)
y ay

. —2xdx=3ydy. Integrating, we obtain,

2 2 2
_2(X_j+c_: {y_j
2 ) 2 2
Or 2X 43V  =C" oo 4)

This represents the family of circles with centre at the origin (as shown in the
following figure).

Example 6.4.4- Find the orthogonal trajectories of system of confocal and coaxial
parabolas.

Solution- The equation of family of confocal parabolas having X-axis as their
axis is given by,

V> =4a(X+8) oo (1)
Differentiating equation (1) w. r. t 'X', we obtain

dy

dy
2y—==4a Or =28 e, 2
ydx yd (2)

o
Eliminating ‘a’ from equations (1) and (2), we get

y’ = 2yﬂ(x+zﬂ] Or y= 2ﬂ(x+zﬂj

dx 2 dx dx 2 dx
Or 2xﬂ+ y(ﬂ]z -y=0 3)
ix B ) YT O s

This represents the ODE for the family of confocal parabolas represented by the
equation (1).

Now, replace % by —% in this differential equation represented by the
X y

equation (3).

2 2
2{—%]“{—%} -y=0 Or —2x%+y£%j -y=0
dy dy dy “(dy

2
or ff ) cox P _y—g 4)
dy dy

This is same as equation (3)

Thus, we see that a system of confocal and coaxial parabolas is self-orthogonal,
each member of the family (1) cuts every other member of the same family
UGMM-104(N)/138 orthogonally.



Example 6.4.5- Find the orthogonal trajectories of family of confocal conics

X2 y2
— +— =1, where A is the parameter.
a a+4
X2 y2
Solution- We have —+— =1 (1)
a- a +4
Differentiating equation (1), we get
2_;<+_22y ﬂ:o Or ler 2y ﬂ=0
a~ a +4dx a~ a +4dx
2
or -4 - X Y X )

2 ) Or — =2
a +4 a“(dy/dx) a +4 a(dy/dx)

To eliminate ‘A’ , Substituting this in the equation (1), we get

2 2
=1 Or X_2=1+ﬁ2%
a” a‘(dy/dx) a a” dy
Or x2= a2+xy% Or (xz—az)ﬂ=xy ....................... (3)
dy dx

This is the differential equation of the given family of curves represented by the
equation (1).

dy

Now, replace PV by —% in this differential equation represented by the
X y

equation (3), we get

—(x* - az)% =xy Or (a’- xz)% = xy (Variable Seperable Form)
y y

2 2
; (a—;x)dx: ydy. Integrating, We Obtain

2 2

a’ logx—7:y7+c

This is the equation of the required orthogonal trajectories.
Test Your Progress-

i.  Find the orthogonal trajectories of family of parabolas Yy = 4ax.

ii.  Find the orthogonal trajectories of family of parabolas y=ax’.

iii. Find the orthogonal trajectories of family of Coaxial circles
X* + Yy’ +21X+C=2, ‘A’ being the parameter.

iv. Find the orthogonal trajectories of family of Confocal conics
2 2
2X + 2y =1, ‘A’ being the parameter.
a+4 b +4 UGMM-104(N)/139
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v.  Show that the family of parabolas X* =4a(y+a) is self orthogonal.

vi. The electric lines of force of two opposite charges of the same strength at
(+1, 0) are circles (through these points) of the form X +Yy* —ay=1. Find
their equipotential lines (orthogonal trajectories).

6.5 TO FIND THE ORTHOGONAL TRAJECTORIES
OF THE FAMILY OF CURVES F(.,0,00=0][LE.,

POLAR FORM]

i.  Form its differential equation in the form f (r,@, g—;j = 0 by eliminating

[P

Cc.

1.  Replace ar by —r? a9 in this differential equation.

-+ for the givencurvethroughP(r, ), tang = r.?
r

and for the orthogonaltrajectorythroughP tang’ =tan(90° +¢) = —cotg = —l%
r

Thus fo gettingthe differental equationof theorthogonaltrajectory

dé . 1 dr dr . do
r-— istobereplacedby ——-— Or — istobereplacedby —r?-—
L dr P y r do dée ® y dr

iii.  Solve the differential equation of the orthogonal trajectories of the form

f(r,&,—rzﬁjzo.
dr

Example 6.5.1- Find the orthogonal trajectories of family of straight lines through
the origin in polar form.

Solution- The family of straight lines through the origin is given by,

Differentiating equation (1) w.r. t 'r', we obtain



This represents the ODE for the family of straight lines represented by the
equation (1).

Now, replace 3—; by —rz% in this differential equation represented by the
r

equation (2).

This represents the ODE for the orthogonal family of straight lines represented by
the equation (1).

Integrating equation (3), we obtain, r =c.
This represents the family of circles with centre at the origin.
Example 6.5.2- Find the orthogonal trajectories of the cardioides r = a(l —cos ).

Solution- Given equation of the cardioide is,

r=a(l-cos@) ... ... (1)

Differentiating equation (1) w.r. t '6', we obtain

This represents the ODE for the family of straight lines represented by the
equation (1).

Now, eliminating ‘a’ from equations (1) and (2), we obtain
r

From equation (1), r =a(l—-cosd) Or a=

1-cos@
Equation (2) gives,
2rsi 9 o5’
dr rsiné st 2 cos 0
40 1=cos0 -rey
cos 26in2 ?
2
r 0
. ——=rcot—
deo 2

Now, replace 3—; by —rz% in this differential equation represented by the
r

equation (2).
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2% = rcotg Or —r% = cotg (Variable Separable Form)
dr 2 dr 2

—r
This represents the ODE for the orthogonal family of cardioides represented by
the equation (1).

tang d6’:—ﬂ ...................... (3)

r

Integrating equation (3), we obtain,
0
2logcosz+ logr =logc
0
Or logr = 210gcos5+ logc

Or r=ccos’6/2= §(1+ cosd)
Or r=a’'(1+cos0)
This represents the required orthogonal trajectory.

Example 6.5.3- Find the orthogonal trajectories of the family of r" = asinné.
Solution- Given equation of the family of curves is,
r" =asinné
Taking ‘log’ on both sides, we get
nlogr =loga+logsinnd............. ... (1)
Differentiating equation (1) w.r. t '6', we obtain

ndr ncosnéd

—_— = =cotnd
rdé sinné@
dr
———=cotN@ .o 2
“9g = C° (2)

This represents the ODE for the family of the curves represented by the equation
(D.
dr ,dé . .. ) .
Now, replace a0 by —r o in this differential equation represented by the
r
equation (2).
1 (_ r’de

r r

j=cotn6’

Or —r %=cotn9 (Variable Separable Form)
r



.. tan n6’d6’=—ﬂ ............................ 3)

r

Integrating equation (3), we obtain,

—llogcos néd+logr =logc
n

Or —logcosnd+nlogr =nlogc

rn
cosnéd

Orr"=c"cosné

n

Or c

This represents the required orthogonal trajectory.

Example 6.5.4- Find the orthogonal trajectories of the curves
r =2a(cosf+sinf).

Solution: Given equation of the cardioide is,

r =2a(cos@+sinf) ............. ... (1)

Differentiating equation (1) w. r. t '6', we obtain

% =2a(cos@—sinf) .....cceeeue. (2)

This represents the ODE for the family of straight lines represented by the
equation (1).

[P

Now, eliminating ‘a’ from equations (1) and (2), we obtain
r

From equation (1), r =2a(cos@ +sind) Or 2a=——
(cos@ +sin 0)

Equation (2) gives,

dr _ r(cos@—sinb) o
40 (cos@rsin@) =TT

Now, replace ar by —r? a9 in this differential equation represented by the
equation (3).
—rzﬁz r(cosé —sin 8)
dr  (cos@+sinB)
d@ (cos@—sinb)

Or - r—=-—""——"2(Variable arable Form
dr (cosH+sin9)(V =P )

This represents the ODE for the orthogonal family of cardioides represented by
the equation (1).
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(cos@+sinH) 40 - dr

(COSQ—sin 9) - _T ...................... (3)

Integrating equation (3), we obtain,

—log(cos@ —sinf) =—logr +logc

Or logl —— |=logc
g(cos@—sin@j 8
Or r =c(cosf—sinb)

This represents the required orthogonal trajectory.

2a
1+cosd

Example 6.5.5- Find the orthogonal trajectories of r =

Solution- Given equation of the curve is,

_ 2a
1+cos@

Differentiating equation (1) w. r. t '6', we obtain

dr 2a . 2asin @
— = (-sinf)=—>
do (14 cosf) (1+cos )

This represents the ODE for the family of curves represented by the equation (1).

[P

Now, eliminating ‘a’ from equations (1) and (2), we obtain,

28 Or 2a=r(1+cosf)
1+ cos@

From equation (1), r =

Equation (2) gives,

dr _r(l+cos@)sind _ rsind
deo (1+cos @)’ 1+ cosé

2r si Q Q
dl’ ~ SIn—COS

Oor —=
dé

2cos’ —
2

Now, replace —3; by _rz_(;@ in this differential equation represented by the
r

equation (3).

0

r? 9_”
— - = an —
dr 2

Or —r?ﬂang (Variable Separable Form)
r

This represents the ODE for the orthogonal family of curves represented by the
equation (1).



Cotgdez—E ...................... (4)

r

Integrating equation (4), we obtain,

210gsin§ =—logr +logc

Or sin2—=E
r
Oor (l—cosﬁ):E
2 r
Orr= 2¢
1—cos@

This represents the required orthogonal trajectory.

Test Your Progress-

1.

1l

1il.

1v.

Find the orthogonal trajectories of family of cardioidesr = a(l +cos @) .
Find the orthogonal trajectories of the family of curves r* = a* cos26 .
Find the orthogonal trajectories of the family of curves r" cosngd =a".

Show that the family of curves r" =asecnd and r" =bcosecnd are
orthogonal.

6.6

ISOGONAL TRAJECTORIES (OR OBLIQUE
TRAJECTORIES)

Two families of curves such that every member of either family cuts each

member of the other family at a constant angle a (say), are called isogonal or
oblique trajectories of each other. The slopes mi and mz of the tangents to the
corresponding curves at each point are connected by the relation

m-m,

= tan @ = constant (as shown in the figure).

1+mm,

Slope=m,

Slope=m,

Figure: Oblique ( Or Isogonal)Trajectories
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In other words,

Here the two families of curves intersect at an arbitrary angle o 6= /2. Suppose
the first family be

f(XY,6)=0 oo, (1).
To find the oblique trajectories of this family we proceed as follows. First,
differentiate (1) w.rt. X’ to find £, (X, ¥, ¥/, €)=0 oo Q).
Eliminate ‘c’ between the equations (1) and (2) to find the differential equation ,
06 Y )=0 3).
If my, is the slope of this family, then we write equation (3) as
£ Y, M)=0 oo (4).
Let m2 be the slope of the second family. Then,
m-m =ttanc .
I+mm,
m *tanx

Thus, we find m _lin}tana'

Hence, from equation (4), the ODE for the second family satisfies
Ttana
Bl X Yt =0
1Fm, tan
Replacing mz by y', the ODE for the second family is written as
tTtana
AR R
2 ( 1$ y tange | T ( )

General solution of equation (5) gives the required oblique trajectories.

Note- If we let @ —> % , we obtain the orthogonal trajectories.

Example 6.6.1- Find the oblique trajectories of the family of circles X* + Yy’ =a’,
which intersect at 45°.

Solution- Given family of circles is X* +y° =a° ........ccoounn.... (1)
Differentiate the equation (1) w. r. t ‘x’. We obtain

2x+2y1y:0 Or y__ X Ory =—x/y
dx dx vy
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For the oblique (Or isogonal)  trajectories, we  replace

Y ttan@/4) Y £l
1Ty tan@/4) 1Ty

"1 x
Thus, the ODE for the oblique (Or isogonal) trajectories is given by y =——

/

S
ey
L (X+Y)Y ==(x+Yy) Or (x+Yy)y =(y-X)
y—X
X+y

=== Y ED=xATY)

Thus,y' =—1 Or y =

Integrating, we obtain

y=-x+¢  Or y =y =Y~% (homogeneous ODE)
X+ y

Example 6.6.2- Find the oblique trajectories that intersects the family y=Xx+ A
at an angle of 60°.

Solution- Given family if curves is Y=X+A ................... (D)
Differentiate the equation (1) w. r. t ‘x’. We obtain

dy /
—=1 Or =1.
dx y

For the oblique (Or 1sogonal) trajectories, we replace
;o y +tan(z/3) ~ y +43
17y tan(z/3) 1343y

/
+
Thus, the ODE for the oblique (Or isogonal) trajectories is given by y = \/5/ =1
173y
y' V3 / - /
X=X o Yy +3=1343
173y y T3y

S A+3)Y =1-+3 Or (1-3)y =1++3

-3 o y/=1+\/§

1+/3 1-3

Integratin g, we obtain

y—l_\/g
1+\/§

Thus, vy’ =

; 1++/3

X+ C, Or y=1 NG

X+C,

6.7 SUMMARY
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In this unit, we studied Geometrical application of differential equation

based on tangent, normal, subtangent etc. to find orthogonal trajectories in
Cartesian and polar form, also to find oblique trajectories.

6.8 TERMINAL QUESTIONSS
1)  Find the Cartesian equation of the curve whose subtangent is constant.
2) Show that the parabola is the only curve in which the subnormal is
constant.
. . . dy a
3) Find the orghugant trajectories of the system of curve (E) = |3
4)  Find the orthogonal trajectories of r = ae™?,
5)  Find the equation of the family of oblique trajectories which cut the line
y = mx at 45°.
6.9 ANSWERS TO EXERCISES

Test Your Progress-

®

y=ax+b (i) x=3y’ (ii) (@ r@-a)=c (b)
r=a+bcosé

(iv) r’=a’sin20 (v) ¢’x* =2cy+1  (vi) r = ae’*”

Test Your Progress-

®

2 +y* =cC (i) x> +2y°=C’ (i) X’ +y’ +21y—C=0

(iv) This system is self orthogonal vi) X’ +y* +cx+1=0

Test Your Progress

@

r =c(l1-cos®) (i) r* =c’sin26  (iii) r"nsin@=c



UNIT-7 PHYSICAL APPLICATIONS OF
DIFFERENTIAL EQUATIONS OF
FIRST ORDER AND FIRST DEGREE

Structure

7.1 Introduction
7.2 Objectives

7.3 Physical applications of differential equations of first order and
first degree

7.4 Newton's Law of Cooling

7.5  Kirchhoff’s Laws of Electric Circuits
7.6  Heat flow

7.7  Chemical Reactions

7.8 Summary

7.9  Terminal Questions

7.10 Answers to exercises

7.1 INTRODUCTION

Applied mathematics involves the relationships between mathematics and
its applications. Often the type of mathematics that arises in applications is
differential equations. Thus, the study of differential equations is an integral part
of applied mathematics.

Differential equations are found in many areas of mathematics, science,
and engineering. One may be surprised to see the way in which differential
equations dominate the study of many aspects of science and engineering.

Differential equations are very important mathematical subject from both
theoretical and practical perspectives. The theoretical importance is given by the
fact that most pure mathematical theories have applications in differential
equations.

Applied mathematics is said to have three fundamental aspects;

Firstly, the modelling process by which physical objects and processes are
described by physical laws and mathematical formulations. Since so many
physical laws involve rates of change (or the derivative), differential equations are
often the natural language of science and engineering.

Secondly, the analysis of the mathematical problems that are posed. This
involves the complete investigation of the differential equation and its solutions.
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Thirdly, however, the mathematical solution of the differential equation
does not complete the overall process. The interpretation of the solution of the
differential equation in the contest of the original physical problem must be given,
and the implications further analysed.

The practical importance is given by the fact that the most important time
dependent scientific, social and economical problems are described by differential
equations. The bridge between nature (or universe) and us is provided by
mathematical modelling, which is the process of finding the correct mathematical
equations describing a certain problems. This process might start with
experimental measurements and analysis, which leads to differential equations.

Many real-world problems, when formulated mathematically, lead to
differential equations. We encountered a number of these equations in previous
units when studying phenomena such as the motion of an object moving along a
straight line, the simple harmonic motion of moving object, simple electrical
circuits, heat flow of an object, the decay of a radioactive material, the growth of
a population, and the cooling of a heated object placed within a medium of lower
temperature.

In the previous units we introduced differential equations of the form

ﬂz f(X), where f is given and y is an unknown function of X. When f is

dx

continuous over some interval, we learned that the general solution y(X) was
found directly by integration, Yy = J- f (X)dx. And we also investigated differential

dy

equations of the form d—: f(X,y), where f is a function of both the
X

independent variable X and the dependent variable y. There we learned how to
find the general solution when the differential equation is separable.

In this unit we further extend our study to include other commonly
occurring first-order differential equations. They involve only first derivatives of
the unknown function y(X), and model phenomena such as simple electrical
circuits, or the resulting concentration of a chemical being added and mixed with
some other fluid in a container.

In this unit, we shall consider only such practical problems which give rise
to differential equations of the first order and first degree.

Also, we present a sufficient number of applications to enable the students
to understand how differential equations are used and to develop some feeling for
the physical information they convey.

7.2 OBJECTIVES

After reading this unit students should be able to:

»  Understand the physical applications of ODE’s of first order and degree
»  Apply Newton’s law of cooling



Understand to model the electrical circuits and solve the first order
ordinary differential equations which arise.
Understand the Chemical applications of ODE’s of first order and degree

7.3

Physical Applications of Differential Equations of
First Order and First Degree

In applications, the dependent variables are frequently functions of time,

which we denote by ‘t’. Some applications such as Newton's Law of Cooling,
Kirchhoff’s Laws of Electric Circuits, Motion under Gravity, Rectilinear Motion,
Simple Harmonic Motion, Rate of Growth or Decay, Heat flow are discussed
here. In all these cases, modelling, analysis and interpretation are important.

74 NEWTON'S LAW OF COOLING

Modelling the Newton’s Law of Cooling, according to this law, the

temperature of a body changes at a rate which is proportional to the difference in
temperature between that of the surrounding medium and that of the body itself.

If g, is the constant temperature of the surrounding medium and ‘0’ is the

temperature of an object at time ‘t’. Then,

déo

dt

—k(6-6,), where ‘k’ is a constant.

Note- In case of process of heating, Newton’s law is given by, % =k(0-6,),

where ‘k’ 1s a constant.

Example 7.4.1- If the temperature of the air is 30° C and the substance cools from
100° C to 70° C in 15 minutes, find when the temperature will be 40° C.

Solution- If ‘0’ be the temperature of the body at any time ‘t’, then

% =—k(6-30), where ‘k’ is a constant.
de : :
=—kdt, Integrating, we obtain
(0-30)

log(6 —30) =—kt +logc, where'c'isthe constant of integration

Or (0-30)=ce™ ..o, (1)

When t =0, 6 = 100° C and when t=15, 6 = 70°.

From equation (1), we get (100-30)=ce™® =¢c=70

And again from equation (1), (70-30)=70e"** = k=0.0373077191

Thus, equation (1) becomes, (6 —30)=70e @770 ()
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Now, when 0 = 40°C, equation (2) gives,
(40—30) =70 "PPIDY — t =52 15 mins

Example 7.4.2- If the air is maintained at 30° C and the temperature of the body
cools from 80° C to 60° C in 12 minutes. Find the temperature of the body after 24
minutes.

Solution- If ‘0’ be the temperature of the body at any time ‘t’, then

% =—k(6-30). Where ‘k’ is a constant.

do
(0-30)

= —kdt, Integrating, we obtain

log(6 —30) =—kt +logc, where'c'isthe constant of integration

Or (0-30)=ce™ ..o, (1)

When t =0, = 80° C and when t=12, 6 = 60°.

From equation (1), we get (80-30)=ce ™ ® = ¢=50

Again from equation (1), (60—30)=50e"** = k =0.0425688019

Thus, equation (1) becomes, (8 —30) =50 ¥t . (2)
Now, when t = 24 mins, equation (2) gives,
(0 _ 30) — Soe—(0.04256880]9)24 = 0 — 480C

Example 7.4.3- A body originally at 80° C cools down to 60°C in 20 minutes, the
temperature of the air being 40° C. What will be the temperature of the body after
40 minutes from the original?.

Solution- If ‘0’ be the temperature of the body at any time ‘t’, then

% =-k(6—-40), where ‘k’ is a constant.

deo
(0 - 40)

=—kdt, Integrating, we obtain

log(6# —40) =—kt +logc, where'c'isthe constant of integration
Or (0—40)=ce™ ..oveereenn. (1)

When t =0, 6 = 80° C and when t=20, 6 = 60°.

From equation (1), we get (80—-40)=ce ™ ” = c=40

Again from equation (1), (60—40)=40e"* = k =0.034657359



Thus, equation (1) becomes, (6 —40)=40e O ()
Now, when t = 40 mins, equation (2) gives,
(0 _ 40) — 40 e—(0.034657359)40 = 0 — SOOC .

Example 7.4.4- A body is exposed to a constant temperature of 280 K. After 1
minute the temperature of the body is 350 K and after 5 minutes it is 310K. Find
an expression for the temperature 6 at time t. Sketch the graph of 0 against t for
t>0.

Solution- If ‘0’ be the temperature of the body at any time ‘t’, then

% =k(6 —280), where ‘k’ is a constant.

déo

s ——2  — kadt , Integrating, we obtain
(6 -280)

log(6 —280) =kt +logc, where'c'isthe constant of integration

Or (0-280)=cC€ ...cocevvirrieennn (1)
When t = 60 Secs, 6 = 350K and when t=300 Secs, 6 = 310K.
From equation (1), we get (350 —280)=ce*™* = ¢ =70e %

Again from equation (1),

(310 —280) = 70e % (e*) Or e** = % = k = —0.003530407

Thus, equation (1) becomes,
(6-280)=70e"""% Or 6 =280+86.49e "33
Next, to sketch the graph of 0 against t for t>0, we need to find the value of 0 at t
=0:
0 =280+86.49€" = 280 +86.49 = 366.49 .

The graph in the following figure shows that the temperature of the body will
eventually reach very close to the temperature of the surroundings at 280 K. This

is because 86.4986.49 x & *31°7) s the transient term and decays to zero as t gets
large.

Y

366.49
 9=280+86.49¢

.
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Test Your Progress-

1)

2)

3)

4)

An object is initially at 400 K, and the constant surrounding temperature is
300 K. Determine an expression that gives the temperature 6 =0(t) at

time t.

Newton’s law of cooling gives % =k(0-T), where 0 is the temperature

at time t, T is the constant surrounding temperature and k is a constant.
Given that 8(0) =T,. Show that@ = (T, -T)e" +T.

A body is at a temperature of 373 K. After 5 minutes the temperature of
the body is 330 K. Find an expression for 8 = 6(t) given that the constant
surrounding temperature is 300 K. Sketch the graph of 6 against t for
t > 0. What does € tends to as t tends to .

By applying Newton’s law of cooling to an object we obtain

% = k(6 -320) where @ is the temperature at time t and k is a constant.

Given that when t =0, € =348 K, find an expression for 6.

7.5

SIMPLE ELECTRICAL CIRCUITS (KIRCHOFF'S
LAWS OF ELECTRICAL CIRCUITYS)

Here, we examine electrical engineering applications. In electrical principles

R L and C are constants representing resistance, inductance and capacitance
respectively.

E represents the e.m.f. and v=v(t), | =1(t) Or i =i(t) represents voltage and
current respectively at time t.

We shall consider circuits made up of three passive elements: resistance,
inductance and capacitance. An active element: voltage source which may be a
battery or a generator.

Symbols-
»  Quantity of electricity  : Symbol is Q ( Or q ): Unit of measurement is
Coulomb.
»  Current (“ time rate flow of electricity”): SymbolisI (Ori):
Unit of measurement is ampere (A).
—|
—AMMMMN—
»  Resistance (R) : Symbol is R : Unit of measurement is

ohm (Q).



>

>

A
Inductance (L) : Symbol is L : Unit of measurement is
henry (H).
+ -
0=
Capacitance (C) : Symbol is C : Unit of measurement
is farad (F).
I
Battery, E = ¢mwtanf

E5)
&

Generator, E = YVartable

Electromotive force (e. m. f) Or voltage, E:
Unit of measurement is volt (V).

Loop is any closed path formed by passing through two or more elements
in series.

Nodes are the terminals of any of these elements.

Ohm’s Law- Current is the rate of flow of electricity.

>

V =IR (Ohm's Law). The voltage v, across an inductor of inductance L
(figure 1), is given by

) R
— i} [Resistor]

—y
el

v

Figure. 1

V= L-% , the voltage v, across an inductor of inductance L (Figure. 2),
is given by

. L
[ [Inductor]
|

A =

7]

Figure. 2

. dv . . .
i=C ek the voltage v, across a capacitor of capacitance C (Figure 3),
is related to the current.

Sy _
|| [Capacitor]

A

v

Figure. 3
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Note: Remember that R, L and C are positive constant.

Basic Relations-

. dg :
> i=— Or g=|i-dt
a O a=]

»  Voltage drop across the resistance (R)=Ri .
di

»  Voltage drop across the inductance (L)= LE

»  Voltage drop across the inductance (C):%

Kirchhoff’s Laws-

1.  The algebraic sum of the voltage drops around any closed circuit is equal
to the resultant electromotive force in the circuit.

2. The algebraic sum of the currents flowing into (or from) any node is zero.

Note- The formulation of differential equations for an electrical circuit depends
on these two Kirchoff’s laws which are of cardinal importance.

Below is the explanation of Kirchhoff’s Law.

Sum of the voltage rises = sum of the voltage drops

v

Figure. 4: Applied voltage to the circuit is v and vy, v2 and v3 are voltage
drops

With reference to the just above figure, Kirchhoff’s law says; v=Vv, +V, +V,

Now, we use these rules to form differential equations of electrical circuits.

Modelling of Electric circuit containing the resistance R and inductance L in
series with a voltage source (battery) E-

R
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Let ‘I’ be the current flowing in the circuit at any time ‘t’. Then by Kirchhoff’s
first law, we have sum of voltage drops across R and L = E.

e R+LYEor LYy p-gor *, R _E
ot dt d L L

This represents Leibnitz’s linear equation.

Modelling of Electric circuit containing the resistance R and capacitance C in
series with a voltage source (battery) E-

] Y
| 7!

Let ‘I’ be the current flowing in the circuit at any time ‘t’. Then by Kirchhoff’s
first law, we have sum of voltage drops across R and C =E.

. 1 dQ 1 aQ 1
ie,RI+—Q=E Or R—+—Q=E Or —+—Q=—
CQ dt CQ dt RCQ R

This also represents Leibnitz’s linear equation.

Modelling of Electric circuit containing the resistance R, inductance L and
capacitance C in series with a voltage source (battery) E-

T‘M ,

LY |
C.-'l

Let ‘I’ be the current flowing in the circuit at any time ‘t’. Then by Kirchhoff’s
first law, we have sum of voltage drops across R, L and C = E.

ie, RI+Ld—|+iQ E Or |_d_|+R| —Q E Or sz RdQ E
dt dt dt2 L dt LC L

This represents the LDE of second order.

Example 7.5.1- With reference to the following figure, which consists of a
resistor of resistance R, connected in series with an inductor of inductance L, and
an applied constant voltage E.?

—— |

E

AR AN
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i

ii.

iii.

iv.

Obtain a first order differential equation for the current i at time ‘t’
Solve this differential equation for the initial condition, when t=0, 1= 0.
What is the value of i as t—o0.

Sketch the graph of ‘i’ versus ‘t’ for t>0.

Solution- By applying Kirchhoff’s law to the circuit, we have

i.

ii.

iii.

iv.

UGMM-104(N)/158

Voltage drop across the resistance (R)=Ri .
Voltage drop across the inductance (L)= L%
By applying the Kirchhoff’s law to the circuit, we obtain,

E =Voltagedrop acrossresistan ce(R) +Voltage drop acrossinductance(L)

.'.E:RI+L-ﬂ Or L~ﬂ+RI:E Or ﬂ+BI:E
dt dt dt L L

This represents Leibnitz’s linear equation.

To solve this equation,

R
7t . . . .
- I.F =et ,it’s general solution is given by,
R

R R R
et :J'%eLthc — 1 .et :%-eLt -(%j+c

Since, when t =0, I = 0. Equation (1) gives, C= % .

Thus, the general solution of the above differential equation is given by

R
I :E(HeLtJ.
R

Since R and L are positive, we have

R R E
t>0,e L >0ast—owand sol —>E.

At t = 0, I = 0 therefore the graph goes through the origin and is

asymptotic to the line | = E (as shown in the below figure).



Example 7.5.2- With reference to the following figure, which consists of a
resistor of resistance R = 3 Q, connected in series with an inductor of inductance
L =5 H, and an applied constant voltage E =240 Volts.

1. Obtain a differential equation giving the current I at time t.
ii.  Solve the differential equation for the initial condition, when t =0, I = 0.
Solution- By applying Kirchhoff’s law to the circuit, we have

i.  Voltage drop across the resistance (R)=Ri .
) di
Voltage drop across the inductance (L)= LE
By applying the Kirchhoff’s law to the circuit, we obtain,

E =Voltagedrop acrossresistan ce(R) +Voltage drop acrossinductance(L)

.'.E:RI+L-ﬂ Or L~ﬂ+RI:E Or ﬂ+BI:E ..................... )
dt dt dt L L

Since, R=3Q and L=5H , E =240 Volts. (Given)
Now, Equation (1) gives,

a3y 240
dt 5

Or d—|+O.6I =240
dt

This represents Leibnitz’s linear equation in terms of ‘I’ and ‘t’.
ii.  To solve this equation,

o 1.F =€"%, it’s general solution is given by,

0.6t
e = [240 €™t +C = 1 € = 240(% - j-+c

Thus, | -e™ =400."" -+c Or | =400+ce ™

Since, when t =0, I = 0. Equation (1) gives, c=—400.

Thus, the general solution of the above differential equation is given by,
| =400 -400e " =400(1-e").

Example 7.5.3- Show that the differential equation for the current I in an
electrical circuit containing an inductance L and a resistance R in series and acted

. . . . dl .
on by an electromotive force Esin ot satisfies the equation LE + Rl =Esinawt .

Find the value of the current at any time ‘t’, if initially there is no current in the
circuit.
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Solution- By Kirchhoff’s first law, we have sum of voltage drops across
Rand LisEsinawt .

ie., Rl + LZ—IZ E sin ot

This is the required differential equation which can be written as
d R, E.

—+—| =—sinwt

dt L L

This represents Leibnitz’s linear equation in terms of ‘I’ and ‘t’.

To solve this equation,

R

R
—dt
S F = eIL = el , it’s general solution is given by,

B T o Ep Tt
| -et :jts1nwteL di+c = 1| -et :fJ‘eL sinwt-dt+c

R

R L
Thus, | - eLt = E © sin(a)t —tan™ ﬁj +C
L J(R/L) + 002 R
R E R

et = sin(ot —¢)+ ce b where tan ¢ = L—Fj)

VIR + 0’
This is the required general solution.

Observation- As ‘t’ increases indefinitely, the exponential term will approach
zero. This implies that after sometime the current I(t) will execute nearly
harmonic oscillations only (as shown in the following figure).

()
I Exponential
; /ffrm ini

Figure

Check Your Progress-

1. When a switch is closed in a circuit containing a battery E, a resistance R
and an inductance L, the current I build up at a rate given by

Ld—|+ Rl = E. Find I as a function of t. How long will it be, before the

current has reached one half its final value if E = 6 volts, R = 100 Ohms
UGMM-104(N)/160 and L= 0.1 Henry.



When a resistance R ohms is connected in series with an inductance L
henries with an e.m.f of E volts, the current ‘I’ amperes at time t is given

by L%+ RI =E. If E = 10 sint volts and = 0 when t = 0, find I as a

function of t.

A resistance of 100 Q, an inductance of 0.5 Henry are connected in series
with a battery of 20 volts. Find the current in the circuit at t = 0.5 sec, if I
=0att=0.

The equation of electromotive force in terms of current I for an electrical

circuit having resistance R and condenser of capacity C in series is
A (0| S . .

E=R+ J.E Find the current I at any time t when E=E_ sinat .

A resistance R in series with inductance L is shunted by an equal
resistance R with capacity C. An alternating e.m.f. E sinpt produces
currents I1 and Iz in two branches. If initially there is no current, determine
I1 and Iz from the equations.

L%* Rl = Esin pt and %+ R%= pEcos pt. Verify that if R°*C =1L,

C Esin pt
the total current i, +i, will be =S P

7.6

HEAT FLOW

The fundamental principles involved in the problems of heat conduction are:

1.

11.

Heat flows from a higher temperature to the lower temperature.

The quantity of heat in a body is proportional to its mass and temperature.

Heat- The form of energy that can be transferred from one system to another as a
result of temperature difference.

>

>

>

Thermodynamics is concerned with the amount of heat transfer as a
system undergoes a process from one equilibrium state to another.

Heat Transfer deals with the determination of the rates of such energy
transfers as well as variation of temperature.

The transfer of energy as heat is always from the higher-temperature
medium to the lower-temperature one. Heat transfer stops when the two
mediums reach the same temperature.

Heat can be transferred in three different modes: conduction, convection,
and radiation.

Conduction heat transfer-

>

Conduction: The transfer of energy from the more energetic particles of a
substance to the adjacent less energetic ones as a result of interactions
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between the particles.

» In gases and liquids, conduction is due to the collisions and diffusion of
the molecules during their random motion.

»  In solids, it is due to the combination of vibrations of the molecules in a
lattice and the energy transport by free electrons.

Rate of conduction-

»  The rate of heat conduction through a plane layer is proportional to the
temperature difference across the layer and the heat transfer area, but is
inversely proportional to the thickness of the layer.

Heat conduction through a large plane wall of thickness Ax and area A

(Area)(Temperature Difference)
Thickness

Rate of heat conduction «

- T-T AT
=KA L2 = KA— 1
QConductlon AX AX ( )

Fourier Law of Heat Conduction-

“The rate of heat-flow across an area is proportional to the area and to the rate of
UGMM-104(N)/162 change of temperature with respect to its distance normal to the area”.



=T, adT

) = KA. 2 _ _KA
QConductlon AX AX
When x — 0, Q4 = —KA(Z—T

X

In heat conduction analysis, A represents the area normal to the direction of heat
transfer.

Equivalently,

If q (cal/sec) be the quantity of heat that flows across a slab of area o (cm?) and
thickness 6x in one second, where the difference of temperature at the faces is o7,

Then, by the statement of Fourier Law of heat conduction, q= —ka-z—T
X

Where ‘k’ is a constant depending upon the material of the body and is called the
thermal conductivity.

»  Heat is conducted in the direction of decreasing temperature, and the
temperature gradient becomes negative when the temperature decreases
with increasing X.

»  The negative sign in the equation ensures that heat transfer in the positive
‘x” direction is a positive quantity.

»  Thermal conductivity ‘k’ is a measure of the ability of a material to
conduct heat.

. T .
»  Temperature gradient ((:;_ is the slope of the temperature curve on a T-x
X

diagram.

»  The rate of heat transfer through a unit thickness of the material per unit
area per unit temperature difference.

»  The thermal conductivity of a material is a measure of the ability of the
material to conduct heat.

» A high value for thermal conductivity indicates that the material is a good
heat conductor, and a low value indicates that the material is a poor heat
conductor or insulator.

Example 7.6.1- The block of 304 stainless steel shown below, is well insulated on
the front and back surfaces, and the temperature in the block varies linearly in
both the X-axis and Y-directions, find the heat fluxes and heat flows in the x-and
y-directions.

Solution- The thermal conductivity of 304 stainless steel is 14.4 W/m.K.
The cross sectional areas are:

A =10x5=50cm’ =0.0050 m*
A, =5x5=25cm’ =0.0025m’
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5C ——+ J’ +———— °C

Since the temperature variation is linear, replacing the partial derivatives with
finite differences, the heat fluxes are:

q, = K IT_ AT —14.4(_—5] = 1440W / m?
OX AX 0.05

A oT AT ( 10
y OX AX

q, =—-k—=-k=—=-144 ﬁj = —1440W /M’

The heat flows are obtained by multiplying the fluxes by the corresponding cross-
sectional areas:

q, =0, A =1440x0.005=7.2 W

g, =0, A =1440x0.0025=-3.6 W

Example 7.6.2- Apply the conduction equation to the situation illustrated in the
following Figure.

In order to make the mathematics conform to the physical situation, the following
conditions are imposed:

Insulated

Tin L
Y

Oy —= —* O,

/_,—'

4+ F—»

Insulated ~

.,

— e x
™ Insulated

Figure 7.6.2: One-dimensional heat conduction in a solid.



or _ar _

=—=0
oy 0z

1. Conduction only in x-direction = T =T(X), so

ii.  No heat source = q =0
iii.  Steady state = % =0

iv. Constant ‘k’

Solution- With respect to the given figure and given conditions, the conduction
equation in Cartesian coordinates then becomes:

2 2
T oo 9T

k
ox? dx?

0.

(The partial derivative is replaced by a total derivative because x is the only
independent variable in the equation.) Integrating on both sides of the equation

gives: 2—1 =C,, integrating again, gives: T =C Xx+C,.

Thus, it is seen that the temperature varies linearly across the solid. The constants
of integration can be found by applying the boundary conditions: At X=0 T =T,

and At Xx=B T =T,.
The first boundary condition leads to T, =C, and the second the gives:
T,=CB+T,.

Tz _Tl

Solving for Ci we find: C, = 5

The heat flux is obtained from Fourier’s Law:

dx B B

qAX = |<d_T__kC1 =—k T -T) _ k(Tl -T,)

Multiplying by the area gives the heat flow:

) KA(T, -T,)
%= B

Example 7.6.3- A pipe 20 cm in diameter contains steam at 150°C and is
protected with a covering 5 cm thick for which the thermal conductivity is 0.0025.
If the temperature of the outer surface of the surrounding is 40°C, find the
temperature half-way through the covering under steady state conditions.

Solution- Let q cal/sec. Be the constant quantity of heat flowing out radially
through a surface of the pipe having radius x cm. And length is 1 cm (as shown
in the following Figure 7.6.3). Then the area of the lateral surface = 2nx.
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Direction of flow

4
Figure 7.6.3
Therefore, by Fourier Law of heat conduction;

g=-k- 27zx-d—T Or dT = —i-%. Integrating, we obtain
27K X

dx

q
T=—-""-1 X+C.
27K ©8e

Since T = 150, when x = 10.

2150 =9 108104 C oo )
27K

Againsince T =40, when x=15.

q
40 = =108 154C oo, 2
Sk 0g, (2)

Subtracting equation (2) from equation (1), we get

Since T=t, whenx=12.5

q
=108 12.54C oo, 4
08¢ 4)

Subtracting (1) from (4), t —150 = —%loge 1.25 e,

t-150  log,1.25

, whencet=89.5°C.
110 log,1.5

Dividing (5) by (3),

Test Your Progress-



1) A pipe 20 cm in diameter contains steam at 200°C. It is covered by a layer
of insulating material 6 cm thick and the thermal conductivity is 0.0003. If
the temperature of the outer surface is 30°C, find the heat loss per hour
from two metre length of the pipe.

2) A steam pipe 20 cm in diameter contains steam at 150°C and is covered
with asbestos 5 cm thick. The outside temperature is kept at 60°C. By how
much should the thickness of the covering be increased in order that the
rate of heat loss should be decreased by 25%?.

7.7 CHEMICAL REACTIONS

Suppose a chemical in a liquid solution ( or dispersed in a gas) runs into a
container holding the liquid (or the gas) with, possibly, a specified amount of the
chemical dissolved as well. The mixture is kept uniform by stirring and flows out
of the container at a known rate. In this process, it is often important to know the
concentration of the chemical in the container at any given time. The differential
equation describing the process is based on the formula,

Rate of change of }

Rate at which the Rate at which the
amount in container

chemical arrives chemical departs

If y(t) is the amount of chemical in the container at time t and V(t) is the total
volume of liquid in the container at time t, then the departure rate of the chemical
at time t is

concentration in
container at timet

y(®)

Departure Rate= % -(outflow rate) = ( J -(outflow rate)

Accordingly, equation (1) becomes;

-(outflowrate) .......cccoeeevveeieenenn, 3)

dy (Rateof inflow) y(t)
dt | of thechemical | V(t)

Suppose y is measured in pounds, V in gallons, and t in minutes, the units in
equation (3) are given by,

pounds _ pounds pounds gallons
minutes minutes gallons minutes’

Example 7.7.1- A tank initially contains 50 gallons of fresh water. Brine.
Containing 2 pounds per gallon of salt, flows into the tank at the rate of 2 gallons
per minute and the mixture kept uniform by stirring, runs out at the same rate.
How long will it take for the quantity of salt in the tank to increase from 40 to 80

pounds?
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dy

Solution- Let the salt content at time t be y b, so that its rate of change is —

2 gal. [min.

|l| -E_Jh /gal.

2 gal. Imink

-

C Ib./gal.

Figure 7.7.1
Rate of inflow of fresh water =2 gal x2 Ib=4 |b/min.

If C be the concentration of the brine at time t, the rate at which the salt content
decreases due to the out-flow=2 gal xC Ib =2 Ib/min .

dy
T —==4-2C e 1
ot (1
Also, since there is no increase in the volume of the liquid, the concentration
c=2
50

ﬂ:4_2l :100—y.

Therefore, equation (1) becomes
50 25

Separating the variables and integrating, we have

_[ dt =25 _[ dy + k. Where k is the constant of integration.
100y

t=-25log, (100-y)+k ....cc.... )
Initially when t = 0, y = 0; equation (2) gives,
0=-25log,100+k Or k=25log,100................... 3)

Eliminating k from equation (3) wusing equation (2), we obtain

t=25log, 100 .
100-y

Now, taking t = t1 when y = 40 and t = t> when y = 80, we have

t, = 2510ge(%j and t, = 2510&{%}
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~. Therequired time (t, —t,) =25log,5—-25log,5/3
=25log,3=25x1.0986 =27 min.28 sec.

Example 7.7.2- In an oil refinery, a storage tank contains 2000 gallons of
gasoline that initially has 100 1b of an additive dissolved in it. In preparation for
winter weather, gasoline containing 2 1b of additive per gallon is pumped into the
tank at a rate of 40 gal/min. The well-mixed solution is pumped out at a rate of 45
gal/min. How much of the additive is in the tank 20 min after the pumping

process begins?.

Solution- Let y be the amount (in pounds) of additive in the tank at time t. We
know that y = 100 when t = 0. The number of gallons of gasoline and additive in

solution in the tank at any time t is

V() = 2000 gal +(4og—f_i'—45ﬂj(t min)

min min
= (2000-5t) gal.

D 40 gal/min containing 2 Ib/gal

Figure 7.7.2: The storage tank mixes input liquid with stored liquid to
produce an output liquid.

If C be the concentration of the brine at time t, the rate at which the salt content

decreases due to the out-flow=45 gal /min.
- V(1) =2000 -5t
Therefore,

y(®)

Rate out = v outflow rate

(Y as=— Y p/min
2000-5t) 20005t

Also,

) . ¥ p
45 gal/min containing 7 Ib/ gal
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Ratein = (2£J -(40@) — 80 Ib/min
gal min

The differential equation modelling the mixture process is

ﬂ=80 45y

o ~ 3000 5t pounds/min.
dy 45
r—+———Y=80 eerrrrrrnnen. 1
dt 2000 -5t Y M
45 . . .
Here, P(t) = 30005t Q(t) =80. The integrating factor is given by
45
| E=e™ =eI (o) = @ 7le200050 — (2000 -5t) 7. -+ 20005t >0

The general solution of the equation (1) is given by

yx(2000—5t) = ISOX (2000—5t)’dt + k. Where K is the constant of
integration.
Or yx(2000-5t) =80 j (2000 — 5t)°dt + k

(2000 5t) i
(—=8)(-5)
Or y=2(2000—5t)+C(2000—5t)° .ooovieererennn. (1)

- (2000-5t)° y=80-

To find the value of C, using y=100 when t=0 (Given).
Equation (1) gives;
100 = 2(2000 — 0) + C(2000 — 0)°

_ 3900
(2000)°
. 3900 0
Now equation (1) becomes; y =2(2000—5t) — (2000)° (2000 =5t)" oo 2)

Equation (2) gives the particular solution of given initial value problem.
Further, the amount of additive in the tank 20 min after the pumping begins is
i.e., substitute t = 20 in equation (2); we get

3900

Y(20) = 2(2000-5(20)] - oo

[2000-5(20)] 1342 1b.

Test Your Progress-

1) A tank contains 1000 gallons of brine in which 500 It. Of salt are
dissolved. Fresh water runs into the tank at the rate of 10 gallons/minute



and the mixture kept uniform by stirring, runs out at the same rate. How
long will it be before only 50 It. Of salt is left in the tank?

2) A tank is initially filled with 100 gallons of salt solution containing 1 Ib.
Of salt per gallon. Fresh brine containing 2 1b. Of salt per gallon runs into
the tank at the rate of 5 gallons per minute and the mixture assumed to be
kept uniform by stirring, runs out at the same rate. Find the amount of salt
in the tank at any time, and determine how long it will take for this amount
to reach 150 Ib.

3) In a chemical reaction in which two substances A and B initially of
amounts a and b respectively are concerned, the velocity of transformation

% at any time t is known to be equal to the product (a— X)(b—x) of the

amounts of the two substances then remaining un transformed. Find t in
terms of xif a=0.7, b=0.6 and x=0.3 when t =300 seconds.

7.8 RATE OF GROWTH OR DECAY

Rate of Growth- “The rate of growth of substance at time t is directly
proportional to the substance present at that time”.

Let y(t) be the substance present at time t. Then, the natural growth equation is the
differential equation given by,

&,

ot y= % =ky. Where ‘k’ is a constant of proportionality.

Its general solution is given by

% =ky = & =kdt, This is in variable separable form
y

Integrating, we obtain

log, y =kt +log,C Or y=Ce"

If the initial conditions given are y(0)=Yy,, then C=y,

Therefore, the particular solution is given by y =y, e

Figure 7.8.1: Exponential Growth

Rate of Decay- “The rate of decay of radioactive substance at time t is directly
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proportional to the mass of the substance present at that time”.

Let y(t) be the substance present at time t. Then, the equation of decay is the
differential equation given by,

Q0: y= & =—ky. Where ‘k’ is a constant of proportionality.

at dt

Its general solution is given by

-

ot =—kdt, This is in variable separable form

Integrating, we obtain
log,y=—kt+log,C Or y=Ce™
If the initial conditions given are y(0)=Y,,then C =y,
Therefore, the particular solution is given by y=y,e™
\ "

‘\\ B0

=

— =

Figure 7.8.2: Exponential Decay

Example 7.8.1- The number N of bacteria in a culture grew at a rate proportional
to N. The value of N was initially 100 and increased to 332 in one hour. What

would be the value of N after 1% hours?

Solution- By the law of rate of growth, we have

aN =kN = dWN = kdt . Integrating, we obtain

log, N =kt+log,C Or N=Ce" ......cc.c......... (1)
Initially, N = 100 when t = 0, equation (1) gives C = 100
Now equation (1) becomes N =100€ ................. (2)

And N =332 when t = 1 Hr, from equation (2), we get
ie, N=100€" = 332=100e“ = k=1.199965

Now, ift=ll=

5 =1.5Hrs, then from equation (2), we obtain

N | W



N =100 %19 = 604.9647 .

Example 7.8.2- Radium decomposes at the rate proportional to the amount
present. If a fraction p of the original amount disappears in 1 year, how much will
it remain at the end of 21 years?

Solution- By the law of rate of decay, we have

Let y(t) be the radium present at time t. Then, the equation of decay is the
differential equation given by,

Q0: y= & =—ky. Where ‘k’ is a constant of proportionality.

at dt

Its general solution is given by

% =—ky=> & =—kdt, This is in variable separable form
y

Integrating, we obtain

log,y=—kt+log,C Or y=Ce™ ....ccoeuerrrnee. (1)

Initially, y =Y (say) when t = 0, equation (1) gives C=Y

Now equation (1) becomes y=Ye™ ... (2)

Andy =Y/p when t =1 Year, from equation (2), we get

. & Y K 1

e, y=Ye" = —=Ye" = —Kk=log,| —| Or k=log, p
Y p

Now, if t =21years, let y=Y,, then from equation (2), we obtain

21
Y, _yeleerleh o Y, =Y(l]
Y

Example 7.8.3- A 30% of radioactive substance disappeared in 10 days, how long
will it take for 90% of it to disappear?

Solution- By the law of rate of decay, we have

Let y(t) be the radioactive substance present at time t. Then, the equation of decay
is the differential equation given by,

ﬂa y = & =—ky. Where ‘k’ is a constant of proportionality.

dt dt

Its general solution is given by

ﬂz_kyzﬂ

ot =—kdt, This is in variable separable form

Integrating, we obtain
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log,y=—kt+log,C Or y=Ce™ ....cccersrrnnn. (1)
Initially, y =Y (say) when t = 0, equation (1) gives C=Y
Now equation (1) becomes y=Ye™ ... (2)

And y=Y —%Y =0.7Y when t = 10 days, from equation (2), we get

0.7Y =Y €% = k=-0.03567

Now, if y=Y —%Y =0.1Y, then again from equation (2), we obtain

0.1Y =Y "™t — t = 64.5 days

Test Your Progress-

1) A rate at which bacteria multiply is proportional to the instantaneous
number present. If the original number doubles in 2 hours, in how many
hours will it triple?

2)  Under certain conditions cane sugar in water is converted into dextrose at
a rate which is proportional to the amount unconverted at any time. If it is
of 75 gm. At time t = 0.8 gm. are converted during the first 30 minutes,

|
find the amount converted in 1— hours

7.8 SUMMARY

In this unit we have studied the physical applications of differential
equations of first order and first degree like problems based on Newton’s Law
cooling , simple electric circuit, Kirchhoff’s law, Modelling of electric circuit,
heat flow, Fourier law of heat conduction , chemical reaction, growth and decay
of radioactive substances.

7.9 TERMINAL QUESTIONS

1.  Assuming v; as the original temperature of the body at ¢ = 0 and that of
the surroundings is u, find the temperature u of the body at time t.

2. A glass of ice cold water is kept in a room at temperature 30%. If the
initial rate of temperature increase is 1.5%c per minute, find the
temperature of water ofter 10 minutes.

3. In a culture of bacteria the rate of increase is proportional to the number
present. If their number are 3000 and 5000 at the end of 3 and 4 hours,
find their number in the beginning.
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Test Your Progress-
(1) O(t)=1003+€*)  (3) 6=300+73e 1 (4) g(t) =320+ 28€"

Test Your Progress-

R
(1) 0.0006931 secs ) 19 2(Rsint—Lcost+Le Lt}(3)

L’+R

1
| =—(1-e™™
5( )

1
4) 1 =ke re' + ﬂsin(a)t +6) where @ = cot' (RCw).

VI+RC o
Test Your Progress-
(1) 490, 000 cal (2) 2.16 cm
Test Your Progress-

(1) 3Hrs. 50 mins. 16 Secs (2) 100(1—€**); 13.9 mins

0.7—Xx
3) t=300-5log,2+5lo
) g ge(o.s—xj

Test Your Progress-

2 .10g_e3 (2) 21.5 grams
log,2
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UNIT-8 PHYSICAL APPLICATIONS OF
DIFFERENTIAL EQUATIONS OF
FIRST ORDER AND FIRST
DEGREE

Structure
8.1 Introduction
8.2  Objectives

8.3  Physical Applications of Differential Equations of First Order
and First Degree

8.4  Rectilinear Motion

8.5  Motion Under Gravity
8.6  Simple Harmonic Motion
8.7  Summary

8.8  Terminal Questions

8.9 Answers to Exercises

8.1 INTRODUCTION

Differential equations are found in many areas of mathematics, science,
and engineering. One may be surprised to see the way in which differential
equations dominate the study of many aspects of science and engineering.

Differential equations are very important mathematical subject from both
theoretical and practical perspectives. The theoretical importance is given by the
fact that most pure mathematical theories have applications in differential
equations.

In the previous units we introduced differential equations of the form

dy

—=f(X), where f is given and Yy is an unknown function of X. When f is

dx

continuous over some interval, we learned that the general solution y(X) was
found directly by integration, y = I f (X)dx . And we also investigated differential

dy

equations of the form d—: f(Xx,y), where f is a function of both the
X

independent variable X and the dependent variable y. There we learned how to
find the general solution when the differential equation is separable.
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Many real-world problems, when formulated mathematically, lead to
differential equations. We encountered a number of these equations in previous
units when studying phenomena such as the, simple electrical circuits, heat flow
of an object, the decay of a radioactive material, the growth of a population, and
the cooling of a heated object placed within a medium of lower temperature.

In this unit, we shall consider only such practical problems which give rise
to differential equations of the first order and first degree.

Also, we present a sufficient number of applications to enable the students
to understand how differential equations are used and to develop some feeling for
the physical information they convey.

We further extend our study to include other commonly occurring first-
order differential equations. They involve only first derivatives of the unknown
function y(X), and model phenomena such as motion of an object moving along a
straight line, the simple harmonic motion of moving object.

We shall consider only such practical problems which give rise to
differential equations of the first order and first degree.

Also, we present a sufficient number of applications to enable the students
to understand how differential equations are used and to develop some feeling for
the physical information they convey.

8.2 OBJECTIVES

After reading this unit students should be able to:
»  Understand the physical applications of ODE’s of first order and degree

»  Apply Newton’s second law of motion and modeling the motion of
particles in mechanics

»  Understand to model the motion under gravity and solve the first order
ordinary differential equations which arise.

»  Understand and apply the simple harmonic motion in modelling the
ODE’s of first order and degree

8.3 PHYSICAL APPLICATIONS OF DIFFERENTIAL
EQUATIONS OF FIRST ORDER AND FIRST
DEGREE

In applications, the dependent variables are frequently functions of time,
which we denote by‘t’. Some applications such as Newton's Law of Cooling,
Kirchhoff’s Laws of Electric Circuits, Rate of Growth or Decay are already
discussed in the previous unit and Motion under Gravity, Rectilinear Motion,
Simple Harmonic Motion, Heat flow are discussed here. In all these cases,
modelling, analysis and interpretation are important.



8.4 RECTILINEAR MOTION

Let a body of mass ‘m’ start moving from the point O along the straight
line OX under the action of a force F. After any time t, let it be moving at P where
OP =x, then

t S
Ov=0 3 v X
ﬂF

) ) dx
i. its velocity (v) =—
i y (V) o

2
i. itsacceleration(a):OIX d(dx}_dv_g.%_ dv

2 = — | =— = _V_
dt dt\ dt dt  dx dt dx

If, however, the body be moving along a curve, then

) ) ds
1. its velocity (v) =—
1 y (V) p”

2
d SOr ﬂOr v'y

ii. itsacceleration (a) =—
dt dt ds

iii.  The quantity mv is called the momentum.

Newton’s Second Law of Motion- The net force F (say) acting on the body is
directly proportional to rate of change of momentum of the body.

1.e., Net force = massx acceleration

dv dv d?x

F =i(mv) =m—=ma Or F =m—=m——,if ‘m’ is constant.
dt dt dt dt

Now, consider the example of resisted motion

Example 8.4.1- A moving body is opposed by a force per unit mass of value cx
and resistance per unit of mass of value bv? where x and v are the displacement
and velocity of the particle at that instant. Find the velocity of the particle in terms
of x, if it starts from rest.

Solution- By Newton’s second law of motion, the equation of the motion of the
body is given by

dv d?x
F=m—=m—-—
dt dt’

g my =—m(cx+bv?) Or vﬂ = —cx—bv?
dt dx

= —m(cx+Dbv?). (Since the force is opposite)
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" Vd_ +bvi=—-cx ...l (1). This represents the Bernoulli’s equation.
X
Put v =u= 2V% = du so that equation (1) yields to
dx dx
l%-l- bu=-cx Or du +2bu=-2¢cx ...l 2)
2 dx dx

This represents the Linear ODE of first order and first degree.
| F = ejzbdx _ e

General solution of equation (2) is given by

uxe’™ = —I2CX>< e”™dx + ¢, , integrating by parts
2bx 2bx
e (S]
u-e =-2¢ x-——— [1-=—dx |+¢,
2b 2b
CX C
— __esz +_262bx + C]
b 2b
o C _ CX
Substituting V> =U , we get; V> =——+c e ——= ... 3)

2b?

Initially v = 0 when x = 0; equation (3) gives 0= # +C,.

Thus, substituting C, = —% in equation (3), we get

C c _ CX
2 esz__

V=—"-—
2b*  2b? b

C CX

Or V= ™) - =
' o0 ¢ "

Consider the example of resisted vertical motion

Example 8.4.2- A particle falls under gravity is a resisting medium whose
resistance varies with velocity. Find the relation between distance and velocity if
initially the particle starts from rest.

Solution- After falling a distance ‘s’ in time t from rest, let ‘v’ be the velocity of
the particle. The forces acting on the particle are its weight mg downwards and
resistance mAv upwards.



.. Equation of motion is m% =mg—miv

Or %:g—/lv Or av =dt. Integrating,
t g-Av
[ av = [dt+c or L og(@ = V) =t 4C (1)
dtg — Av A

Since v =0 when t = 0, equation (1) gives C= —%log g

Thus,
lloge 9 |-tor log, 9 |-t
A g-Av g-Av
or 9 _ it :e—it:g_iv
g-Av g
et = g—g/iv — ge*'=g-4AvOr ge*' —g=Avor v:%(l—e“)
ds_g it
Thus, V:E:Z(l_e ) ............................ (1)

Integrating, we obtain,

s:gf(l—e‘“)dtJrc1 Or s:g(tjtle‘)‘tJ+c1
A A A

Since s =0 when t =0, Clz—%.
A
9., 9 9 g g (-2t
Thus, s==t+—e* —= Or S=~t+—=\e*" —1) eevrrriiininn, 2
A X 5 A 12( ) @

Eliminating ‘t” from equations (1) and (2), we get

From equation (1),

v:ﬁzg(l—e‘“) = 1-e™ _va
a A g
or e =1-Y% or et =—9_ o t=—Ilog, 9
g g-vAi g-vAi
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This is a desired relation between s and v.

Example 8.4.3- A body of mass m, falling from rest is subject to the force of
gravity and air resistance proportional to the square of the velocity (i.e., kv?). If it
falls through a distance x and possesses a velocity v at that instant, prove that

2
2hx_ log( 2a . ] , where mg = ka’.
m a —-v

Solution- If the body is moving with the velocity ‘v’ after having fallen through a
distance x, then its equation of motion, by Newton’s law of motion is given by

2
Net Force=F :md ;(:nH:mﬂ:Wﬂ
dt dt dx
g m\/ﬂ:mg—kv2 Or mvﬂ:k(az—vz) ........... (1)
dx dx

- mg =ka’

Separating the variables and integrating, we get

J vdv :Ej'dx+c; put a* —v’ =u = —2vdv =du
a’-v: m
—Ldu=£x+c Or —lloge(a2 —vz):£x+c .................... (2)
2u m 2 m
Initially, when x = 0, v = 0. Then, —%log a’=C .o, 3)

To eliminate ‘c’ from equations (2) and (3): Subtracting equation (3) from
equation (2), we obtain

2
l[logeaz—loge(az—Vz)]:kx Or 2—kx:loge( 2a ZJ.
2 m m a —-v

Test Your Progress-

1) A particle of mass ‘m’ moves under gravity in a medium whose resistance
is k times its velocity, where k is a constant. If the particle is projected
vertically upwards with a velocity v, show that the time to reach the

highest point is mloge(l + ﬁ] .
k mg

2) A body of mass m falls from rest under gravity and air resistance is
proportional to square of velocity. Find velocity as function of time.

3) A body of mass m falls from rest under gravity in a field whose resistance
is mk times the velocity of the body. Find the terminal velocity of the
body and also the time taken to aquire one half of its limiting speed.

A particle is projected with velocity v along a smooth horizontal plane in
the medium whose resistance per unit mass is p times the cube of the



velocity. Show that the distance it has described in time is

L (2wt 1),

Y,

8.5 MOTION UNDER GRAVITY

Elementary motions of a particle are frequently described by differential
equations. Simple integration can sometimes be used to analyze these elementary
motions. For the one-dimensional vertical motion of a particle, we recall from
calculus that,

Newton’s Second Law of Motion- The net force F (say) acting on the body is
directly proportional to rate of change of momentum of the body.

1.e., Net force = massx acceleration

2
F :E(m\,): m%: ma Or F = mﬁ: md—zx, if ‘m’ is constant
dt dt dt dt
dx d’x
Equivalently, F| X, —,t [=M—— ... 1
quivalently ( o J e (1)

Here we have allowed the forces to depend on position, velocity, and time.

Equation (1) is a second order differential equation, we have not yet studied the
techniques to solve the equation (1). However, it can be solved by simple

integration if the force F does not depend on x and %

Consider the following situation- Suppose that the only force on the mass is due
to gravity. Then, it is known that F = -mg, where g is the acceleration due to
gravity. The minus sign is introduced because gravity acts downward, toward the
surface of the earth. Here we are taking the coordinate system so that x increases
toward the sky. The magnitude of the force due to gravity mg is called the weight
of the body near the surface of the planet earth, g is approximately g=9.8 m/s*. If
we assume that, we are interested in a mass that is located sufficiently near the
surface of the earth, then g can be approximated by this constant. With the only
force being gravity, equation (1) becomes

d’x d’x
m =— Or =—(. Integrating yields

a2 mg a2 g g gy
dx : : : :
o =—gt+C,, where Ci is an arbitrary constant of integration
Orvit)=—0gt+C, .o, (2)

If we assume that the velocity at t =0 is given and let V=V,,.

Equation (2) gives; C, =V, ,this implies % =—0t+V, s 3)
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Now, the position can be determined by integrating the velocity in the equation

3).

Where C: is second constant of integration. Again we assume that the position at t

. . . 1
= 0 is xo. Then equation (4) gives C, =X, so that X = 3 gt’ +v,t+x,.

Note: If the applied force depends only on time and is not constant, then the
formulas for velocity and position may be obtained by integration. If the applied
force depends on other quantities, then solving the differential equation is not so
simple.

Consider the another examples-

Example 8.5.1- Suppose a ball is thrown upward from ground level with velocity
vo and the only force is gravity. How high does the ball go before falling back
toward the ground?

Solution- As in the above situation, the corresponding differential equation is
given by

d*x
=—0 e 1

prEa (1)
The successive integrations with initial conditions, at t = 0, x = 0 and % =V,
yields to

dx

— ==t +V, e 2

a0 (2)

and X=——=gt* +V,t .ccocoern.e. 3)

From equation (3), the height is known as a function of time. To determine the
maximum height, we must first determine the time at which the ball reaches this
height. From calculus, the maximum of a function x = x(t) occurs at a critical

point where % =0. At the maximum height the ball has stopped rising and has

not started to fall, so the velocity is zero. Thus, the time of the maximum height is
determined from equation (2):

—-gt+Vv,=0 Or equivalently, t= VEO ................ 4)

When this time t in equation (4) is substituted into (3, a formula for the maximum
height y (say) is obtained:



2
1 (v, v, [ 1 v
y=——g[ 2| v | 2| —=t1]==2.
Y 2g(gj+°(gj[ 2+j 29

In the following example we consider the motion of a boat across a stream;

Example 8.5.2- A boat is rowed with a velocity ‘v’ directly across a stream of
width ‘a’. If the velocity of the current is directly proportional to the product of
the distances from the two banks, find the path of the boat and the distance
downstream to the point where it lands.

Solution- Taking the origin at the point from where the boat starts, let the axes be
chosen as in the following figure 8.5.2.

At any time t after its start from O, let the boat be at P(x, y), so that

% = velocity of the current = ky(a—-Y)

% = velocity with which the boat is being rowed =v

b yd v "
e —

Figure 8.5.2

This gives the direction of the resultant velocity of the boat which is also the
direction of the tangent to the path of the boat.

Equation (1) is of variable separable form and we can write it can be written as

2 3
y(a—y)dy = %dx. Integrating, we obtain % — y? = % x+C

Since, initially y = 0 when x = 0 implies C = 0.

Hence the equation to the path of the boat is given by

2 3

2 A3
Ay Y _Veor Jay"—-2y° v

2 3 Kk 6 k

2
Or ky*(3a—2y)=6vx Or X=W
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By putting y = a, we get the distance AB, downstream where the boat lands is
equal to
ka’(3a—2a) ka’
6V 6V

Test Your Progress-

1)  When a bullet is fired into a sand tank, its retardation is proportional to the
square root of its velocity. How long will it take to come to rest if it enters
the sand tank with velocity vo.

2) A particle of mass m is attached to the lower end of a light spring (whose
upper end is fixed) and is released. Express the velocity v as a function of
the stretch ‘x’ feet.

8.6 SIMPLE HARMONIC MOTION

. . . d’ )
Differential equations of the type d—2/+ k*y =0, where ‘k’ is a constant,
X
arise in vibration problems. One of the simplest cases is known as simple

harmonic motion (SHM).

Consider a particle P, moving to and fro about its equilibrium position O
as shown in figure 8.6.

<« 5 Displacement
0 P
Figure 8.6
The equation of motion at any time ‘t’ is given by
d2x 2 [ : 1,0
e +K°X=0 ...l (1). Where ‘x’ is displacement, ‘k’ is a constant and
‘t’ is time.

Equation (1) is a second order differential equation, we have not yet studied the
techniques to solve the equation (1). However, it can be solved by separating the

variables and by simple integration if the force F does not depend on x and % .

Equation (1) can also be written as, Vﬂ +k*x=0 Or vdv=-k’xdx. Integrating,

dx
we get
2 2 2
Yook X S oor v=kix +C,.
2 2 2

Note- The motion of an object or weight bobbing freely up and down with no
resistance on the end of a spring is an example of simple harmonic motion. The

motion is periodic and repeats indefinitely. So we represent it using trigonometric
UGMM-104(N)/186 functions



Consider the following example, which describes a case in which there are no
opposing forces such as friction to slow the motion.

Example 8.6.1- A weight hanging from a spring is stretched down 5 units beyond
its rest position and released at time t = 0 to bob up and down. Its position at any
later time t is Scost. Find its velocity and acceleration at any time t.

Solution- We have, Position: s=5cost

=

T
|
i

Rest

-0 .
position

Position at

5
t=0

¥

Figure 8.6.1(a): A weight hanging from a vertical spring and then displaced
oscillates above and below its rest position

.. Velocity : V=§=i(5005t) =—5sint
dt dt

and Acceleration: a= v = g(—5 sint) = —5cost
dt dt

We can notice the following points from the above situation

1.  As time passes, the weight moves down and up between s = -5 and s = 5
on the s-axis. The amplitude of the motion is 5. The period of the motion
is 2m, the period of the cosine function.

2. The velocity v = -5sint attains its greatest magnitude, 5, when cost = 0, as
the graphs shown in figure 8.6.1(b). Hence, the speed of the weight,
|V| = 5|sint , 1s greatest when cost = 0, that is, s = 0 (the rest position). The

speed of the weight is zero when sint = 0. This occurs when s= Scost = %5,
at the end point of the interval of motion.

L

5 <,

Figure 8.6.1(b): The graphs of the position and velocity of the weight
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3. The weight is acted upon by the spring and by gravity. When the weight is
below the rest position, the combined forces pull it up, and when it is
above the rest position, they it down. The weight’s acceleration is always
proportional to the negative of its displacement. This property of springs is
called Hooke’s law. It says that “the force required to hold a stretched or
compressed spring x units from its natural length (unstressed) length is
proportional to x”. In symbols, F = kx. Where ‘k’ is the spring constant or
force constant.

4.  The acceleration, a = -5cost, is zero only at the rest position, where cost =
0 and the force of gravity and the force from the spring balance each other.
When the weight is anywhere else, the two forces are unequal and
acceleration is nonzero. The acceleration is greatest magnitude at the
points farthest from the rest position, where cost = +1.

Example 8.6.2- The motion of the spring-mass system (as shown in figure 8.6.2)
is described by
+—— L —

OOOYYYYYYYYYYYYYYYYYYYY D HON

Mass

Figure 8.6.2

d?x
t2

+25x=0. Where x is displacement and t is time. Deternine the particular

solution for this differential equation with initial conditions, when t = 0, both x =

1 and %:10.
adt

2

Solution- We have +25x=0. This equation is of second order, so we will

t2
write it as V-%=—25X = V-dv=-25dx, this is in variable separable form.

X
Integrating Iv~ dv= —ZSJ dx+c. Where ‘c’ is the constant of integration.

2

V7=—25X+C Or vV’ =—50X+2C....ceuvvnn..... (1)

Since, when t = 0, both x = 1 and % =10. Equation (1) gives

100=-50+2cOr c=75.

Thus, V> =-50x+150.

8.7 SUMMARY

In this unit we have studied application of differential equation of first



order and first degree in (1) Rectilinear motion, (2) Motion under gravity (3)
simple harmonic equation.

8.8 TERMINAL QUESTIONS
1) A particle is moving under gravity from rest in a medium whose resistance
varies as the velocity of the particle. Find the velocity and distance of the
particle after time t.
2) A particle is moving in straight line from rest with constant acceleration f.
Find the velocity and distance softer time t.
8.9 ANSWERS TO EXERCISES
Test Your Progress-
) V- (EJ tanh(%t + cj 3) Liog, 2
k m k

Test Your Progress-

1.

24V, /k 2) v* =2gx—ix2
m
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UNIT9 THE NM  ORDER LINEAR
DIFFERENTIAL EQUATION WITH
CONSTANT COEFFICIENTS

Structure
9.1 Introduction
9.2  Objectives

9.3 The n™ order linear differential equation with constant
coefficients

9.4  General solution and complementary function
9.5 Methods of finding complimentary function
9.6  Methods of finding particular integrals

9.7  Method of undetermined coefficients

9.8  Method of variation of parameters

9.9  Summary

9.10 Terminal Questions

9.11 Answers to Check your Progress

9.1 INTRODUCTION

We have already studied the basics of differential equations, including
separable first-order equations. In this unit, we go a little further and look at
second-order, higher- order and n™-order equations, which are equations
containing second derivatives of the dependent variable. The solution methods we
examine are different from those discussed earlier, and the solutions tend to
involve trigonometric functions as well as exponential functions. Here we
concentrate primarily on second-order and higher-order equations with constant
coefficients.

Such equations have many practical applications. The operation of certain
electrical circuits, known as resistor—inductor—capacitor (RLC) circuits, can be
described by second-order differential equations with constant coefficients. These
circuits are found in all kinds of modern electronic devices—from computers to
smart phones to televisions. Such circuits can be used to select a range of
frequencies from the entire radio wave spectrum, and are they commonly used for
tuning AM/FM radios. We look at these circuits more closely later in illustrations.

UGMM-104(N)/193



Spring-mass systems, such as motorcycle shock absorbers, are a second
common application of second-order differential equations. For motocross riders,
the suspension systems on their motorcycles are very important. The off-road
courses on which they ride often include jumps, and losing control of the
motorcycle when landing could cost them the race. The movement of the shock
absorber depends on the amount of damping in the system. In this chapter, we
model forced and unforced spring-mass systems with varying amounts of
damping.

When working with differential equations, usually the goal is to find a
solution. In other words, we want to find a function (or functions) that satisfy the
differential equation. The technique we use to find these solutions varies,
depending on the form of the differential equation with which we are working.
Second-order differential equations have several important characteristics that can
help us determine which solution method to use. In this section, we examine some
of these Characteristics and the associated terminology.

9.2 OBJECTIVES

After reading this unit students should be able to:

»  Identify the linear differential equations of second and higher order

»  Recognize the homogeneous and non homogeneous linear differential
equations of higher order

»  Determine the characteristic equation of a homogeneous linear differential
equation

»  Determine the particular integrals by using different methods

» Find the general solution of the given homogeneous and non
homogeneous linear differential equations

»  Solve the initial value and boundary value problems involving linear
differential equations.

9.3 THE N™ ORDER LINEAR DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENTS

The linear differential equations are those in which the dependent variable
and its derivatives occur only in the first degree and are not multiplied together.
Thus the general linear differential equation of the n™ order is of the form

d n y d n-1 y d n-2 y
+a + F orerereeeenes +a,y=F(X
an 1 an71 a2 an72 ny ( )

El

Where a,, &, @y, ccveeevvmnnnennns a, are real valued functions, and ao is not
identically zero. F(x) is function of ‘x’ only.

Ifa,a,a,,. o a, are all constants, then the equation is known
UGMM-104(N)/194 as linear differential equation with constant coefficients.



If F(x) = 0 for every value of x, the equation is said to be a homogeneous
linear equation.

If F(x) # 0 for some value of x. Then, the equation is said to be a non
homogeneous linear equation.

In particular,

A second order differential equation is linear if it can be written in the

form
d’y__ dy
—+a,—+a,y=F(X
Note-
1. Such equations are most important in the study of electro-mechanical

vibrations and other engineering problems.

2. In linear differential equations, y and its derivatives can be raised only to
the first power and they may not be multiplied by one another.

3. Terms involving y* or Yy’ make the equation nonlinear. Functions of y and
its derivatives, such as siny or e, are similarly prohibited in linear
differential equations.

4.  The equations may not always be given in standard form. It can be helpful
to rewrite them in that form to decide whether they are linear, or whether a
linear equation is homogeneous.

Example 9.3.1- Classify each of the following equations as linear or nonlinear. If
the equation is linear, determine further whether it is homogeneous or non
homogeneous.

iy 3y Xy =X

ii.  (siny)y’ +(cosx)y +3y=0

iii. 4% +3td +4x=0

iv. 5y'+y=4x

v.  (cosX)y’ —siny’ +(sinX)y—cosx=0
Solution-

(i) We have, Yy’ +3x'y +x’y* =x’. This equation is nonlinear because of
the y? term.

(ii) We have, (siny)y” +(cosX)y’ +3y=0. This equation is linear. There is
no term involving a power or function of y, and the coefficients are all
functions of x. The equation is already written in standard form, and F(x)
is identically zero, so the equation is homogeneous.

UGMM-104(N)/195



UGMM-104(N)/196

(i) We have, 4t>x” +3txx' +4x=0. This equation is nonlinear. Note that, in

(iv)

\))

this case, Xis the dependent variable and tis the independent variable.

The second term involves the product of xand X', so the equation is
nonlinear.

We have, 5y” +y=4x’This equation is linear. Since F(X)=4x’, the
equation is non homogeneous.

We have, (cosX)y’ —siny +(sinX)y—cosx=0. This equation is

. . /
nonlinear, because of the siny term.

Test Your Progress-

Classify each of the following equations as linear or nonlinear. If the equation is
linear, determine further whether it is homogeneous or non homogeneous.

1.

11.

1il.

8ty” —6t7y +4ty—3t> =0
sin(x’)y” —(cosx)y +x’y=y -3
y" +5xy —3y=cosy

(y'f -y +8¢y=0

v.
v (sin)y’ +cost-3ty’ =0
94 GENERAL SOLUTION AND COMPLIMENTARY

FUNCTION

We want to find a general solution (also known as complete solution) to a

linear differential equation. Just as with first-order differential equations, a
general solution (or family of solutions) gives the entire set of solutions to a
differential equation. An important difference between first-order and second-
order and higher order equations is that, with second-order and higher order
equations, we typically need to find two different solutions or more solutions to
the equation to find the general solution. If we find two or more solutions, then
any linear combination of these solutions is also a solution. We state this fact as
the following theorem.

Theorem 9.4.1- Superposition Principle-

(1)

If y,(X) and Yy,(X) are solutions to a linear homogeneous differential
equation of nth order, then the function y(X) =c,y,(X)+C,Y,(X), where ci
and c2 are constants, is also a solution.

Consider, if y,(X) and Yy,(X) are only two solutions of the equation

d n y d n-1 y d n-2 y
+a + Foeeeenn, + =0 e, 1) then,
aO an 1 dxn_l a2 an_2 an y ( ) cn

[say] u(x) =c,y,(X)+¢,Y,(X) is also its solution.




2)

€)

Since y=Y,(X) and y =Y, (X) are solutions of equation (1)

d n y d n-1 y d n-2 y
a, an1 +a, dx“‘ll +a, dx“‘zl Foren +ay; =0 i ()
d n d n-1 d n-2
and a, dxzz +a, dx”% +a, dx”zz Fooeenn +a,Y, =0 e 3)

If c1 and c2 be two arbitrary constants, then we get

LHS=
d"(cy, +c d"'(cy, +¢

(l)éllx” 23’2)+a1 ((ljilnl 2y2)+ ............... +a,(cy, +c,Y,)

dy,  d™ d" "
G aOd_x):l+a1 dxr31/1+ _____________ +anyl}+c2[aod—)zl+alﬁ+ .............. +a,Y,
=¢,(0)+c,(0)=0=RHS

n n-1 n-2

Thus, a, 3): + 4, gx”? +a, ((jjx”l; oo +au=0 ... (4).

This proves the theorem.

Since the general solution of a differential equation of n™ order contains

< 2

n’ arbitrary constants, it follows from above that if

Yis Yoo Vs cevvveeeimnnnn , ¥, are ‘n’ independent solutions of equation (1),
then Y=CY, +C, Y, +CY; + cccvvrvnnnnen +C, Y, is its complete solution.
If y=v be any particular solution of
d'u _ d"'u d"?u
+a + Forerernen FAU=X (i 5) then
R g % (3)
n n-1 n-2
dV+a1d _\1/+ d _;/+ ........... +aV=X i (6)
dx" dx" dx”
Adding equations 4) and (6), we have
n n-1 n-2
d (U+V)+a1d (u_:rv)+a2d (U_:-V)+ ........... +a,(u+v)=X
dx" dx" dx"

This shows that Y =U+V is the complete solution of equation (5).

The part u is called the complementary function (C. F) and the part v is
called the particular integral (P.I) of equation (5).

Therefore, the complete solution (C. S) of equation (5) is y=C.F+P.l .

Thus in order to solve the equation (5), we have to first find the C. F., i.e.,
the complete solution of (1), and then the P.L., i.e., a particular solution of

(5).
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For Example- To solve the linear differential equation of second order

2
ad—zl + bﬂ +c¢y=0. Where a, b, and ¢ are constants.
dx dx
2
Solution- We have, a d 2/ + bﬂ +CY=0 i (1)
dx dx

Since all the coefficients are constants, the solutions are probably going to
be functions with derivatives that are constant multiples of themselves. We need
all the terms to cancel out, and if taking a derivative introduce a term that is not a
constant multiple of the original function, it is difficult to see how that term
cancels out. Exponential functions have derivatives that are constant multiples of
the original function, so let’s see what happens when we try a solution of the form

y(X)=€™, where A is some constant.
If y(x)=¢e™,theny' (x)=1e™ and y’(x)= 1> ™.

Substituting these expressions into equation (1), we get

2

d y+bd—y+cy:ay” +by +cy=a(’e)+b(1e)+ce’* =e**(al’ +bi+0).

a
d<*  dx

. AX - . . .
Since €""is never zero, this expression can be equal to zero for all x only if

al’ +bA+c=0. This is called as the characteristic equation of the differential
equation.

Definition 9.4.1- The characteristic equation of the differential equation
d’y
dx’

+bdy+cy=0 Or ay’ +by +cy=0.

a -7
dx

The characteristic equation is very important in finding solution to differential
equations of this form. We can solve the characteristic equation either by

—b++/b*-4ac

2a

factorising or by using the quadratic formula A =

This gives four cases. The characteristic equation has
1. Distinct real roots
ii. A single, repeated real root
iii.  Complex conjugate roots
iv. Complex conjugate repeated roots

Before considering each of these cases separately, let’s have the idea of operator
Din solving the linear differential equations of higher order.

d> d’

—,—,— etc, by D,D? D etc, so that
dx dx® dx

Operator D- Denoting



3

Q:D d2 :Dzy d

Y, — — = D’y etc, the equation (5) above can be written in the
dx dx dx
symbolic form (a,D"+aD"" +........... +a)y=X, ie, f(D)y = X, where
f(D)=a,D"+aD"" +............. +a,, i.e., a polynomial in D.

Thus, the symbol D stands for the operation of differentiation and can be treated
much the same as an algebraic quantity i.e., f(D) can be factorised by ordinary
rules of algebra and the factors may be taken in any order. For instance

2
%+2%—3y:(D2 +2D-3)y=(D+3)(D-1)yOr (D-1)(D+3)y.
X

9.5 METHODS OF FINDING COMPLIMENTARY
FUNCTION

dny dnfly dnfzy

To solve the equation a, o +q o +a, Ve e +a,y=0
..................... (1)

Where a,, &, @,, ....ccuveneee. a, are constants.

The equation (1) in operator form is (a,D"+aD"" +.......... +a,)y=0
........... 2)

Its symbolic coefficient equated to zero i.e., a,D"+a D" +.............. +a,=0 1is
called the auxiliary equation (A.E). Let mi, m2, ................ , My be its roots.

Case I- If all the roots be real and different, then equation (2) is equivalent to

(D-Mm)+(D-m)+....cc.c..... +(D-m)y=0 .................. 3)
Now, equation (3) will be satisfied by the solution of (D-m,)y=0, ie.,
% —m,y=0. This represents Leibnitz’s linear and |.F =™,

X

Therefore, its solution is ye ™ =c, i.e, y=c,e™.

Similarly, since the factors in equation (3) can be taken in any order, it will be
satisfied by the solutions of (D—m)y=0,(D-m,)y=0¢€tci.e, by y=c,e™
etc.

Thus, the complete solution of equation (1) is y=c,e™ +c,e™ +........... +c e™
............... (4)

Case II- A single, repeated real root. i.e., if two roots are equal (i.e., mi = my),
then equation (4) becomes

y=(c +c,)e™ +c,e™ ... +c.e™

Or y=Ce™ +c,e™............ +c,e™ [* ¢, +c, =one arbitrary constant C UGMM-104(N)/199
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It has only n-1 arbitrary constants and is, therefore, not the complete solution of
equation (1). In this case, we proceed as follows:

The part of the complete solution corresponding to the repeated root is the
complete solution of (D-m)(D-m)y=0 .

Putting (D—m)y =z it becomes (D-m)z=0 Or %—mlz=0

This is a Leibnitz’s linear in z and |.F =™,

Therefore, its solution is ze ™ =¢, Or z=ce™ .
Thus, (D-m)y=z=ce™ Or

Its L.F. being € ™, the solution of equation (5) is
ye " = '[cl e dx+ C, =C¢X+¢C, Or y=(cx+c,)e™

Thus the complete solution of equation (1) is
y=(cx+c,)e™ +c,e™ +....n. +c.e™.

If, however, the A.E. has three equal roots (i.e., mi1 = mz = m3), then the complete
solution is

y=(c,X* +C,X+C,)e™ +c,e™ +............. +c,e™.
Case I1I- Complex conjugate roots.

If one pair of roots be imaginary, i.e., m =a +if, m, =a —if, then the complete
solution is

y=c e yc,e P rce™ ... +c,e™
=e”(ce” +c,e)+ @™ +nnne. +c,e™"
= e™[c, (cos AX+isin AX) + C, (cos fX—isin AX)]+C,e™ +............. +c,e™"

[ - by Euler's Theorem € =cos@+isiné

y =e”[C, cos fx+C, sin X]+C,e™ +............. +c.e™
Where C, =c,+¢, and C, =i(c, —¢,).
Case IV- Complex conjugate repeated roots

If two points of imaginary roots be equal i.e., M =m, =a+if, m=m, =a—ip,
then by case II, the complete solution is
y =e™[(C,X+C,)cos X+ (C;X+C,)sin SX]+C,™ +............. +c.e™



2

Example 9.5.1- Solve Y +3Y _4y_o.
dx dx

2

Solution- Given equation is Z ¥+3%—4y20 Or y' +3y —4y=0 ... (D).
X X

This represents homogeneous linear ODE of second order with constant
coefficients.

The symbolic form of equation (1) is (D> +3D—4)y=0.

The corresponding auxiliary equation is D*+3D-4=0
= D*+4D-D-4=0 Or (D+4)(D-1)=0, .. D=1, —4, these are real and
distinct roots.

Hence the general solution (Or complete solution) of equation (1) is
y=ce‘+c,e™.

2
Example 9.5.2- Solve 9 16 % {13y—0.
dx dx

2

d 2/ + 6ﬂ
dx dx
.................. (1). This represents homogeneous linear ODE of second order with
constant coefficients.

Solution- Given equation is +13y=0 Or y' +6y +13y=0

The symbolic form of equation (1) is (D* +6D +13)y=0.

The corresponding auxiliary equation is D*+6D+13=0
-6+£,36-4(1)(13) -6+4/-16 —6+4i
=D= = = =-312
2 2 2 , these are real and

oo D=-3+2i, -3-2i
distinct roots.

Hence the general (Or complete) solution of equation (1) is
y =& [, cos2X+C, sin2X].

2
d’y + 6ﬂ

Example 9.5.3- Solve —
dt dt

+9y=0.

2

Solution- Given equation is c;t2y+6%+9y:0 Or y +6y +9y=0 .. (D).

This represents homogeneous linear ODE of second order with constant
coefficients.

The symbolic form of equation (1) is (D> +6D+9)y=0.

The corresponding auxiliary equation is D*+6D+9=0
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. D- —6J_r1/362—4(1)(9) _ —62i0:—76:_3 (Twice)

. D=-3, -3

These are real repeated roots.

—3t

Hence the general (Or complete) solution of equation (1) is =€ [Ct+C,].
3 2
Example 9.5.4-Solve 95 9Y W 4y g,
dt dt dt
Solution: Given equation is
3 2
%+%+ 4%+4y: 00ry" +y' +4y +4y=0........ (1). This represents

homogeneous linear ODE of third order with constant coefficients.

The symbolic form of equation (1) is (D’ + D> +4D +4)y=0.

The corresponding auxiliary equation is D* +D* +4D+4=0

= D*(D+1)+4(D+1) Or (D*+4)(D+1)=0
o (D°+4)=0 =>D==+2i and (D+1)=0 = D=-1
S~ D=-1, £2i
Here, one is real root and another is complex conjugate case.
Hence the general (Or complete) solution of equation (1) is

y=ce" +e”"[c, cos2t +c,sin2t].

Or y=ce " +c,cos2t+c,sin2t.

d’y |
Example 9.5.5- Solve {d—y+ y} =0.

tZ

) 3
Solution- Given equation is {((jzlt 2y + y} =0 Or [y +y =0 ........... (1). This

represents homogeneous linear ODE of sixth order with constant coefficients.
The symbolic form of equation (1) is (D* +1)’y=0.
The corresponding auxiliary equation is (D* +1)* =0

= D’ +1=0 (Thrice)
. D*=-1 = D=4 (Thrice)
s D==%i, £i, £i

Here, it is a case of complex conjugate repeated roots.



Hence the general (Or complete) solution of equation (1) is
y=e"[(c, +C,t+c,t?)cost +(C, +Cit +c,t?)sint]

Or y=(c, +C,t+ct?)cost+(c, +Ct+c.t?)sint

d'y
Example 9.5.6- Solve - +4y=0.
d'y
Solution- Given equation is W-F 4y=0 Ory"Y +4y=0.......... (1). This

represents the homogeneous linear ODE of fourth order with constant
coefficients.

The symbolic form of equation (1) is (D* +4)y=0.

The corresponding auxiliary equation is D*+4=0
=(D?)*+4D*+4-4D" =0
. (D*+2)*-(2D)’=0 = D*+2D+2=0,D*-2D+2=0

_2+4.4—

From, D* +2D+2 =0, D:%:lii and
+ .4 —

From D2—2D+2:O, Dz%z—lii

Here, both the roots are complex conjugate with different real part.

Hence the general (Or complete) solution of equation (1) s
y = ¢€'[c, cost+C, sint]+e'[c, cost +C, sint].

Example 9.5.7- Solve the initial value problem,

d’y

e +2dy+y:0 with y(0)=1, y'(0)=0.

dx

2
Solution- Given equation is d_g/ + ZQ

dx dx
This represents homogeneous linear ODE of second order with constant

coefficients.

+y=00r y' +2y +y=0 ............ (1)

The symbolic form of equation (1) is (D* +2D +1)y=0.

The corresponding auxiliary equation is D*+2D+1=0
= D*+D+D+1=0 Or (D+1)* =0, .. D=~1, —1, these are real and repeated

roots.

Hence the general solution (Or complete solution) equation (1) is
y=(CX+C)e " ... ()

Now, applying the given initial conditions: Y(0) =1, equation (2) gives, 1 =c,
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From equation (2), Y =—(C,X+C,)e "+, using the condition y'(0)=0, we
obtain

0=-c,+c, Orc =c, =>¢c =1.

Thus, the solution of the given initial value problem (known as particular
solution) is y=(X+1)e™*.

Example 9.5.8- Solve the initial value problem,
2
d 2’+5ﬂ+6y=0 with y(0)=0, y'(0)=15.
dx dx
. ) . .d? Yy ﬂ _ I / _
Solution- Given equation is Ve +5 g +6y=00Or y" +5y +6y=0 ......... (1)
X X

This represents homogeneous linear ODE of second order with constant
coefficients.

The symbolic form of equation (1) is (D* +5D+6)y=0.

The corresponding auxiliary equation is D’ +5D+6=0

= D*+3D+2D+6=0 Or (D+3)(D+2)=0, . D=-2, -3, these are real
and repeated roots.

Hence the general solution (Or complete solution) equation (1) is
y=ce*+c,e™ ... ()

Now, applying the given initial conditions: Y(0)=0, equation (2) gives,
0=C +Cyuverrinenne 3)

From equation (2), Y =-2c,e”*-3c,e”, using the conditiony'(0)=15, we
obtain

15=-2c¢,-3c, Or 2¢, +3C, =—15 .coirieeienn 4)
Solving equations (3) and (4), we get ¢, =15 and ¢, =-15.

Thus, the solution of the given initial value problem (known as particular
solution) is y=15 —15e~* =15(e > —e ™).

Test Your Progress-

Solve the following differential equations.

d’y d’y dy
1S Y j6y=0 2.5V 6Yri3y=0 3.
dt’ Y o kY
2
Zt2y+16y:0
2 3 3 2
4. 9Y 6Yoy_0 5.9Y, y g 6. Y 34y b

d¢  dx’ dx



4 2
7.9Y 9 16y —0 8. (D2 +1)*(D=1)y=0
dx dx
d’y ,dy /
0. 2Y 4% 13y-0, y0)=0, y'(0)=2.
Y +13y y(0) y (0)
2
10 9y _ %+10y=0,y(0)=4, Y (0)=1.

dt?

9.6 METHODS OF FINDING PARTICULAR
INTEGRALS

In this section, we examine how to solve non homogeneous differential
equations. The terminology and methods are different from those we used for
homogeneous equations, so let’s start by defining some new terms.

Consider the non homogeneous linear differential equation

dny dnfly dn72y
+a + F e +a,y=f(X
an 1 an71 a2 an72 ny ( )

Cl

The associated homogeneous equation is

aodny+ dn71y+ dnfzy

dx"  ox™ P dx™?
We have already seen that solving the auxiliary equation is an important step in
solving a non homogeneous differential equation.

F e +a,y=0 is called the auxiliary equation.

General Solution to a Non homogeneous Ordinary Linear Differential
Equation- Let y (X)be any particular solution to the non homogeneous linear

differential equation
n n-1 n-2
dy ,d"y_  d"y

a + Forrrerrenes +a y=f(X
aO an 1 dxn_1 a‘2 dxn_z ny ( )

Also, let Y. =CY,(X)+CY,(X)+....c.... +C,Y,(X) denote the general
solution to the auxiliary equation. Then, the general solution of the non
homogeneous linear differential equation is given by y=y, +Yy,. Where Y,is

known as complementary function and Yy, is called particular integral.

In the preceding section, we learned how to solve homogeneous equations
with constant coefficients. Therefore, for non homogeneous equations of the form

d n y d n-1 y d n-2 y
+a + Foiiienn, +a y=F(x), we already know how to
aO an 1 anfl a‘2 an72 ny ( ) y
solve the auxiliary equation, and the problem boils down to finding a particular
solution for the non homogeneous equation. We now examine two techniques for

this: the method of undetermined coefficients and the method of variation of
parameters.
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9.7 METHODS OF UNDETERMINED COEFFICIENTS

To find the particular integral of
[f(D)]y=]a,D"+a,D™ +............ +a,ly=F(x). We assume a trial solution

containing unknown constants which are determined by substitution in the given
equation. The trial solution to be assumed in each case, depends on the form of
F(x). Thus when

i)  F(x) is an exponential: If F(X)=2€*, trial solution = ae™

i) F(x) is trigonometrical: If  F(X)=3sin2X, trial  solution
=@, sin2X+a, cos2X

iii) F(x) is a polynomial: If F(X)=2x’, trial solution = a,x* + a,x> + a,x+a,

However when F(X)=tanX Or secX, this method fails, since the number
of terms obtained by differentiating F(X)=tanX Or secX is infinite.

The above method holds so long as no term in the trial solution appears in
the C.F. If any term of the trial solution appears in the C.F., we multiply this trial
solution by the lowest positive integral power of 'X which is large enough so that
none of the terms which are then present, appear in the C.F.

Note- However, even if F(X) included a sine term only or a cosine term only,
both terms must be present in the trial solution. The method of undetermined
coefficients also works with products of polynomials, exponentials, sines, and
cosines.

Table 1- Some of the key forms of F(X) and the associated trial solutions for
Y, (X) are summarized in the following table.

SI. No. | F(x) Trial solutions for y, (X)

1 k (a constant) A (a constant)

2 ax+b Ax+ B (Note: The trial must
include both terms even if
b=0)

3 ax> +bx+c AX* + Bx+cC (Note: The trial

must include all three terms
evenif b Or C are zero)

4 Higher order polynomials Polynomial of the same order
as F(x)




5 ae™* A

6 acos X+ bsin fx Acos X+ Bsin X (Note: The

trial must include all three
terms even if b or c are

Zero)
7 ae™ cos X+ be™ sin X Ae™ cos X+ Be™ sin X
8 (ax® + bx+c)e** (AX* + Bx+c)e™

9 (@X +ax+a )cogk+(Rx +Hax-+h )sink (A X+ AX+ A )cos X+
(B,X* + B,x+ B, )sin fx

10 @X +ax+a )" cogkHiX Hpxrp ) sink | (A X* + AX+ A,)e™ cos X+
(B,X* + B,x+ B,)e™ sin px

9.7.1 WORKING METHODS OF UNDETERMINED
COEFFICIENTS

Step 1- Solve the auxiliary equation and write down the general solution.

Step 2- Based on the form of F(x), make an initial trial solution for y,(x).

Step 3- Check whether any term in the trial solution for y (X) is a solution to the

auxiliary equation. If so, multiply the trial solution by 'X'. Repeat this step until
there are no terms in y,(X) that solves the auxiliary equation.

Step 4- Substitute y,(X) into the differential equation and equate like terms to

find values for the unknown coefficients in y,(X) .

Step 5- Add the general solution to the auxiliary equation and the particular
integral you just found to obtain the general solution to the non homogeneous
equation.

2

Example 9.7.1- Find the general solution of 3 2/ - % —2y=2e".
X X

d’y dy
Solution- We have W—&—2y=2e3X Or y'—y —2y=2e" ... (1)

Here, we have F(X)=2e”

The symbolic form of the equation (1) is (D* —D -2)y = 2€*
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The corresponding auxiliary equation is D* ~D—2=0
~D*-D-2=0 = (D+1)(D-2)=0 = D=-1,2.
The complementary function is given by C.F =y (X) =c,e”* +c,e”"

Now, to find the particular integral Yy, (x), by the method of undetermined

coefficients,

Since F(X)=2€™, the particular solution might have the form Y, (x) = Ae’.
Then, we have y(x) =3Ae’™ and y, (x)=9Ae™. For y (X) to be the part of the

solution to the differential equation, we must find a value for A such that

y// _ y/ _2y= 2e3X
. 9Ae* —3Ae* —2Ae™ =2
= 4Ae =2

. 4A=2 Or A:% Then, yp(x)z(%je”.

Thus the general (Or complete) solution of equation (1) is given by,

y=CF+Pl =y, ()+Y,(0)=ce*+c,e” %ezx

.Y

dx

Example 9.7.2- Find the general solution of d 2 +4y=2x"+3e
X

2

d y+2dy

+4y=2x*+3e* Or y' +2y +4y=2x>+3e™*
e dx

Solution- We have

Here, we have F(X)=2x" +3e™
The symbolic form of the equation (1) is (D> +2D +4)y =2x" +3e™*

The corresponding auxiliary equation is D* +2D+4=0

—2+4+ _ )+ 1
- D*4+2D+4=0 = D= 2—”24 16 _ 2—22'*/§=—1ii\/§.

The complementary function is given by
C.F =y.(x)=e"(c, cos V3x+ C, sin V3x%).

Now, to find the particular integral Yy, (x), by the method of undetermined

coefficients,

Since F(X) =2x*> +3€*, the particular solution might have the form



Y, (X)=a,x* +ax+a, +a,e*. Then, we have y/(x)=2a,x’+a —a,e* and
yg (x)=4a,x+a,e . For y (X) to be solution to the differential equation.

Substituting these in the given equation, we get

Yy +2y +4y=2x" +3e
da x+a,e* +2(2a X’ +a —a,e ) +4(a, X’ +ax+a, +a,e ) =2x> +3e”*

Equating corresponding coefficients on both sides, we get

o 4a,=2, 4a,+4a =0, 2a,+2a +4a, =0, 3a, =3

1
Then, a, = a1=—§, a, =0, a=1.

1
2 9
Thus Pl.=y —lx2 —lx+e’X

P2 2
Thus the general (Or complete) solution is
y=CF+Pl=y.(X)+Yy,(¥)= e (g cosv/3X+ C, sin\/gx)+%x2 —%x+ e,

2

y+y:sinx.

Example 9.7.3- Find the general solution of —
X

d’y

Solution- We have 7
X

+y=sinXx Or y' +y=sinX ........... (1)

Here, we have F(X)=sinX
The symbolic form of the equation (1) is (D +1)y =sin X
The corresponding auxiliary equation is D> +1=0
~ D?*+1=0 Or D’=-1 = D=+i.
The complementary function is given by C.F =Yy_(X) =(C, cosX+C, sinX).

Now, to find the particular integral y,(X), by the method of undetermined

coefficients,

Since F(X)=sinX, Let’s assume the trial solution to have the particular solution,
be of the form Yy, (X)=X(a cosX+a,sinX)as these terms appear in the C.F,
therefore we multiply it by X. Then, we have
Y, (X) = (& +a,X)cos X+ (a, —a,X)sin X and
Y, (X)=(2a, —a,x)cos X—(2a, +a,X)sin x. For y (X) to be solution to the

differential equation. Substituting these in the given equation, we get
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y" +y=sinx
(2a, —a,X)cos X—(2a, + a,X)sin X+ X(a, cos X+ @, sin X) = sin X
2a, cos X—24a, sin X = sin X

Equating corresponding coefficients on both sides, we get

L2 =1 = alz—%, 28, =0 = a,=0

Thus Pl.=y, = —% Xcos X
Thus the general (Or complete) solution is

y=CF+Pl =y.(X)+Y,(X)=(C cosx+cC, sinx)—%xaosx.

2
Example 9.7.4- Find the general solution of dy_ 4ﬂ

o CIX+4y:7sinx—cosx.

Solution- We have

2
dy_4ﬂ

Ve dX+4y:7sinx—cosx Or y' —4y' +4y="7sinX—cosX ........ (1)

Here, we have F(X)=7sinX—cosX

The symbolic form of the equation (1) is (D* —4D +4)y = 7sin X—cosX
The corresponding auxiliary equation is D* —4D+4=0

. (D=2"=0 Or D=2,2

The complementary function is given by C.F = y_(X) = (¢,X+C, )€’ .

Now, to find the particular integral y,(X), by the method of undetermined
coefficients,
Since F(X)=7sinX—cosX, Let’s assume the trial solution to have the particular
solution, be of the form Yy (X)=(acosXx+a,sinX). Then, we have
Y, (X)=—a,sinx+a,cosx and y (X)=-a cosX—a,sinx. For y (xX) to be
solution to the differential equation. Substituting these in the given equation, we
get

y’ -4y’ +4y="Tsin Xx—cos X
- (—a, cos X—a, sin X) —4(—a, sin X+ &, cos X) + 4(a, cos X+ &, sin X) = 7sin X—cos X
Or (3a, —4a,)cos X+ (44, +3a,)sin X = 7sin X—cos X

Equating corresponding coefficients on both sides, we get
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3a,—4a, =—-1 and 4a, +3a, =7 , solving both the equations for a, and a,,
we obtain

a=1and a, =1.
Thus P.I.=y, =cosX+sin X

Thus the general (Or complete) solution of eequation (1) is
y=C.F+P.l =y (X)+Y,(X) = (c,X+C,)e* +cos X+ sin X.

2
Example 9.7.5- Find the general solution of (zl 2/ —y=e"cos2x—e"*sin3X.
X
Solution- We have
dzy_ _e3X 2_2X'3 O I\ — a3X 2_2X'3 1
Ve y=€"cos2X—€e " sin3x Or y' —y=e"cos2Xx—e " sin3X ....... (1)

Here, we have F(X) =€ cos2x—e**sin3x

The symbolic form of the equation (1) is (D> —1)y =€ cos2x—€*sin3x
The corresponding auxiliary equation is D* —1=0

.. D*-1=0 Or D*=1 = D=41.

The complementary function is given by C.F =y (X) =(c,e " +c,e”).

Now, to find the particular integral y,(X), by the method of undetermined
coefficients,

Since F(X) =€ cos2x—e™sin3X, Let’s assume the trial solution to have the
particular solution, be of the form

Yo (X) = e*(a, cos 2X+ a, sin 2X) —e°*(a, cos 3x+a,sin3x)  Then, we have
yg(x) =e"[(3a, +2a,)cos2x+(3a, —2a,)sin2x]-e™[(2a, +3a, ) cos3x+(2a, —3a,)sin3x]

and

yo(X)=€"[(58, +128,)cos2x-+ (58, —12a,)sin2x] - €[(12, — 58,)cos3x— (58, +12a,)sin3x]

For y,(X) to be solution to the differential equation. Substituting these in the
given equation, we get

y' —y=€e"cos2x—e"*sin3x

e”[(5a, +12a,)cos2x+(5a, —12a,)sin2x]—€™[(12a, —5a,) cos3X—(5a, +12a,)sin3X]—

€”(a cos2x+a, sin2X) — €™ (a, cos3X+a, sin3X) = €™ cos2x— € sin3x

Equating corresponding coefficients on both sides, we get

o 43, +12a, =1, 4a,-12a =0; 12a,-6a, =0, 6a, +12c, =-1.
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Solving for &, a,, &, and a,, we obtain

a—iaz—i ——ianda——i
'40° 40’as 15 Y30

1 . | .
Thus Pl =y, = 4—Oe3x(cos2x+351n2x) Jr%e2 (2cos3x+sin3X)
Thus the general (Or complete) solution of equation (1) is
y=CF+Pl=y.(X)+Yy,(X)=(ce™+ CQeX)+$e3x(c052x+3sin2x) +$e“(200s3x+sin3x)

Test Your Progress-

Find the general solution of the following differential equations by finding the
P.I.by Method of Undetermined Coefficients.

1. y'—9y=—6cos3x 2. Y +2y +y=4e* 3.
y' =2y +5y=10x>—3x-3
I A 2 U2 X dzy B
4, y' =3y =—-12t 5. (D" -3D+2)y=x"+¢€" 6. r =+Yy=2cosX
X
2 2
7. d ¥—5Q+6y:e3x+sinx 8. d ¥+Q—2y:x+sinx
dx dx dx® dx
9. (D*-2D+3)y=X’ +cosX 10. (D* —2D)y =€*sinX

9.8 METHODS OF VARIATION OF PARAMETERS

Sometimes, F(X) is not a combination of polynomials, exponentials, or
sines and cosines. When this is the case, the method of undetermined coefficients
does not work, and we have to use another approach to find a particular solution
to the differential equation. We use an approach called the method of variation
of parameters.

To simplify our calculations a little, we are going to divide the differential
equation through by a, so we have a leading coefficient of 1. Then the differential
equation has the form

y'+py + ay = F),
where p and q are constants.

If the general solution to the complementary equation is given by
CY,(X)+¢C,Y,(X), we are going to look for a particular solution of the form
Y, (X) =U(X)Y, (X) +V(X)Y,(X) . In this case, we use the two linearly independent

solutions to the complementary equation to form our particular solution.
However, we are assuming the coefficients are functions of X, rather than
UGMM-104(N)/212 constants. We want to find functions U(x) and V(X) such that y (x) satisfies the



differential equation. We have

Yo () = U() Y, (X) +V(X)Y, (X) 1)

Yo (X) = U (X) Y, () + Uy, (X)+ V' (X) ¥, (X) + V(X) Y, (X)
Yo (0= (U (0, (X)+V (X)Y, (X)) + (U (X)Y; )+ UX)Y, () +V () ¥,(X) +V(X)Y; (X)
Substituting into the differential equation, we obtain

y'+py +ay=
(U (X)Y; () +V (XY, (X)) + (U (XY, (X)+U)y, (X)+V (XY, (X) +V(X) Y, (X)
+HU ()Y (9 +UX)Y; (X)+V (XY, (X)+HUX)Y, () H+GUXY, (X) XY, (X)
=UY; 09+ Py (9 +ay (Y IHUXYs 9+ Py (9 +a% (Y T+HU (Y, (9+V ()Y, (¥)] +
AU (9 (0+V ()Y, O HU (9 (9+V (9Y5(X)]

Note that y, and y, are the solutions to the auxiliary equation, so the first two
terms are zero. Thus, we have

[U (Y, (0 +V ()Y, (¥ + U ()Y, () +V ()Y, ()]HU (Y, (9 +V (XY, (9]=F(X)
If we simplify this equation by imposing the additional condition
u' (X)Y,(X)+V' (X)y,(X)=0, the first two terms are zero, and this reduces to

u' (X)Y,(X)+V (X)Y,(X) = F(X). So, with this additional condition, we have a
system of two equations in two unknowns:

U ()Y, (X)+V (Y, () =0
U ()Y, () +V' (X)y, () = F(X)

Solving this system (by using Cramer’s rule Or any suitable technique) gives us

Lm0 FX (0 F()
W(X) W(X)

Yoy

i 3:M%_%W

1 2

, which we can integrate to find

u and v. Where, W(X) =

Substituting these in equation (1), we obtain the Yy, (X).

9.8.1 WORKING METHODS OF VARIATION OF
PARAMETERS

Step 1- Solve the auxiliary equation and write down complementary function:

Ye(¥) =G Y,(0)+C,Y,(X)

Step 2- Assume Yp(X) = U(X) Y, (X) +V(X)Y, (%) Then, determine Wronskian
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Yi(¥) ¥, (X)

yl/(x) yé(x) = yl(X)Y2(X) - Y2(X)Y1 (X) -

W(X) =

Step 3- Find u and Vv using the formulae
P S N T HLE
W(x) W(X)
Step 4- Then, y,(X)=u(X)y,(X)+V(X)y,(X) is the particular integral to the
equation.

Step 5- Add the complementary function and the particular integral to obtain the
general solution to the non homogeneous differential equation.

2
Example 9.8.1- Find the general solution of Z 2/ +y=secX.
X
d’y
Solution- We have, —>+y=secX OF Yy’ +y=8CX ccccorurrnrrenee. )
X

Here, we have F(X)=secXx
The symbolic form of the equation (1) is (D* +1)y =secX
The corresponding auxiliary equation is D> +1=0
~ D*+1=0 Or D’=-1 = D=4i.
The complementary function is given by C.F =Yy_(X) =(C, cosX+C,sinX).

Now, to find the particular integral y, (X), by the method of variation of

parameters,

Let y,(X) =u(X)y,(X)+V(X)Y,(X) = U(X) cos X+ V(X)sin X

Yi(X)  Y,(X) / /
W(x) = = Y1 (XY, (%)= Y, (XY, (X)
ACOIAC) It
cosX sin X ) . 2
= =cos” X+sin“ X=1

—sinX cos X

Now,
J' Y (J\;(XF) X 4 J’ m. dx=—log(sec X) = log(cos X)
and V=J~yl(x).F(X).dxzjcosx-secx'dxzx
W(x) 1

" Y, (X) =log(cos X) cos X+ Xsin X
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Thus the general (Or complete) solution of equation (1) is
y=CF+P.l =y.(X)+Y,(X) = (C cos X+C, sin X) + log(cos X) cos X+ Xsin X

2
Example 9.8.2- Find the general solution of ((jj 2/ +4y=tan2X.
X
d’y
Solution- We have, v 4y=tan2x Or y'+y=tan2X ............ (1)

Here, we have F(X)=tan2x
The symbolic form of the equation (1) is (D* +4)y = tan2x
The corresponding auxiliary equation is D* +1=0
" D*+4=0 Or D’=—-4 = D=42i.
The complementary function is given by C.F = y_(X) =(C, cos2X+C, sin2X).

Now, to find the particular integral y, (X), by the method of variation of

parameters,

Let y,(X) =u(X)y,(X) +V(X) Y, (X) = U(X) cos 2X+ V(X)sin 2X

Yi(X) Y, (%) / /

W(x) = = Y1) Y2(¥) = ¥, (¥)y; (X)
Y yaeof TR R
cos2X sinZ):J 5 .2

= ‘ =2c08” 2X+2sin”"2X=2
—2sinX 2cos
Now,

_ J‘yz(x) F(X) :_Iw-dx:—lj(seCZX—cos2X)dx

W(X) 2 2

=—%[log(sec2x+ tan 2X) —sin 2X]

and V:IM'CIX:JM'C{X:lJ.SinX'dX
W(X) 2 2

=—lCOS2X
4
1 . 1 .
LY (X) = —Z[log(se02x+ tan 2X) —sin 2X] cos2X—Zcos 2Xsin 2X
= —icos2x[log(sec2x+ tan 2X)]

Thus the general (Or complete) solution of equation (1) is

y=CF+PI =y, (X)+Y,(X)=(C cos2x+c, sin2Xx) —%cos2x[log(sec2x+ tan2X)] yGMM-104(N)/215



2

dy 6dy

Example 9.8.3- Find the general solution of — +9y =
dx dx
2 3X 3X
Solution- We have, d y dy 9y— e Or y' -6y +9y= € 5
dx X (1)

e3X
Here, we have F(X)=—-
X

3X

(S
The symbolic form of the equation (1) is (D> —6D+9)y = v

The corresponding auxiliary equation is D> —6D+9=0
. D*-6D+9=0 Or (D-3)’=0 = D=3,3.
The complementary function is given by C.F = y_(X) = (¢, +¢,X)e™*.

Now, to find the particular integral y, (X), by the method of variation of

parameters,

Let y_ (X) = u(X) Y, (X) + V(X)Y, (X) = u(x)e™ + v(x)xe’

Y, (X) Y, (X) / /
W(X) = =Y, (XY, (X) = Y, (XY, (X)
y () v, ? ? :
3X 3X
_|® xe =3xe™ + " —3xe®™ = e**
3¢ 3xe’* +e™
Now,

_ J‘yz(x) F(X) J.M.dx:—ji-dX:—logX

W(X) ™. x’
and V:IM .[e e -dx = J'— dx——l
W(X) e x? X

Y, (X) =(—logXx)- €™ —l(xe“) =—e”(logx+1)
X

Thus the general (Or complete) solution of equation (1) is
y=CF+Pl =y, (X)+Y,(X) =(c, +c,x)e* —e™(1+logx) = (¢, +¢,x—1-logx)
2

dy dy
e*1
dx? dx+y ogX.

Example 9.8.4- Find the general solution of

2

dy ,dy

—ZL 1y=€e*logx Or y' —-2y' +y=¢€*logx
dx® d

Solution- We  have,
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Here, we have F(X)=¢€"logx
The symbolic form of the equation (1) is (D* —2D+1)y =€*logXx
The corresponding auxiliary equation is D> —2D+1=0
. D*-2D+1=0 Or (D-1)’=0 = D=1,1.
The complementary function is given by C.F =y, (X) =(c, +c,X)e".

Now, to find the particular integral y, (X), by the method of variation of

parameters,

Let y,(x) = u(x)y, (X) + V(X) Y, (X) = u(x)e* + v(x)xe*

Yi(X¥) ¥, (X) / /
W = = —_
O0={0 0y 0| SO0 =200 (9
— ex ?fe ) — Xer +e2x _Xe2x — e2x
e* xe‘+e
Now,
Y, (X)- F(x) xe* -e*log X xz( 1}
u=—|—=—-—= ——— = .dx=—| xlogx-dx=——| logXx——
| W(x) - Jxiog 2 87T
Y, (X)- F(X) e*-e*logX
and v= IW IT dx = jlogx dx = x(logx—1)

2

2
wY,(X) =—X7(log x—%)ex —X(logx—1)xe* = —ex[%(log x—%) + X(log x— l)x}

Thus the general (Or complete) solution of equation (1) is

y=CF+Pl=y.(X)+Yy,(X)=(c, +C,X)e* ——e { 22 (10gx—%}+x(logx l)x}

2
Example 9.8.5- Find the general solution of d 2/ y= 2 o~
dx (1+¢€%)
2
Solution- We have, d 2/— y= 2 — Or y'-y= 2 -
dx (1+€") d+e) (1)
Here, we have F(X)=¢€"logx
2

The symbolic form of the equation (1) is (D* 1)y = ”
(1+e")

The corresponding auxiliary equation is D* —1=0
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. D*-1=0 = D=1,-1.
The complementary function is given by C.F = y_(X) =(c,e* +c,e™).

Now, to find the particular integral y, (X), by the method of variation of

parameters,

Let y, (X) =u(X)y,; (X) + V(X)Y, (X) = u(x)e* +v(x)e™

W= 20y v 0 - v, 0y 0
Yi(X) Y, (%)
LS T
e —-e
Now,
J'yz(x) F(X) _ J' '_.d)(:J- e’ -dX=J-—1 -dx
W(X) (-2)1+€e") (1+¢€) e*(1+€")
1 . e x _x
=I(_X_l+exj.dx:e —.[e_xﬂ-dx:—e +log(l+e™)
V(- F(X) e*.2 e _
and V_J-—W(x) j—( D dx = I(1+ ) log(1+€%)

LY, (X) =€ [-e " +log(l+e )] -e " log(1+€*) =—1+€e"log(e™™ +1)—e *log(e* +1)
Thus the general (Or complete) solution of equation (1) is

y=CF+Pl=y.(X)+Y,(X)=(Cc€ +c,e”)~1+€"loge™ +1)—e " log€e" +1)

Test Your Progress-

Find the general solution of the following differential equations by finding the
P.I.by Method of Variation of parameters.

1. v / _et P o d’y )
R AAY +y—t—2 2.y +y—3sm X 3. y_{_a y = cos ecax
d2y dzy . dZy dy ex
4. b +y=tanX 5. v +y=XsinX 6. W—2&+y:?

2
7.8 zy—3ﬂ+2y— — 8. y' -2y +2y=e€"tanx
dx dx 1+e~*
2 2
9. ¢ f—zﬂzexsmx 10. 9 Yiy= L
dx dx dx 1+ sin X

UGMM-104(N)/218



9.9 SUMMARY

Method for finding the complementry fuction C.F. and methods for
finding P.I. in certain standerd cases is given. Method of variation of parameters
and method of undetermined coefficent has been discussed to find P.I. for non
stunderd cases.

9.10 TERMINAL QUESTIONS

1. Solve
(D? — 4D +3)y = x3.e%*
2. Solve
(D? — 2D + 1)y = xe *cosx
3. Solve by method of variation of parameters
i. (D?-2D+2)y = e*tanx
ii. (D?+ 1)y = cosecx
4.  Solve

3x

e
(D2—6D+9)y=x—2

.  y=c¢e*+ce’3 —e?(x3+ 6x)

2. y=(1x+cy)e™* + e *(—xcosx + 2sinx)

3. (1) y=-e*(cicosx + cysinx) — e*cosx log(secx + tanx)
(i) y = cyco8x + cysinx — xcosx + sinx log(sinx)

4. y=(c1x +c)e3* —e3*. (1 + logx)

9.11 ANSWERS TO CHECK YOUR PROGRESS

Test Your Progress-

(i) We have, 8ty’ —6t”y' +4ty—3t*> =0. This equation is linear. Rewriting it
in standard form gives 8ty’ —6t’y' +4ty=>3t>. With the equation in

standard form, we can see that F(t)=3t>. So the equation is non
homogeneous.

(ii) We have, sin(x*)y” —(cosX)y’ + X’y =Yy’ —3. This equation looks like its
linear, but we should rewrite it in standard form to be sure. We get
sin(x’)y” —(cosx+1)y’ + x>y =-3. This equation is, indeed, linear. With
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F(X) =-3, it is non homogeneous.

(111)) We have, y" +5xy’ =3y =cosy. This equation is nonlinear because of the

(iv)

(v)

cosy term.

We have, (y// )2 —y' +8x’y=0. This equation is nonlinear because of
(y")* term.

We have, (sint)y” +cost—3ty’ =0 Or (sint)y” —3ty’ =—cost . This is
linear. With F(X)=—cost, it is non homogeneous.

Test Your Progress-

1. y=

4. y=

6. y=

8. y=

ce+ce’ 2. y=e¥(c cos2x+C,sin2X) 3. y=c, cosdt +cC, sin4t
3y _ 3 ) 3
(c, +c,x)e” 5.y=ce'+e’(c, cos%t +C, s1n2x§t)

(C, +C,X+C,X*)e" 7. y=(C, +C,X)cos2X+(C, +C,X)sin2X

. 2 .
(C, +C,X)cos X+ (C, +C, X)sin X+ C,&" 9. yzge2X sin3x

10. y=¢€"(4cos3x—sin3Xx)

Test Your Progress-

1. y=

3. y=

5. y=

7. y=

8. y=

\O

L y=

1
c1e3x+c2e‘3x+§cos3x 2. y=(C, +c,x)e " +2t°e™*
X : 2 X 2 4
€ (C, cos2X+C, sin2X) +2X" + X—1 4. y=ce +C, +2t" +—t
X 2X 1 2 X . .
ce' +c.e +§(X +3X+3.5-2Xe") 6. y=C, cosX+C,sin X— Xsin X
2X 3X 3X 1 :
ce” +c,e” +xe +E(smx+3cosx)
x x|l 1 ,
ce +ce —Z(2X+l)—ﬁ(cosx+3s1nx)

e*(C, cos+/2X+C, sin+/2X) +2L7(9x3 +18x* + 6X—8) +%(cosx—sin X)

1 .
10. y=c, +C,e” —Eex sin X

Test Your Progress-



1. y=ce€ +c,te' —€' logt Y =C, cosX+C, sin X+ 1+cos’ X
y =(c, —X/a)cosax+[c, +(1/a*)logsinax]sinax

Y = C, cos X+ C, sin ax—cos Xlog(sec X + tan X)

X X2
= C, COS X+ C, sin X+ —sin X ——cos X
1 g 2 4

y=(C, +C, X)€" + xe*logX
y=(e*+e™)log(l+€")+(c, —1—x)e* +(c, — x)e™
y =€(C, cosX+C, sin X) —€* cos Xlog(secX + tan X)
y=¢, +C,e” —%ex sin X

Y = C, cos X+ C, sin X+ sin Xlog(1 + sin X) — Xcos X—1
10.
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UNIT-10 METHODS OF FINDING
PARTICULAR INTEGRALS BY
INVERSE OPERATOR METHOD

Structure

10.1 Introduction

10.2 Objectives

10.3 Case of exponential function
10.4 Case of hyperbolic functions
10.5 Case of trigonometric functions
10.6 Case of a polynomial

10.7 Case of combination of e*V
10.8 Case of combination of x™V
10.9 Summary

10.10 Answers to exercises

10.11 Terminal Questions

10.1 INTRODUCTION

Linear differential equations are those in which the dependent variable and
its derivatives occur only in the first degree and are not multiplied together. Thus
the general differential equation of the n™ order is of the form

d n y d n-1 y d n-2 y
K +k +k F o +k,y=F(x
0 dxn 1 an,1 2 an—Z ny ( )
Where Ky, K, Ky oo k, are real valued functions, and ko is not

identically zero. F(x) is function of ‘x” only.

If Ky, Ky Koy e K, are all constants, then the equation is known as
linear differential equation with constant coefficients.
d> d’

—,—,—5 etc, by D, D?, D’ etc, so that
dx dx- dx

Operator D- Denoting

2 3
& _ Dy, d—2 =Dy, d—3 = D’yetc, the equation (5) above can be written in the
dx dx dx
symbolic form (k,D"+k D" +.............. +k,)y=F(x), ie., f(D)y = F(x), where

f(D)=k,D"+kD"" +............. +k,, i.e., a polynomial in D.
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Thus, the symbol D stands for the operation of differentiation and can be
treated much the same as an algebraic quantity i.e., f(D) can be factorised by
ordinary rules of algebra and the factors may be taken in any order.

Let Y, =CY,(X)+CY,(X)+........... +C,Y,(X) denote the general solution
to the auxiliary equation. Then, the general solution of the non homogeneous
linear differential equation is given by y=y +Yy,. Where Y is known as

complementary function and Y, is called particular integral.

In the preceding unit, we learnt how to solve non homogeneous equations
with constant coefficients. Therefore, for non homogeneous equations of the form

— e +k,y=F(x), we already know how to

solve the auxiliary equation and to find a particular solution for the non
homogeneous equation. We have seen two methods of finding particular integral.
Now examine one more technique for this: the inverse operator method.

Inverse Operator-

Definition 10.1.1- % F(X) is that function of X, not containing the arbitrary

constants when operated upon by f(D)gives F(X).
. 1
e, f(DR——FX)=F(X).

( ){f(D) ()} (X)

Thus

1D) F(X) satisfies the equation f(D)y=F(X) and is, therefore, its

particular integral.

1
Obviously, f(D) and
viously, f(D) an D

are inverse operators.
1
Definition 10.1.2- —F(x) = j F(x)-dx

1

Let —F(X= e 1
¢ 35 (X)=y (1)

Operating by D,
1 , dy
D—-F(X)=Dy ie, F(X)=—
D (X) =Dy (X) ™
Integrating both sides w. r. t. X, Y= J- F(X)-dx, no constant being added as

equation (1) does not contain any constant.

Thus %F(x):jF(x)-dx



1
Definition 10.1.3- —— F(x) =™ j F(X) e ®dx
D-a

1

Let —FX)=y .. 2

¢ 5o FO0=y @)
Operating by (D—-a), (D-a)- ! -F(x)=(D-a)y

(D-a)
dy . dy . o :
Or F(x)= PV ay le, PV ay = F(X) . This represents a Leibnitz’s linear
X X

equation.
X _ I —adx _-ax . . .
S~ lLLF=e =e %7, its general solution is given by

y-eI R I F(x)-e® dx, no constant being added as equation (2) does

not contain any constant.

Thus

(D_a)-F(x):y:e jF(x)-e’ - dx

Rules for Finding the Particular Integral-

dny dn—ly dn—2y
K +k +k F o +k,y=F(X
0 an 1 anfl 2 an,Z ny ( )
It’s symbolic form is (k,D" +k D" +.............. +k.,)y=F(x). Then,
Pl = ,11 F(X)
(K, D" +Kk D"+ +Kk,)

10.2 OBJECTIVES

After reading this unit students should be able to:
»  Identify the method of particular integral to apply

»  Recognize the method of particular integral to solve the non homogeneous
linear differential equations of higher order

»  Determine the particular integrals by using inverse operator method

10.3 CASE OF EXPONENTIAL FUNCTION

When F(x)=¢e*

ax ax
Since De” =ae

ax

D’e*=a’e

UGMM-104(N)/225



UGMM-104(N)/226

D"e*=a"e*
(k,D" +k D" +.............. +k)e™ =(k,a" +ka"" +....cco.. +a,)e™

ie, f(D)e*="f(ae™
Operating on both sides by

%, % f(D)e™ = % f(a)e™ Or e*=f(a) : (ID) e™

. Dividing by f(a),

;eax = Leax ........................ (1), provided f(a)#0.

f(D) f(a)
If f(a)=0, the above rule fails and we proceed further.

Since ‘a’ is a root of auxiliary equation f(D)=k,D"+k D" +.............. +k, =0

.. (D-a) is a factor of f(D). Suppose f(D)=(D-a)-¢#(D), where ¢(a)+0.
Then
> = . > = . e
f(D) D-a ¢(D) D-a ¢(a)

! ! o -eaxjeax e ¥dx

4@ D-a 4@

:L.eaxj‘dxzx.Leax
$(a) ¢(a)
N PV S
. —f(D)e _Xf/(a)e .............................. (2)

~ f/(D)=(D-a)¢'(D)+1¢(D)
o (@) =0x¢'(a)-¢(a)

If f/(a)=0, then applying equation (2) again, we obtain,

1 ax 2 1 ax . /
——e¥ =X e, provided f'(@Q)#0 ..cccooovvevverenene. 3) and .
f(D) (@ p (a) (3) and so on

Note 10.3.1-
Definition 10.3.1- If F(X) =Kk, where ‘k’ is arbitrary constant. Then,



1 1

X ‘k=k——=¢€" k—, rovided f(0)=0
70 T ) T o P >
If f(0)=0. Then,

X X .

X)=k- e =k-———, provided f'(0)=0
Yo (X) (D) £0) p 0)
If £(0)=0. Then,
y. (X)=K-——— X e —k-x—2 provided f”(0)= 0 and so on

p f//(D) f//(O)’

Definition 10.3.2- If F(X)=a", where ‘a’ is arbitrary constant. Then,

X 1 log a* 1 (loga)x

Ve = f(D) £(D) f(D)
= , provided f(loga)=0
f(loga) p (loga)
If f(loga)=0. Then,
X) = —e“"ga)x:L, rovided f’(loga) =0
Yo (X) = (D) t(loga) p (loga)
If f’(loga)=0. Then,
2 2

— = glleeax :X—, rovided f”(loga) =0 and so on

yp( ) f//(D) f//(loga) p (Og )

Example10.3.1- Find the general solution of

2

4Y 6V gy—6e” + 767 —log2

dx’ dx

Solution- We have
2

Zy 6gy+9y:6e3x+7e“—log2 Or y' -6y +9y=6e"+7e* —log2
X

.............. (1)

Here, we have F(X)=6€™ +7e”* —log2
The symbolic form of the equation (1) is (D* —6D +9)y = 6™ + 7€ > —log2
The corresponding auxiliary equation is D> —6D+9=0
. D’-6D+9=0 = (D-3)’=0 = D=3,3.
The complementary function is given by C.F =y, (X) = (c, +¢,X)e’".

Now, to find the particular integral y, (X), by the inverse operator method ,
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Consider,

1

X)=———- 6e3x+7e'”—lo 2
e S g2)
S U SRR B
(D? - 6D +9) (D? - 6D +9) (D -6D +9)
Y R S N e log2— L g™
(2D - 6) [-22 —6(-2)+9] [0% = 6(0)+ 9]
2 -2X
:6-X—e3x+7e _log2
2 25 9
s ax 7€ log2

X)=3xe" + ——
Yo (X) >3 9

Thus the general (Or complete) solution of equation (1) is given by,
) ax 7e_2x_log2
25 9

y=CF+Pl=y.()+Yy,(X)=(c +C,x)e”" +3x’e

Y

Example10.3.2- Find the general solution of d d
X

—“ t+y=(-€)°

Solution- We have

d? dy+y (1-e) =1-2e"+e™ Or Yy +y +y=(1-€) =1-2e"+¢&*
dx~ dx
........... (1)

Here, we have F(X)=1-2¢e* +e™
The symbolic form of the equation (1) is (D* + D+1)y =1-2€* + &

The corresponding auxiliary equation is D* +D+1=0

-~ D*+D+1=0 > D= 1—2\‘1 4: 1—2|\/§ —~ D= IJ;I\/E, lzlx/g.

The complementary function is given by

1
CF=y.(X)=e? (c cosv/3x+ C, sin~/3X) .
Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,

1
(D*+D+1)
1 0x 1 X 1 2x

=————¢€ 2 — e+ — e
(D"+D+1) (D*+D+1) (D"+D+1)

“(1-2e" +e*)

Yo (X) =

X 2%

Y e . e
[P+ (M) +1] [27+(2)+1]

2X

2e* e
7




Thus the general (Or complete) solution of equation (1) is given by,

1y X 2%
y=CF+PlI=y.()+y,(X)=€" (¢ cos/3X+ c, sin\/gx)+1— 2? + e7
3 2
Example10.3.3- Find the general solution of d_z/ +2 d 2/ + & =e”
dx dx* dx

3 2
ZX¥+23X¥+%:€X o vy'+2y'+y =™ .. (1)

Solution- We have ,

Here, we have F(X)=¢€™*
The symbolic form of the equation (1) is (D> +2D* + D)y =€

The corresponding auxiliary equation is D* +2D*+D =0

- D*+2D’+D=0 Or D(D*+2D+1) = D=0, (D+1)>=0.Thus D=0, -1, —1

The complementary function is given by C.F = y_(X) =c¢, +(c, +¢c,;x)e

Now, to find the particular integral y,(X), by the inverse operator method

Consider,
Yo (X) = e
P (D’ +2D* + D)
1 X
3D +4D +1
, 1 . xe”
= . e "=
6D +4 -2
X2e—x
X)=—
Yp(X) 5
Thus the general (Or complete) solution of equation (1) is given by,
24X
y=CF+Pl =y (X)+Yy,(X)=¢ +(C, +C;X)e " — X ;
d’y
Example10.3.4- Find the general solution of o y=>5e"+37"
X
d’y
Solution- We have —-—y=5e*+3™ Or y'-y=5e"+3> ... ()
X

Here, we have F(X)=5€" +37*
The symbolic form of the equation (1) is (D* —1)y =5€* +37

The corresponding auxiliary equation is D> —=1=0 UGMM-104(N)/229



. D*-1=0 = D=+10r D=1, 1.

The complementary function is given by C.F =y .(x) =(ce* +c,e ™).
Now, to find the particular integral y,(X), by the inverse operator method ,
Consider,

-(5€" +37)

yp(x) = (D2 _1)

1 x 1 x

. 5 .e” + 5 -3
(D" -1 (D" -1

X x

=5 —. .@

7 [2D] [D? 1]

X(log3)

xe* 3x
_+_
2 [(log3)’ -1]

Thus the general (Or complete) solution of equation (1) is given by,
5xe’* 3*

=CF+Pl=y.(X)+y,(X)=(ce*+c,e”)+ +

y e+, (00 = (C€" -0, )+

Y, (="

Test Your Progress-

Find the general solution of the following differential equations by finding the
P.Lby Inverse Operator Method.

2 3 2

T L VY 2. 4V sy oW 5y e
dx dx dx dx dx
2
3. (D’-D)y=€*+15 4. d 2/—6ﬂ+25y=100e2X
dx dx

2
5. C:I 3’+5;ﬂ+6y:55e2X 6. (D*+D* +1)y=e7"?

X X

10.4 CASE OF HYPERBOLIC FUNCTIONS

When F(X)=sinh(@ax+b) Or cosh(ax+b)
Since D[sinh(ax+b)]=acosh(@ax+Db)
D’ [sinh(ax+b)] = @’ sinh(ax+ b)
D’[sinh(ax+b)] = a’ cosh(ax+ b)
D*[sinh(@x+b)] = a*sinh(ax+b)
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(D*)*[sinh(ax+b)] = (a)? sinh(ax+b)
In general, (D*)" [sinh(ax+b)]=(a*)" sinh(ax+b)

f (D?)[sinh(ax+b)]= f (a*)sinh(@x-+b)

1
Operating : on both sides,

D2
1 2\ 1 2\ -
(DY) f(D?)sinh(ax+b) = (DY) f (a”)sinh(ax+b)
Or sinh(ax+b)= f(a®) ! sinh(ax+ b)

f(D?)

Dividing by f(a?), we obtain

sinh(ax+b) provided f(a*)=0.

sinh(ax+b) =

a2

f(D?)
If f(a*)=0, the above rule fails and we proceed further as follows;

sinh(ax+b) provided f'(a*)#0.

sinh(ax+b) = x-

f(D?)

f'(@%)
If f'(@)=0,

sinh(ax+b) = x* -%Sinh(ax+ b) provided f”(a*)#0

f(D?)
If f/(a%)=0,

. 1 ) .
Wsmh(ax+ b)=x’ -Wsmh(ax+ b) provided f”'(a*)#0, and so on

Similarly,

cosh(ax+b) provided f(a’)#0.

cosh(ax+b) =

a2

f(D?)
If f(a>)=0, the above rule fails and we proceed further as follows;

cosh(ax+b) = x- cosh(ax+b) provided f'(a*)#0.

1
f(D?) f'(@)

If f/(@%)=0,

cosh(@ax +b) = x? -

le)cos(ax +b) provided f”/(a*) # 0
a

f(D?)
UGMM-104(N)/231



UGMM-104(N)/232

It f/(@%)=0,

WCOSh(aXJF b) = x° -ﬁcosh(ax+ b) provided f”(a*)#0, and so on
a

Note 10.4.1-

X —X X

e +e
and coshx=

.. ) e —-¢€ X
We can make use of the definitions of sinh X=

and then one can opt for the case of exponential to find the particular integral.

d’y

Example10.4.1- Find the general solution of —
X

—4y=sinh2X

2

9Y _4y=sinh2x Or y'—4y=sinh2X .......... (1)

Solution- We have >
X

Here, we have F(X)=sinh2X

The symbolic form of the equation (1) is (D> —4)y =sinh2x

The corresponding auxiliary equation is D> —6D+9=0

.. D*-4=0= D’=4 = D=%2.

The complementary function is given by C.F = y_(X) = (¢, +c,e™).
Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,
1 .
yp(X) = m -sinh 2X

= Lsinh 2X = zj.sinh 2X-dx = X, cosh 2X = zcosh 2X
2D 2 2 2 4

yp(x)zgcosh 2X

Or, alternatively; use sinh2X=

2X -2X

1 e
(D? —4) 2

0 e 1 ] X e X
_5{(D2—4)(e) (D2—4)(e )}_2[206 D ° }

1| xe?* xe** x| e’ + e ** X
—— + == =Zc0sh2x

2| 4 4 4 2

Yo (X)= %cosh 2X




Thus the general (Or complete) solution of equation (1) is given by,

y=CF+PI=y,(0+y,(0=(ce +Czezx)+§cosh2x.

d'y

Example10.4.2- Find the general solution of —
X

— Yy =coshX

d'y

Solution- We have —-—y=coshx Or y"“-y=coshX ... (1)
X

Here, we have F(X)=coshXx

The symbolic form of the equation (1) is (D* —1)y = coshX

The corresponding auxiliary equation is D* —1=0

5. (D*)?-1=0 = D’ -1=0,D* +1=0 = D==1, +i.

The complementary function is given by

CF=y.(X)=(ce" +c,e ) +(c, cosX+C, sinX).

Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,

-cosh X

1
yp(x) - (D4 _1)

- X cosh ngj”cosh X - dx

D3
= zﬂsinh X-dx = zj‘cosh X-dx = lsinh X
4 4 4

y, ()= %sinh X

X X
Or X) = ———cosh X == cosh X =
Yp(X) 4D 4

5 X2 Icosh X-dX = isinh X
D°D 4(19) 4

X

e +e

X

Or, alternatively; using cosh X =

1 _ex +e*
(D*-1) 2

1{ 1 ) 1 } 1[ X . X }
=—|— (€)+— e == €& +—¢e
21 (D*-1) (D* -1 2| 4D 4D

1| xe* xe™* x| e —e™* X .
=— - =— = —sinh X
2{ 4 4 } 4{ 2 } 4

yp(x):gsinhx

Yo (X) =
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Thus, the general (Or complete) solution of equation (1) is given by,

y=CF+Pl=y.(X)+Y,(X)=(c€ +C,e7)+(C;cosX+C, sinx)+§sinhx.

Example10.4.3- Find the general solution of

3 2
dly sdy, ,dy

3 3 —3y =8cosh 5x—7sinh 4X
dx dx dx

Solution- We have ,

2—2—5%+7%—3y:800sh5x—7sinh4x .............. 1)
Or y”" —5y" +5y’ —3y=8cosh 5x— 7sinh 4x

Here, we have F(X)=8cosh5X—7sinh4x

The symbolic form of the equation (1) is

(D’ —5D” +7D —3)y = 8cosh5x— 7sinh4x

The corresponding auxiliary equation is D’ —5D* +7D—-3=0

- (D-1)’(D-3)=0 = D=1,1,3 .

The complementary function is given by C.F = y_(X) = (C, +C,X)e* +c,e™".

Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,
1 .
yp(X)Zm'(SCOShSX—7SIHh4X)
:8%cosh5x—7%sinh4x; Put D?* =5 and D? =4*
D°-5D°+7D-3 D°-5D°+7D-3
=8- ! costh—7-;sinh4x
25D-125+7D-3 16D-80+7D -3
1 )
=8 ———cosh5x—7-———sinh 4Xx
32D -128 23D -83
32D +128 23D + 83 .
=8 cosh5x—-7 sinh 4 X

'1024D2 16384 '529D2 — 6889
B 8‘32(5 sinh 5X)+128 cosh 5X . 23(4 cosh 4x) +83sinh 4x

1024(5*)-16384 529(4%)-6889
:8.16Osinh5x+128005h5x_7.9200sh4x+83sinh4x
9216 1575
y (X):16OSinh5X+l28cosh5x_92cosh4x+83sinh4x
P 1152 225
5sinh 5x+8cosh5Xx 92cosh4x+83sinh4x
Or y,(X)= -

72 225



AX _ A4X SX

. . e e e
Or, alternatively; use smh4x=T and cosh5x=
‘ 1 esx+e—5x 1 e4>< _e41><
- Y (X0 =8-— 2 ) RS 2 ’
D’ -5D°+7D-3 2 D’ -5D°+7D-3 2

1 X 1 —SX
=4l: 3 > . + S > .e :|_
D’ -5D"+7D-3 D’ -5D"+7D-3

7 1 4x 1 —4X
YRS 2 € 2 €
2| D’-5D"+7D-3 D' -5D"+7D-3
‘ y (X)_4‘ §+e—5x _z i_e%x eSx e—Sx _z ib(_e—4x
S 32 288| 2| 9 175 § 72 21 9 175

Thus the general (Or complete) solution of equation (1) is given by,
SX

e e—Sx 7 e4x e—4x
=CF+Pl =y (X)+Y,(X)=(C, +C,X)€" +C,&* + —+ —— ——| —— :
y Yo (X)+ Y, (X) = (¢ +C,X) 3 s T 2[9 175}

&

—+5y=-2coshx . Also
dx

Example10.4.4- Find the general solution of d
X

find y when y=0, %=1 at x=0.

2

Solution- We have 3y+4%+5y——2coshx Or y'+4y +5y=-2coshx
X X

Here, we have F(X)=-2cosh2x
The symbolic form of the equation (1) is (D* +4D +5)y =-2coshx

The corresponding auxiliary equation is D* +4D+5=0

-4++16-20
2

.. D*+4D+5=0 = D= = D=-2+i.

The complementary function is given by C.F =y, (X) = € >*(C, cos X+ C, sin X) .

Now, to find the particular integral Yy, (X), by the inverse operator method ,

Consider,
y (X)—;-(—Roshx)
P (D> +4D+5)
1 2D-3 2sinhX—3coshx
= coshx=-— coshx=-— 5 -coshx=

4D+6 2D+3 4D° -9
2sinhX—3coshx

Y, (X)=

5
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X

. e
Or, alternatively; use cosh X = 5

y (X)—__2. ! et - 1 .e*
PP 2 | (D?+4D+5) (D?+4D +5)

Dy Lo
‘[E(e) S >}

Thus the general (Or complete) solution of equation (1) is given by,
2sinh X—3cosh x

5

y=CF+P.l = y.(X)+Y,(X) =€(c, cosX+C, sinX) +

dy

Now, using the given conditions; y =0, pw =1 at Xx=0. From equation (2),
X

0=c —% Or ¢ =%.

Again, from equation (2);

2sinh X—3cosh X

y = e **(c, cos X+C, sin X) +

5
=y =-2e7%(c, cos X+ C, sin X) + € >*(—¢, sin X+ C, cos X)
.. Using at x=0, ﬂzl, we obtain,
dx
3 11
1=-2(c, +0)+(0+c,) Or -2c,+c, =1, put Clzg = CZZ?

Thus, the particular solution of equation 1) is given by

2sinh X—3cosh X
5

_ZX[s 11 . j
y=¢€ gcosx+?smx+

—3X

Ory=e

(3cos X+11sin X) + 2sinh X—3cosh X

Test Your Progress-

Find the general solution of the following differential equations by finding the
P.L.by Inverse Operator Method.
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2 3 2
R Gy &'y

S + Yy =10sinh X 2. —- =+ 7—==coshx
dx dx dx dx dx
: , d’y _ dy
3. (D’ —D)y=2sinhx—cosh2x 4. —5—6—+25y =50cosh3x
dx dx
2
5. 9V Y6y sinhox
dx dx

10.5 CASE OF TRIGNOMETRIC FUNCTIONS

When F(X)=sin(ax+b) Or cos(ax+b)
Since D[sin(ax+b)]=acos(@x+Db)
D’ [sin(ax+b)] = —a’ sin(ax+b)
D’[sin(ax+b)] = —a’ cos(ax+b)
D*[sin(ax+b)] = a* sin(ax-+b)

ie., D?[sin(ax+b)]=(-a’)sin(ax+b)
(D*)*[sin(ax+b)] = (-a2)* sin(ax+b)

In general, (D?)' [sin(ax+b)]=(-a2)" sin(ax+b)

f (D?)[sin(ax+b)]= f (-a>)sin(ax-+b)

Operating : ! on both sides,

D?)
1 25 1 o
Wf(D )sin(ax+b) = (DY) f (—a”)sin(ax+Db)
Or sin(ax+b)= f(-a") f(Dz)sin(ax+b)

Dividing by f(a’), we obtain

sin(ax+b) provided f(-a’)#0.

sin(ax+b) =

1
f(D*) f(-a’)

If f(-a®)=0, the above rule fails and we proceed further as follows;

an az)sin(ax+b) provided f'(-a*)=0.

sin(ax+b) = x-

D?)

If f'(-a*)=0,
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| I 1 : ,
f(Dz)sm(aXer):Xz -msm(awrb) provided f”(-a*)=0

If f/(-a%)=0,

1

sin(ax+b)=x’ - (-a*)#0, and so on

ﬁSin(aX'F b) pI’OVi ded f

f(D?)

Similarly,

cos(ax+b) = ﬁCOS(aX-F b) provided f(-a’)#0.

f(D?)

If f(-a®)=0, the above rule fails and we proceed further as follows;

cos(ax+b) = x-

—cos(ax+b) provided f'(-a’)=0.

f(D*) f'(-a’)

If f'(-a*)=0,

1 .
0% cos(ax+b) = x? -mcos(ax+ b) provided f”(-a*)#0

If f/(-a%)=0,

/1

cos(ax+b)=x’- —cos(ax+b) provided f”(-a*)#0, and so on.

f(DZ) f///(_a )
. . dzy dy 2 X 2
Example10.5.1- Find the general solution of Ve + 2d— +y=€e"—cos X
X X
2
Solution- We have 3 3/+ 2%+ y=e*—cos’x Or y’'+2y +y=e"—cos’x
X X

Here, we have F(X) =€ —cos’ X
The symbolic form of the equation (1) is (D* +2D+1)y=€* —cos’ X

The corresponding auxiliary equation is D* +2D+1=0
. D*+2D+1=0 = (D+1)’=0 = D=-1, —1.

The complementary function is given by C.F =y (X) =(c, +C,X)e .



Now, to find the particular integral Yy (X), by the inverse operator method ,

Consider,

Y, (X) = 5 (€% —cos* X)

?+2D+1
=— ! e — > I cos X
D" +2D+1 D" +2D+1

=le2x_ 1 (1+C0$2Xj—e2__l|:; eox+;.coszx}

9 D’ +2D+1 2 "9 2| D*+2D+1 D’ +2D+1
yp(x):ez——l 1+2;-cos2x}:ez——l[l+ 1 -cos2x}

9 20 -27+2D+1 9 20 2D-3

!

=———|l+———-co
9 20 4D°-9

_e2X

2D+3 s2x}—ez 1{1 2D+3

=———|l4+————-cos2x
9 2| 4=2%)-9

—_—

€" 1f, —4sin2x+3codx|_€” 1] 7-4sin2x+3cosx
9 2| 7 9 2 7
Or y, (%)= % +4s1n2x—13:0s2x—7

Thus, the general (Or complete) solution of equation (1) is given by,

e . 4s8in2Xx—3cos2x—7

14

y=CF+Pl =y (X)+Yy,(X)=(C, +C,X)€" +

2
Example10.5.2- Find the general solution of d_z/ - 4ﬂ

+ 3y =sin3Xcos2X
dx dx

Solution-

2

We  have (le ¥—4%+3y=sin3X0052X Or y’ —4y' +3y=sin3xcos2x
X X

Here, we have F(X)=sin3Xcos2X

The symbolic form of the equation (1) is (D* —4D +3)y =sin3Xcos2X

The corresponding auxiliary equation is D> —4D+3=0

-.D*-4D+3=0 = D*-3D-D+3=0 Or (D-3)(D-1)=0 = D=1, 3.
The complementary function is given by C.F = y_(X) = c,e* +c,e™.

Now, to find the particular integral y,(X), by the inverse operator method ,
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-sin 3Xcos 2X

1
)= —ouo
T

U sin g sin Acos B = %[sin( A+ B)+sin(A-B)]

1

-sin 5X+

D°-4D+3

1
2 | D?-4D+3

=l~ ——————siIn5X+———-cos X Here —aZ:—SZ and —aZ:—12
2 [25-4D+3 1-4D +3
1[ 1 . 1

=—- -sin 5X + -CoS X
2 | 28-4D 4-4D }
1 7+D . 1+D 1 | 7sin5X+5cos5X cos X—sin X

Yo (X)=—- S -sin SX+ S -Co8 X | =—- +

8 [49-D 1-D 8 49 + 25 2

7sin 5X+ 5cos 5X

1
Or X)=—-
Yp () 16 { 37

+ cos X—sin X:l
Thus, the general (Or complete) solution of equation (1) is given by,

y:CF+PI :yc(x)+yp(x):CleX+Cze3x+%.l:751n5X;'75COSSX

+CcosX—sin X}

2

X
+n°x=kcos(nt + )

Example10.5.3- Find the general solution of dtz

2

t2X+n2X=kcos(nt+a) Or x" +n*x=Kkcos(nt+a).... (1)

Solution- We have
Here, we have F(X)=Kkcos(nt+a)
The symbolic form of the equation (1) is (D* +n*)x=kcos(nt + )
The corresponding auxiliary equation is D* +n* =0

. D*+n*=0 = D=4in.
The complementary function is given by C.F =X_(t) =c, cosnt+c, sinnt.
Now, to find the particular integral X (t), by the inverse operator method ,

Consider,

1

U sin g cos(nt + &) = cos Nt cos & — sin Nt sin &

1 . 1
=|cosa —; —-cosnt —sina - —;
D°+n D" +n

5 -sin nt}

1 . . .
=|cosa - —5——-cosNt —sin @ - ———-sin nt Here —a’ =-n’ in both cases
D”+n D°+n
t . t . t . .
=|cosa -——-cosnt —sin¢a -——-sin nt :—[cosa-s1nnt+sma-cosnt]
2D 2D 2n

t .
X (t)=—sin(nt +
o(D) o ( )



Thus, the general (Or complete) solution of equation (1) is given by,

X(t)=C.F +P.l =x.(t)+X,(t) =C cosnt+c, sinnt +2Lsin(nt +a).
n

. . d’y  dy
Example10.5.4- Find the general solution of F+4d_
X X

y(0)=1, y'(0)=0.
Solution- We have

2
d_2y+4ﬂ

dx dx

+4y=3sin X+4cos X,

+4y=3sinx+4cosx Or y' +4y +4y=3sinx+4cosX ... (1)

Here, we have F(X)=3sinX+4cosX
The symbolic form of the equation (1) is (D +4D +4)y = 3sin X+ 4cosX

The corresponding auxiliary equation is D* +4D+4=0
. D’ +4D+4=0 = (D+2)’=0 = D=-2,-2.

The complementary function is given by C.F = y_(X) = (¢, +C, X)€" .

Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,
X) =————-(3sinX+4cosX
% (D2+4D+4)( ‘
=3-2;sinx+4-2;cosx, hereD’ =—a’ =—1° =—1 inbothcases
D +4D+4 D" +4D+4
=3- sinX+4- cosX=3- D2_3 sinX+4- 4D2_3 cosX
4D+3 4D+3 16D° -9 16D° -9
_ 3(3sinX—4cosX) N 4(4sinx+3cosX)  25sinX
25 25 25
S Yp(X)=sinx

Thus the general (Or complete) solution of equation (1) is given by,
Y=Y )+ Y, (X)=(C, +C,X)€ 2 +8IN X ovvvnnnnnnnn (2)

Now, using the first given condition; Y(0)=1. From equation (2),
1=c,
Again, from equation (2);

y(X) = (C, +C,X)e " +sin X

y'(X) = -2e72*(C, +C,X) +C,e " +cos X
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Using the second condition y'(0)=0; 0=-2c +c,+1 Or 2¢,—¢, =1, put
I=c, then l=c,

Thus, the particular solution of equation (1) is given by
Y(X) = Y. (X)+ Y, (X) = (1+ X)€" +sin X
Test Your Progress-

Find the general solution of the following differential equations by finding the
P.Lby Inverse Operator Method.

2 2
1. d—2X+2%+3X=sint 2. d ¥+3ﬂ+2y:40052x
dt dt dx dx
2
3. %—6%+25y:smx 4. (D’ -~D)y=4cosx
X X

5. (D?+1)*y=2sinXcosX

10.6 CASE OF A POLYNOMIAL

When F(x)=x"

1 m - m. -1
In this case, = f(D) X" =[f(D)]"-x . We expand [FDI 5, ascending

Dm

powers of D as for as the term in are zero, we need not consider terms beyond

D m
Equivalently,

When F(X)=Xx", ‘m’ being a positive integer.

Pl=—1
f(D)

powers of D by binomial theorem as for as D™ and operate on x™ term by term.
2

d 2’—6ﬂ+25y= e +sin X+ X

X dx

m -1 m -1
XE=[TON X" 14 evaluate it, expand [f(D)] in ascending

Example10.6.1- Find the general solution of

2
) d—¥—6ﬂ+25y:e“+sinx+x
Solution- We have dx ax - (1)
Or y' -6y +25y=e" +sinXx+ X
Here, we have F(X) =€ +sinX+ X

The symbolic form of the equation (1) is (D* —6D +25)y = €™ +sin X+ X

UGMM-104(N)/242 The corresponding auxiliary equation is D* —6D+25=0



6++/36-100

. D*-6D+25=0 = szzsim

The complementary function is given by C.F = y_(X) = €”(C, cos 4X+ C, sin 4X)
Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,

1 Lo
X)=—F——— (€7 +smxX+X
o= 5 gpaas ¢ )

=|—= ! e 1 SinX+—————X
D°-6D+25 D°-6D+25 D°-6D+25 |

& 1 1, 6D-D»)'
+— sinX+—| 1l-———=| -X
4-8+25 —12—6D+25 25 25

& 1 . 1. eb-p* (6D-D*Y
= —+ -sinX+—| 1+ + Foeerennns - X
21 24-6D 25 25 25
e 2446D . 1 ( 6 ﬂ_e“ 24sinx+6cosx X 6

—— - sinXt+— | X+t — || =t ——————F —+—
| 21 576-36D* 25 25 21 612 25 625

L Y=

Thus, the general (Or complete) solution of equation (1) is given by,

e* 24sinX+6cosx X 6
=CF+Pl =y.(X)+ VY. (X)=€*(C cosdX+C, sindX) +— +——— ——"4 = 4 —
y Y.(X)+Y,(X)=€"(c C, ) o = YT

2
Example10.6.2- Find the general solution of (3 2’
X

2
+1J y= X" +2sin Xcos3X

2

d’y
Solution- We have dx?

2
+1] y = x* +2sin Xcos3x

Or (y” + y)2 = x* +2sin Xcos3X
Here, we have F(X)= X" +2sinXcos3x
The symbolic form of the equation (1) is (D* +1)*y = x* +2sin Xcos3Xx
The corresponding auxiliary equation is (D +1)> =0
s (D*+1)’=0 = D’ =-1 (Twice) = D=4 (Twice).
The complementary function is given by

C.F =y.(X)=(c, +C,X)cosX+(C; +C,X)sinX).
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Now, to find the particular integral y,(X), by the inverse operator method,

Consider,

ﬁ . (X4 + ZSinXCOS3X)
+

:{ ! Ay ! -2cos3XsinX}

Yo (¥) =

-X
(D +1)° (D +1)°
Using 2cosA:sinB=sin(A+ B)—sin(A—B)

-sindX—
(D* +1)° (D* +1y

Using theexpansion1+X) > =1-2X+3X" —4%X +.......co....

:|:(1+ DZ)—Z _X4 + 'Sin2Xj| : D2 :_42 and D2 :_22

=(1-2D*+3D* —4D" +........ce... yx+ 1 —-Sindx— lz-sin2x
(15 (3
indx sin2x sindX sin2X
Sy (=X —2(128) +3(24) ]+ 2222 _ — (X =24 +72) 42028 _
Y,(0=[X"=2(12x")+3(24)] 25 9 ( ) 25 9

Thus, the general (Or complete) solution of equation (1) is given by,
y=CF+Pl=y.(X)+Yy,(X)=
sin4x sin2X

225 9

= (C, +C,X)cos X+ (C, +C,X)sin X+ (X* —24x> +72) +

2
Example10.6.3: Find the general solution of (? — 2yj = 8(e™ +sin2Xx+ X)
X

2

) ﬂ—Zy =8(€”* +sin2x+ X*)

Solution: We have dx
Or (y' —-2y)> =8(e™ +sin2x+X’)

Here, we have F(X)=8(e™ +sin2x+ X*)
The symbolic form of the equation (1) is (D —2)”y=8(€™ +sin2x+X)
The corresponding auxiliary equation is (D—2)* =0
. (D-2=0=D=2,2 .
The complementary function is given by C.F = y_(X) = (C, +C,X)€’ .

Now, to find the particular integral y,(X), by the inverse operator method,



Consider,

Y, (X)=8- (€ +5in2X+X")

(D-2y’

-sIn2X+

o AR E -
(D-2) (D-2) (D-2)

Y D S - ! -sin2x+2;-x2
2AD-2) D! _4D+4 D’ —4D+4

2 Y -
_g X e L gnoxa M1 [4P=PT | e
2 4D 4 4

&* cos2x 1[. 4D-D* (4D-D*Y )
LY, (X)=8 5 + 2 -+Z 1+ 1 + p Fererereens - X

2 22X 2 32X
8 Xe +cos2x+l x2+2x—l(2)+2 =8 Xe +C082X+l(x2+2x)
2 8 4 4 2 8 4

Thus, the general (Or complete) solution of equation (1) is given by,

2 A2X
xX'e cos2x+%(xz+2x)}

y=C.F+P.l =y (X)+Yy,(X)=(c, +c,x)e” +8{

Test Your Progress-

Find the general solution of the following differential equations by finding the
P.Lby Inverse Operator Method.

2 2
1. d X+2%+3X=5t2—sint 2. d y+3ﬂ+2yzx+4coszx
dt*> ot dx*>  dx
2
3. %—6%+25y=3x+5eX 4. (D’ -D)y=2x’

5. (D*+1)’y=€e*—4x

10.7 CASE OF COMBINATION OF ¢V

When F(X) =€V where V is a function of 'X.

1 . | |
= f(D)e V= f(D+a)'V and then evaluate f(D+a)'V as

in case of 10.3, 10.4, 10.5 and 10.6.

In this case, P.

2

Example10.7.1- Find the general solution of dy_ 2Q +2y=X+€"cosX

2
dx dx UGMM-104(N)/245



Solution- We have

2
d—2/—2Q+2y=x+excosx Or y' =2y +2y=X+€“CoSX .ourrnn.n. (1)

dx dx

Here, we have F(X)=X+€*cosx
The symbolic form of the equation (1) is (D* —2D +2)y = X+€" cos X

The corresponding auxiliary equation is D> —2D+2=0

+./4—
. D*=2D+2=0 :>D=¥=lii = D=1+1, 1-i.

The complementary function is given by C.F =y (X) =€ *(c, cos X+ C, sin X).
Now, to find the particular integral y (X), by the inverse operator method ,

Consider,

yp(X) :m'(X'FeX COSX)

1 1

5 X+ — -e*cos X
D--2D+2 D--2D+2

o0-p2\| 1
- —— -X+€e > cos X
2 (D+1)"-2(D+1)+2

2D-D*> (2D-D*Y 1
1+ + to [ X+e — coSs X
D°+1

N | —
1

1
2 2 2

X

Xe
2D

Thus, the general (Or complete) solution of equation (1) is given by,

yp(x):%(x+l)+ -cosx:%[(x+1)+xexsinx]

y=CF+Pl=y.(X)+Y,(X)=€"(C cosx+C, sinx)+%[(x+l)+ X€* sin x] .

2

Examplel0.7.2- Find the general solution of % + 4d_y +3y=e"sin X+ xe’*
X X

Solution- We have

dzy dy —X 1 3X /! / —X 1 3X
Ve +4d—+3y:e sinX+xe" Or y' +4y +3y=e"sinx+xe" ... (1)
X X

Here, we have F(X)=¢€ *sinx+ xe’

The symbolic form of the equation (1) is (D* +4D +3)y =€ *sin X+ xe™
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. D*+4D+3=0 = D=(D+1)(D+3) = D=-1, -3.
The complementary function is given by C.F = y_(X) = (c,e ™* +c,e”).

Now, to find the particular integral y (X), by the inverse operator method ,

Consider,
Y, (X) =———— (e sinx+xe™)
D° +4D+3
L 1 : 3 1
= 3 -SInX+ € 2 - X
(D-1)> +4(D-1)+3 (D+3)’ +4(D+3)+3
:e‘x-+-sinx+e3"2;-x
D°+2D D°+10D+24
. 20-1 . e[ (10+D*)]
=e" - 2 sinX+—| 14+ —— - X
4D -1 24 24 )|
X 3x 2 2\?
" yp(X)ze (sinX—2cosX)+ € 1+10D+D + 10b+D S ST - X
5 24 24 24

—X 3X
_E (sinX—2cosX)+e— X+i
5 24 12

Thus, the general (Or complete) solution of equation (1) is given by,

y=CF+PI =y, (9+Yy,(X=(ce™ +cze‘3x)+% (sinX—2c0sX) +% (x+£j

12
. . d’y
Example10.7.3- Find the general solution of —=-—4y = Xsinh X
X
d’y
Solution- We have v —4y=xsinhx Or y" —4y=xsinhx ... (1)

Here, we have F(X)= XsinhX

The symbolic form of the equation (1) is (D* —4)y = Xsinhx

The corresponding auxiliary equation is D> —4=0

.D*-4=0= D=2, -2.

The complementary function is given by C.F =y (X) = (c,” +c,e ™).
Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,
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Y,(X)= - Xsinhx

D’ -4
g —e

Using sinhx=

1 e—e*) 1] 1 1
= =— | 5—X€———xe
D’ -4 2 2| D4 D'-4

{e"lzx—exlzx}
(D+1)* -4 (D-1)*—4

— ! - x—e‘xiz_1 - x}
D”+2D-3 D" -2D-3

1, 1f (e0+D?\[ . ., 1], (2D-D*\|'
" yp(X)=2-{ex-_3{l( 3 )_ X—€ ~_3[l+( 3 H x]
1 [ { (2D+D2j 2D+D2j2 ] [ (ZD—DZJ (2DDZJ2”
=—-| €1+ + +oX—€7 1- + X
-6 3 3 3 3
=1{€(X+2)—e’x(x—2ﬂ =—X(ex —exj_z(e" +exj :—l(sinhx—gcoshx
-6 3 3 3 2 9 2 3 9

Thus, the general (Or complete) solution of equation (1) is given by,

y=CF+Pl =y.(X)+Y,(X)=(ce™ +C2e_2x)—§sinh X—2 coshx

Test Your Progress-

Find the general solution of the following differential equations by finding
the P.I.by Inverse Operator Method.

2
(DT+D7+Dy=e™ COSQX d—¥+2y=x2e3x+ex cos2X
1. 2 5 dx
2
3. 3 ¥—3%+2y:xe3x+sin2x 4. (D* +2D% + D)y = x*e™ +sin> X
X X

10.8 CASE OF COMBINATION OF x"-v

m
When F(X)=X"-V ' where V is cosax or sinax.

Then, Pl = x"cosax Or X" sinax

= X"[cosax +isinax] = xMe!®

f(D) f(D)

jax 1 m
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1
——X
nd D ia)
polynomial then equating the real and imaginary parts, we get the required results.

A ™ can be evaluated by the method mentioned in 10.6, the case of

Remark 10.8.1- When F(X)=X-V , “V’ being any function of ‘x’. Then we use
the formula,

/
LX.V: X — f (D) . ! -V
f(D) f(D) | £(D)
This rule is applicable if

1)  Power of ‘X’ is one

ii) S -V is not a case of failure
f(D)

iif) If the power of ‘x” is one and ;'V is a case of failure then do not
f(D
apply xV rule. In this case we apply rule given by case 10.7.

Remark 10.8.2- When F(X)=f(X) | being any function of ‘x’. Then

P.l :%-f(x). If f(D)=(D-m)(D-m,)......... (D-m,), resolving into

partial fractions,

L _A A A
f0) Dm Dom T b-m
PI_{—EL— A Forreereeens A f(X)
D-m D-m D-m,
:Arlrnf(X)-FAzﬁf(X)-l- ............. +Ahﬁf()()
=A -emxj.e’mx (- dx+A €™ j e™ f(X)-dXharrnene +A -emx‘fe’”’“X - f(x)-dx
Equivalently,
Resolve into partial fractions and operate each partial fraction on f(x)

remembering that

1 ax —ax
D a f(x)=¢€ jf(x)e dx

Note: This method is general one and, can therefore, be employed to obtain a
particular integral in any given case.
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2

Example10.8.1- Find the general solution of d 3/ — Y= Xsin3X+ cos X
X

2

d’y

Solution- We have

Here, we have F(X) = Xsin3X+cosX

The symbolic form of the equation (1) is (D*> —1)y = Xsin3X+cos X

The corresponding auxiliary equation is D* —1=0

.. D’-1=0 = D=1, -1,

The complementary function is given by C.F = y_(X) =(c,e* +c,e™).
Now, to find the particular integral y (X), by the inverse operator method ,

Consider,

1 .
Yo(X) :m - Xs1n3X+cosX

= 21 - XSin3X+ 21 -.cosx=1.P| 21 xe |- as @ =P =1
D -1 D -1 D -1 2

=|.P e 1,2 X COSX:I.P(F?‘X - 1 -xj coX
o371 2 D' +6D-10 ) 2

yp(x):|_p{eg_1iz)|:1(6iD—+Dz) _ Xjﬁx

10 2
r -1

| (6D+D*) (6D+D*Y cosX
=1.P 1+ + Foeeenn X |———

-10 10 10 2

e*[ 6D D* 36°D* 6D D cosX
=1.P +—t—F——F——F—+......... X|——

—10_ 10 10 100 50 100 2

e Xl 3]} cosx co3x+isim3x|  3i]) cosx

-100" 5] 2 ~10 5 2

Ve —y=xsin3x+cosXx Or y’ —y=xsin3Xx+cosX ...
X

(1)

Y=l P(XcosSX+iXsin3XL3icos3x—3sin3xj cosX _ (5Xsin3X+3cos3X—25c0sX)
Sy, =1 + -

-10 -50 2 -50

Thus, the general (Or complete) solution of equation (1) is given by,

y=CF+Pl =y, (0)+Y,(0) = (G +C,e ")~ (5Xsin3X+3cos3X+25cosX)

50

2
Example10.8.2- Find the general solution of % - 2;& + Yy = Xe*sin X
X



2
Solution- We have M—Zdy

(1)

Here, we have F(X)= X€*sinX

dx? dx

The symbolic form of the equation (1) is (D> —2D +1)y = x€*sin X

The corresponding auxiliary equation is D> —2D+1=0

- (D-1’=0= D=1, 1.

The complementary function is given by C.F =y_(X) = (¢, +C,X)e”.

Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,

Y, (X)= ! - Xe* sin X
p (D_1)2

X

e —
(D+1-1)>

= exj[— Xcos X+Icosx- dx]- dx = exj(—XCos X+sin X) - dx

. 1 ) )
-Xsz:eXF-Xsz: eXJIXs1nX-dX-dX

y,(X)=¢" [—IXcos xadx+ Isin XdX]: e* [— Xsin X+J-sin Xdx —cos X

= €[~ xsin X—cos X—cos X] = —€*[~Xsin X—2cos X]

<L 1y=xe*sinx Or y’' -2y +y=xe"sinX....

Thus, the general (Or complete) solution of equation (1) is given by,

y=CF +P.l =y (X)+Y,(X) =(C, +C,X)€ —€[-XsinX—2cosX]

d'y _d’y
Example10.8.3- Find the general solution of +2 +Y =X cosX
dx*  dx’
d'y _d’y
Solution- We have Ve +2 o +y=x>cosx Or y"+2y" +y=x’cosx
X X

(1

Here, we have F(X)= X’ cosX

The symbolic form of the equation (1) is (D* +2D” +1)y = X’ cos X
The corresponding auxiliary equation is D* +2D* +1=0

S (D*+1)°=0 = D’ =4 (Twice).

The complementary function is given
C.F =y.(X) =(c, +¢,X)cosX+(C; +C,X)sin X.

by
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Now, to find the particular integral y,(X), by the inverse operator method ,

Consider,

- X* cosX

-Xzeixj = Re(eiX
xzj

1+2E+3{E
2 2

)=
Yo (¥ D*+2D* +1
N
(D* +1)?

|
[(D+i) +1]*

1 (l_i_
D 2

Uy
b
£

—%Re[(cosxﬂ sin X)(x4 +4ix’ —ox’ )]

1
(D +2iD)’

1
D>
X I 3
e
12 3 4

LY (X = —%[cosx(x“ —9x2)—4x3 sinx]

=Re¢

2

= —lRe
4

Thus, the general (Or complete) solution of equation (1) is given by,

y=CF+PI =y,(X)+Y,(X)=(G +C,X)cosx+(C, +c4x)sinx—4i8 [cosx(x“ —9x2)—4x3 sinx]

2
Example10.8.4: Find the general solution of % -~ 4? +4y=8x"e"sin 2x
X X
Solution: We have
2
d y_ 4 Y |4y sxie™sin2x Or y' — 4y +4y=8x2e™sin2X ... (1)
dx dx
Here, we have F(X)=8x*€"*sin2x
The symbolic form of the equation (1) is (D” —4D +4)y = 8x°e’*sin2X

The corresponding auxiliary equation is D* —4D +4 =0
. (D-2°=0= D=2,2.
The complementary function is given by C.F = y_(X) = (c, +C,X)e* .

Now, to find the particular integral y (X), by the inverse operator method ,



Consider,

Yo (X) :ﬁxxze2X sin2X

= Séxﬁ- x> sian:8eZX§-(x2 sin2x) = 8’ -%Ixz sin2xdx
+ —

y,(X) =8e* ~%J.[x2(— COS;XJ—J'[_ coijj.zxdx}

= 8e™ LJ‘ —X—c0s2x+ X- szx—jl- sm2XdX
D 2 2 2

2

Y, (X)=8e* -I{—X?COSZX+§SHI 2X+ cozZX}dX

2 . . .
_ ge J‘ _X_sm2X_I(_X) s1n2xdx +U§sin2xdxj+ sin 2X
2 2 2 2 8

2

=g8e** +l sin2x+_[XSin2xdx
4 8

2 — —
= ge** é—xj]sinzx+x[ Cozszxj—jl-[ Cozszxjdx}

2

= 8e”* é—%}sian—

i 2 4
ARACE e“[(3 —2X%)sin2X— 4XC052x]

XCcos2X N sin ZX}

Thus, the general (Or complete) solution of equation (1) is given by,
y=CF+Pl =y, (x)+Y,(%) = (¢ +C,X)e +€*|(3-2x)sin2x—4xcos2x]

d’y

2y _
% +a°y=secax

Example10.8.5- Find the general solution of

d’y

¥ +a’y=secax Or y’ +a’y=secax ... (1)

Solution- We have

Here, we have F(X)=secax

The symbolic form of the equation (1) is (D +a*)y =secax
The corresponding auxiliary equation is D> +a° =0
D’=-a’= D=zai .

The complementary function is given by C.F =y (X) =, cosax+c, sinax.
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Now, to find the particular integral y,(X), by the inverse operator method ,
Consider,

y,(%) = 1

= - —-secax
(D+a)D-a)

Resolving into partial fractions, we obtain

y(X)—L b1 secax
P 2a| D-ia D+ia

1 1 1
=— —secax— —secax
2a{D—|a D }

-Sec ax
D?+a’

+l1a
Now, consider,

—secax = eiaXJ.secaX- e dx
D-la

1 ax | q—ax
o f0=e je f (x)dx

iax [ COSAX—1sinax i .
5= secax:e""‘xj dx:e'ax_[(l—ltanax)dx
—la cosax

= eiax[x+|—10gcosaxj
a

Changing i to —i, we have

1 Liay [ COSAX+1sin ax y .
, secax:e'axf dx:e'aXI(1+|tanax)dx
D+ia cosax

= e‘ia’((x—l—logcos axj
a

Thus,

V(=55

. i . i
_ {e’a"(x+—logcos axj—e"ax(x—l—logcosaxﬂ
2al a a
B E eiax _e—iax eiax + efiax

—+—1J]ogcosax-
a 2i a’ 8 2

X . 1
S Y, (X) =—sinax+—;logcosax-cosax
a a

Thus, the general (Or complete) solution of equation (1) is given by,

: X . 1
y=CF+PI=Yy.(X)+Y,(X) =C cosax+C, sinax+—sinax+— logcosax cosax
Test Your Progress-
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P.Lby Inverse Operator Method.

2 2
1. %+2%+y:stx %+3;—di:+2y:XSin2x
X 2. dx
2 5 2
3. 3¥+y=24XCOSX (%+2%+5y) = X€ *cos2X
X 4.\ dx X

It is again a method to find P.I. when methods for standerd cases are not
aplicable to solve f(D)y = f(x). In this case use of integration is involved.

10.10 ANSWERS TO CHECK YOUR PROGRESS

Test Your Progress-

w1 oy 5%
y=(c, +c,X)e" +—e” + >
1. 3 (log5)” +2(log5)+1
2. y=(ce +c,e™)-10e™
2X
3.  y=(c+ce +ce)+——15x
2 X
4. y=e€"(c cos4x+C,sin4x)+ 10?76

5. y=(ce>+ce’*)+55xe™*

. 21
6. y=(c1+c2x)cosx+(c3+c4x)smx+ge 2

Test Your Progress-

1.  y=(c +c,Xx)e" —%(coshx+ sinh X)

> [ \/5 \/5 J+85inhx+5005hx

=X
2. y=¢C +€?|C,co8—X+Cysin—X
2 2 39

: 1.
3. y=(c+ce +ce )+ XSlnhX—gsmh2X

4. y=e€"(c cos4x+c,sin4x) +22—158[17cosh3x+ 9sinh3X]
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5. y=(ce*+c,e™) _%(—XsthX

—cosh ZXJ
Test Your Progress-
sint —cost

X(t) = e (c, cos/2t + ¢, sin+/2t) +

—2X

2. y(X)=(ce+ce )+1—%sin2x+4cos2x

3. y(X)=e7*(c cosdX+C, sindx) + é(wj

17

4. y(X) =(c, +C,e* +c,e ) +2sin X
. 1.
5. Y(X) = (C, +C,X)cos X+ (C, +C4X)smx+§sm2x

Test Your Progress-

1. y=e'(c cos+2t +c,sin/2t) +§(t2 —%t +§j+%(cost —sint)

2. yX)=(ce*+c,e™) +%(X+§) + cos2x+%(3sin2x— c0s2X)

3. y:e“(clcos4x+czsin4x)+i x+£ +X
25 25) 4

4
4. y(X)=(c +c,e +c,e™) —X? —6x’

2 X

5. Y(X)=(c, +C,X)cos X+ (C, +C,X)sin X+ 625 —4(x* - 4)

Test Your Progress-

y=e""|(c, + X/ 4)cos(xa/3/2) + (¢, + X/ 4/3)sin(x/3/2)]
+e? [C3 cos/3x/2 +c¢, sin\/3x/2]

2. y=(G COS\/§X+C2 sin\/EX)+e3X X —2X+ﬂ +e—x(4sin2X—COSZX)
11 1 121) 17

X 3 1
3. X)=(ce* +c,e)+e™* = —= |+ —(3cos2X—sin2X
y(x) =(c, ,€7) [2 4j 20( )



Loex( ., Ix 11y 1 ..
4. X)=(C, +C, +C.X)e "+ X ——+— [+——(3sin2X+4cos2X
y(X)=(C, +C, +C;X) 18( 2 6) 100( )

Test Your Progress-

1 . .
1.  y=(¢+cxe™ +5(Xs1nx+ COS X—sin X)

2. y=(ce€+ce’)+ 7-30x COS2X+ 12-5x sin2x
200 100

3. y=(C, +C,X)cos X+ (C, +C,X)sin X— X’ cos X+ 3x” sin X

4. y=[e*(g +¢,X)cos2X+(C, +C,X)sin ZX%(XSin X+ cos X—sin X)]

32

{(X3 —X*)cos 2X—§ X’ sin 2X}

10.11 TERMINAL QUESTIONS

Solve

1) (D243D+2)y=e®

1
1+e*

3) (D24+3D+2)y=e° +cose*

2) (D*+D)y=

4) (D?+ 1)y = coscex
By Method of inverse operator.
Ans-
1)  y=Cle™ + c,e™2* 4 e=2%e”
2) y=ct+ce*+x—log(1l+e?)—e*log(l+e¥)
3)  y=Cre T +ce7* + e (e — cose*)

4) y =c;cosx + c;sinx + sinx log sinx — x cosx
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UNIT-11 EQUATION REDUCIBLE TO
LINEAR WITH CONSTANT
COEFFICIENTS

Structure

11.1 Introduction

11.2 Objectives

11.3 Cauchy Linear Differential Equations
11.4 Legendre’s Linear Differential Equations

11.5 Simultaneous Linear differential equation with Constant
Coefficient.

11.6 Summary

11.7 Terminal Question

11.1 INTRODUCTION

In this chapter we will study Cauchy homogeneous linear different
equation with variable coefficients this types of differential equation consisting of
three main terms first homogeneous second linear and third differential equation
with variable coefficients. So now we explain all these terminology.

1. Homogeneous means power of x in the coefficients are equal to the orders
of the derivatives associated with them i.e.

d3
x3Z2 and so on.

X. Ty
= dlz' = d£3

Ql&
IR I

» X

2. Linear means dependent variable y and its derivatives appear in the first
degree and there is no more terms not multiplied together.

3.  Different equation means dependent variable and its derivatives occurs in
the equation.

If all these properties comes together in a differential equation such types
of equation is called homogeneous linear differential equation with variable
coefficient such equations can be solve by reduction procedure of suitable
substitution and transform the give linear ordinary differential equations with
variable coefficients to linear ordinary differential equations with constant
coefficient after then we dicused Legendre’s linear differential equation and then
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simultaneous linear D.E.W. constant coefficient.

11.2 OBJECTIVES

After reading this unit you should be able to
»  Solve Chauchy’s linear differential equations

»  From the given equations we will be able to identify the given equation is
Cauchy equation or not.

»  Solve simultaneous linear differential equation

»  Solve as illustrated in the problems of oscillation and electric circuits
among other.

113 CAUCHY LINEAR DIFFERENTIAL EQUATIONS

A differential equations is said to be Cauchy homogeneous linear
differential equation with variable coefficient which is defend as

n

dn—ly
Yaxit_2 = 0w

i=0

It can be expanded as

dny dn—ly dn—zy dy doy

ag x™ T —+a, x" ldx” T+ axx"” ldx”—z + ---..+an_1xa+an@
= Q(x)
Where ao =1 and — —y, so above equation becomes.
dny dn—ly dn—zy dy doy
-1 1
xnﬁ+a1x" = T+ a; x" dx”‘2+ S 1xd +a"dx0
= Q(x)....()

Where ai’s are constants, x are variable and Q is the function of x and power of x
in the coefficients are equals to the order of the derivative associated with them so
it is called Homogeneous linear differential equation this types of equation was
first used by Euler’s and Chauchy hence, because of their name it is called Eular
Chauchy homogeneous linear differential equation with variable coefficients.

Such types of equation can be reduced to linear differential equation with constant
coefficients by the substitution.

Reduction Process

d
Letx = et ort = logx andazD

Now dy dy dt  dy 1 dy dy
dx dide  dt x " Ydax T dr



Origin differentiate, we have

d (dy) _d’y d <dy 1)
Cdx?  dx\dt'x

(dy) N dy( d 1)
dt dt \dx x

d’y d?y dy
2__ 72 = — —— — = 2y — = 2 _ = —
x? 5 =5 —— =D’ —Dy= (D>~ D)y =D(D -1y

d®y d (d*y\ d[1/[d%
dx3  dx\dx?) dx\x2\dt?

1 /d3 d? d
1 (Ey dly dy
x3\ dt3 dx? dt

Similarly

Hence

d3 d3 d? d
PR A A Yt A Yicd
dx?® dt3 dx? dt

= D3y — 3D%y + 2Dy
= (D3 —3D? + 2D)y
= D(D? - 3D +2)y
=D (D -1 -2)y

Therefore, we can write

r

4y
dx”

x =DMD-1)D-2)(D—3).....(D—r+ 1)y and so on.

Substituting these values in equation (1) we get a linear differential equation with
constant coefficients which can be solved by the methods already discussed.

2
247y 4y — 43
Example 1- solve x 2 X Ty=x

Solution- Given equation is a Cauchy’s homogeneous linear different equation.
So Put
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x= etort=Ilogx and£=landxd—y=DywhereD=i ) xzdz—y
dx x dx dt dx?
=D(D - 1)y
Substituting these values in the given equation it reduces to
D(D -1y —Dy+y= (e’
=(D?-D-D+1)=e*
=(D?-2D-D+1)=e3
which is a linear equation will constant coefficients. Its A.E. is D?*- 2D+1=0 i.e.
(D-1)*=0or D=1,1
So C.F is y= (c1tcat) €', where c1 and c¢2 are arbitrary constants.

3t

Now calculate PI = ! e
(D-1)?
(3—-1)2
1
— _ 3t
2 e

Therefore the complete solution is y= CF+PI== (ci+cat) €'+ ie“
Now putting t= log x Hence y=(c; + ¢ logx)e'°9* + ix3

2
Example 2- solve x? % —-x Z—Z + 4y = x3 = cos (log) x + x sin (log x)
This equation in a cauchy's homogenous liner differential equation we put

x = e’ ort = logx then we have

x;i—i:= Dy and x2%= D (D — 1)y whereD = %
the given equation is transformed into
D (D —1)y — Dy + 4y = cos (t) + et sint
or(D*—D—D+4)y=cost+etsint
or (D> — 2D + 4)y = cos t + et sint

which in a liner differential equation with constant coefficient. Now the A.E. is

D?-2D+4=0=>D=1+iV3
Hence C.F. in Given by
y = e'{c; cosV3 .t+c,sinV3.t}



1 1
and P.] = ——————Cost +—€t.SiTlt

D2 —-2D +4 D?—-2D + 4
1

:mCOSHet(D T D ra

1 .
= 3_2DCost+etD2 +3Smt
=ﬁ605t+ et Sint

4D?%2 -9 —-14+3
_ (2D + 3)cost N etlSint
—4-9 2

1 1
— (=2 si Zotei
13( sint + 3 cost) + Se sint

Hence the general solution in
1 1
y = et[cicos (V3.t) + cpsin (V3.8)] + 3 [3cost — 2sint] + Eetsint

putting t = logx we get

y = x[clcos V3 (logx) + c,sinv/3 (logx)]

1 1
+ 3 [3cos (logx) — 2sin (logx)] + ke sin(logx)

Example3 — solve x2 2 — 3x 2 4+ 5 = x2. sin(l
xample3 — solve x Tz xa+ y = x*.sin(logx)
It is a cauchy's homogenous linear diffintial equation. we put
x = etort=logx

2
thenxjyz Dy & x2 Y = D(D-1)y

X dx?
therefore the given equation is changed in the form :
[D(D — 1) — 3D + 5)y = e?tsint
or (D? — 4D +5)y = e?*'sint
The A.E.is D> — 4D + 5 = 0 & there fore D = 2+ i &C.F is given by
(putting t = logx)
y = e?t[c;cost + ¢, sint] = x%[c;cos(logx) + ¢, sin(logx)

and P.I = mQZtSint

1

2t
(D+2)2—4(D+2)+5

=e sint
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sint

D% +1
t 1 1
Scost = —EeZt. t cost = — 1/ x*(logx)cos(logx)

Therefore the general solution in given by -

— _p2t

y =C.F.+P.]

1
= x?[c; cos(logx) + ¢, sin(logx)] — Exz(logx)cos(logx)

11.3.1 TEST YOUR KNOWLEDGE

Solve the following differential equation -

2 d%y

AW — 25
= 4xdx+6y—x

1. x

7 38y _ 2 &y 3

dx3 Tdx?

—2y=x*+x"

3 x2 dz_y
’ dx2

5 =i 2
tx—+ty= sin(logx*)
202 _ 5 W 4 2
4. x a2 2x = 4y = x* + 2logx
5. (x*D? —xD + 1)y = x.logx
d’y | dy _
6. xSt tx= 0 (mult. by x
x5
1. y=cyx? + cyx3 +=
5
2. y=c1x? + ¢y cos(logs) + c;sin(logx) + x?logx — 5—10x‘3
3. y =c¢; cos(logx) + c,sin (logx) — isine(logxz)
c x? 1
4. y= c1x4+;2—?—5logx+3/8
5. y =x[cilogx + c;] +§(l0gx)3

2

6. y=o¢ +czlogx—x:

114 LEGENDRE’S LINEAR DIFFERENTIAL EQUATIONS

n n—k
ZPk(a-I—bx)”‘k S O o (D)
k=0

dxntk -
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n—ky n—1y
Py(a + bx)™k Tk T P(a+ bx)"? ot T
dy I L’
+P,_; 1S + P,(a + bx) I — = 0Q(x)
n—ky n—1y
= Py(a + bx)"k Tk + P,(a + bx)" 1 e
= Q(x)
a’y _
Where Po =1 and — 0
So above equation can be written as
damr dn—l
(a+ bx)" 4 —+ Py(a+bx)" " dxn—)ll o Py
IOEEEEE @

Equation (1) and (2) both are same. Equation (2) is also a Legendre’s linear

different equation.
Reduction Process

Let a+ bx = €'

Taking log on both sides
Log (a+ bx)=tloge

Now consider

dy = i1og(a + bx) = i(tloge) loge® =1
dx dx dx
_ b _ddy
a+ bx’ dx dy dx
b dy dt
T a+bx dx dy
(a+bx)£=b%=bDy where D = —
dy b dy
a=<a+bx>a

Again differentiate, we have

d (dy d b dy
dx (dx) dx (a + bx) dt

o= )= ()
dx?  \a+ bx/)dx\dx)  dx° (a + bx)?

_ b (dt) b?
" a+bx\dx)] (a+ bx)?

dy (a+ bx)x0—b.b

dy

dt

UGMM-104(N)/265



b d?y dt _ b? dy
Ca+bxdx?'dx  (a+bx)?dt
d?y b d2y< b ) b? dy

dx? _ a+ bx dt?\a + bx "~ (a+bx)?2dt

b? Idzy dyl

- (a + bx)?|dt? S dt
d2
(a + bx)? d_t); = b%(D%y — Dy)

d2
(a+ bx)zd—tf — b2 D(D — 1)y

Similarly
(a+ bx)3% =b3D(D —-1)(D - 2)y

Substituting these values in equation 2, we get a linear different equation with
constant coefficients, which can be solved by the methods already discussed.
Example 1- Solve

d? d
(5+2x)2d—x}2]+6(5+2x)%+8y=0

Given equation is a Legendre’s linear D.E. put (5+2x) = €'
2 dt
5+2x dx

log(5+ 2x) =t.loge =t so

Now consider

dy dy dt_dy( 2 )

dx  dt dx  dt\5+2x
dy dy d
(5+2x)a—2E—2Dy where D =7

Again diff, we get (5 + 2x)? % =22D(D -1y
Putting all these values in given equation, it reduces
4D(D-1)y+6.2Dy-+8y=0
(D>—D+3D+2)y=0
(D?+2D +2)y=0
Which is a linear equation with constant coefficients it’s A. E. is D*+2D+2=0

—2+V4d—-4%x2 —-2+4+2i
D= = =
2 2
UGMM-104(N)/266 So C.F.=e t[C,Cost + i C,sint] PI =0
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Hence the C.S. is y=e ¢[C;Cos t + i C, sin t]
Putting t= log(5+2x), So, we have
y = e~ 198G+20 [ Cos t + i C, sinlog(5 + 2x)]

y [C,Cos t + i C, sinlog(5 + 2x)]

T 5+ 2x
Example 2- Solve
2

d°y d

(x+1)2ﬁ+(x+1) 3:+y=4Coslog(x+1)

dx
Solution: Given differential equation is Legendre’s L.D.E. put x+1 =¢' i.e.
t=log(x+1)

dy ,d%y
So (x+1)a—Dy and (x + 1) W—D(D—l)y

Substituting these values in the given equation it reduces to
D(D-1)y + Dy +y =4 Cos t

(d>-D+D+1) y=4Cos t

Here A.E.isD*+1=0 D=+ i

CF.isCiCost+c2Sint

1
D2+1

4 Cost

SoPlis y =

—4tC t—ZtC t—2t1{C tdt}=2tSint
_ZD oS —D oSt = D oS = n

Therefore, the complete solution is
CS =CF+PI
y=C;cost+C,Sint+ 2tsint
putting t = log(x + 1)so, we have

y = C; Cos (log(x +1) + C, Sinlog (x+1)
+ 2log(x + 1).Sinlog(x + 1)

11.5 SIMULTANEOUS LINEAR DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENT

Since we know that equations in which there is one independent variable
and two or more than two dependent variables, such equations are called
simultaneous linear equations. Just like that if two linear ordinary differential
equation with two or more dependent variables and a single independent variable
then this types of equation is known as simultaneous linear ordinary differential
equations. For example
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Let x and y are two dependent variable and t is the independent variable.
Consider the simultaneous linear differential equation with constant coefficients.

d d
(l)—+—y+ 3x+y—0and—y+5x+3y—0

dt dt
_d?*x d?y
(u)—z—3x—4y=0andd2+x+y 0
(i ) +dy+ =1 ddx dZ+2 +z=1 ddy+dz+ +2z=0
iii ety=land o ——+2xtz=1and -+ +y+2z=

where x, y and z are dependent variables and t is the independent variable.
Working Process-
Step 1- Firstly we will convert the given equation into operator from.

Step 2- Then solving both these equations with the help of elimination method.
We get the value of x or y.

Step 3- If the value of x (or ‘y’) is obtained then we will get the value of y by
substitution method in any one of the given original equations.

Example 1- Solve % =7x—y

dy
— =2 5
at x + oy

Here x, y are independent variable and t is independent variable So it is
simultaneous liner differential equation because it has two dependent variable and
one independent variable and both differential equation of degree one so it is
linear and its coefficient are constant so it is simultaneous linear differential
equation wish constant coefficients.

Solution- Given equation can be rewritten as in operator from

Dx = 7x — here D = —
x x—Yy where It

Dy = 2x + 5y tis independent variable.

Or

Dx—7x+y=0 or(D—7)x+y=0 (1)

or

—2x+Dy—-5y=0 or —2x+ (D -=5y=0 (2)

Now we will eliminate t, for this multiply in equation (1) by (D-5) and then
subtraction equation (1) from equation (2)

D-5D-7x+[D-A)y=0
—2x + (X-5)y=0




(D-=5MD—-7x+2x=0

(D? —12D +37)x =0

which is a linear equation with constant coefficients. It’s A.E. is
D?—-12D+37=0

D_12ix/122—4x37_12i2i_6+_
= 2 % 1 T T OPE

So C.F = e”[Ci Cost + C2 Sint] and P.I=0
SoC.S=C.F+P.
x=¢e" [C1 Cos t C2 Sin t]

Now we will obtained the value of y with the help of x. For this substituting the

dx . .
value of x and d—: in equation (1) we have.

x=¢% [C1 Cost + C:2 Sint]

dx

prie e [—C;sint + C,cost] + 6e°[C,cost + C,Sin t]
d equation (1)is — =7 —7x X

and equation (1)is —=T7x —ysoy =7x ——

= 7e°[C, Cost + C, Sin t] — e?t[6C; + C,]Cos (6C, + C;) Sin't
y = €6t[(7C1 - 6C2 - Cz) COS t+ (7C2 - 6C2 + Cl) Sln t]
y = e6t[(C1—C2) COSt+(Cl+Cz)Sln t]

Ex.2: Solve the Simultaneous linear differential equations.

%—Sx—6y=t2 ——————— (1)

dt

R @

taking D = % equations (1)and (2)can be written as

(D-3)x—6y=t> | ——————— (3)

Dx+ (D -3)y=t*> ——————— (4)

To eliminate x from (3)& (4)we operate (3)by D and (4)by(D — 3)we get.
D(D-3)x—6Dy=D(t*)=2t = ——————-— (5)

or D(D —3)x + (D —3)%y = (D —3)et = et —3et —2et — —(6)

now subtracting(5)for (6)we get.

D? +9)y = —2et — 2t
( )y e UGMM-104(N)/269
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Whose general solutionin (get C.F.&P.1.)
et 2t
Yy = ¢q cos 3t + ¢,sing3t — )
Now to eliminate y fram (3)& (4)we oprate (3)by (D — 3)
and multiply (4)by (6)and then subtracting we get.
(D? + 9)x = 6et — 3t% + 2t
Whose general solution is

= 3t + 't+3et t2+2t+2
X = Cc3€0S C4Sin z s tgt>

11.4.1 TEST YOUR KNOWLEDGE

Solve the following Simultaneous equations:-
dx — ot
l. L Ty=e

dy .
E+x—e

dx
2. E+5x—2y—t

W sy =0
at TV T

giventhat x =y = 0 where =0
@, qY -
3. 4dt+9dt+44x+49y—t

dx dy
—+7—-+34x+38y =¢f

3 dt dt

Ans-

1. x = cycost + cysint +%(et —eb)
i 1 t t
Yy = ¢q8int — c,cost + E(e —e)

__1 3t 4 1
2. x = 27(1+61:)e +27(1+3t)

2 2
__~“ T
y 27(2+3t)e +27(2 3t)
3. x=c +oet+ 2t -2 Bt
3 9 7
17 55 24
y=C16t+4C2€6t—?t+?+7et



11.6 SUMMARY

The idea of chauchy's linear differential equation is introduced and
method of solving it is givin by examples. then legendre's Differential equation is
introduced with examples. After that simultaneous liner equation with coefficient
is introduced and method of solving it, is given by examples. In the end terminal

questions are giving of each type for practice of the students.

11.7 TERMINAL QUESTION

Solve the following differential equation .

1.

Ans-

2
2 d%y 3 dy —
—3x—+ 5y =x.logx.
dx? dx y g
2y d 3
2 d y x
Xt —+x——-y=
dx? dx y 1+4+x2-

(x2D? —Dx + 1)y = x.logx
2 4% W=
1+x) .dx2+(1 + x) —ty= 4 cos[log(1 + x)]
2 A%y dy —

(4x+1) .WZ(‘I-JC +1) —ty= 2x + 1.
%+x—y =t.et

_dx Ay e
2y dt + ac €
(DbD—-—1Dx+Dy=t
3x+(D + 4)y = t?

y =X +%+flog(1 + x?) —f+ﬁlog(x2 + 1).
y = x[c;logx + ¢, ] +§ (logx)3
y = ci[log(x + 1)] + c,sinflog(1 + x)]

y=c+clog(4x +1)(4x + 1)1/4 +%(4x +1) +%

2 o 11
x = —2cie?t —Zcet —-— ¢t
3 4 2

)7 = + + —_ + —_ —I—__

UGMM-104(N)/271



UGMM-104(N)/272



UNIT-12 LINEAR DIFFERENTIAL
EQUATION OF SECOND
ORDER

Structure
12.1 Introduction
12.2 Objective

12.3 Method of reduction in equation where one part of the C.F.
is known.

12.4 Method to find out part of the complementary function
12.5 Procedure for solving the given differential equation.

12.6 Complete solution of the second order differential equation by
changing the dependent variable

12.7 Complete Solution of the differential equation by changing the
independent varible

12.8 Removable of the First degree term
12.9 Summary

12.10 Terminal Question

12.1 INTRODUCTION

An equation of the type

2
% + P Z—z +Qy =R Where P, Q, R are functions of x alone is called linear
differential equation of second order, here coefficient of % is 1
X
Note- If the coeffient P & Q are constant then it becomes linear differential

equation with constant coeffient wich has been discussed earliar.

12.2 OBJECTIVES

By reading the matter the student able be identify the type of differential
equation & by the Method givin in each section the student can solve the given

differential equation.
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12.3 METHOD OF REDUCTION IN EQUATION
WHERE ONE PART OF THE C.F. IS KNOWN

d’y  ody
+P=+Qy=R. 1
Ve o Qy @
Let y = u be the known part of the complementary function
Then dzu pdu
U0l 2
e dx *Q @)
) dy du do
Now putting y=vuwe get — =v— —
d? du dv d)fi o o
y u
andﬁ— —+2dx ol e
Putting the values of y, dy & ﬂ
in equation (1) dx dx’®
We get
2 2
—Udzu +2%.@+ud—f +p(u%+u@)+Quu R
dx dx dx dx dx dx
Or
2 2
v Ol—lZJ+P%+Qu +H d—I;+PdU 2%@:R
dx dx dx dx dx dx

With the help of equation (2) and dividing by u we get

d2v+Pdv+2 du dv R
dx? dx udx'dx u
Or & du) do R
v, (p+ _j A 3)
dx dx) dx u
We put
7 then 30 _ &
dx dx dx
from (3) we get
dz 2 du
P+r+—— | Z= 4
dx ( u de % @
which is a linear differential equation of order one, its L.F.
=¢ (P L2auy, j
u dx

= J;(P.dx + %duj

=u’ _[ P.dx



& so the solution of equation (4) is

z.uszdx =j(5.u2 dexjdx+c ................... (5)
e u e
From which we get
du
Tdx

And integrating we get the value of v & thus we get the
Solution y = vu.
This is the complete solution of equation (1)

Ex.1- Solve

d’y dy ) .
—4x—= +4x" =2 ly=0.ltisgiven.............. 1
dx? dx +( )y g D

That y = e*? is one solution in the complementary function.

Solution: Here u = e*? therefore putting y = v.e*?in (1)

We get
d’v 2 du | dov
-+ | P+——|—=
dx u dx | dx
(“R=0)
From equation (4) where
z_dv
dx
P=—4x, Q = 4x’ -2, and R=0

Here

+l 4 + 2 5. (2 xZ)Jdv—
X xe dx_

Or

2 2
dl; [—4x+4x]du_00r d12):0
dx dx dx
Or dv C or cX=cC
_— = U = =
dx :

X2

. The solution is y = uv =@, (cx + C,X)
Ex. 2- Solve d d’y

d2 - (2x- 1) +(x—1) y=0

=€’i ion i F.
When Yy=€"is one solution in the C.F UGMM-104(N)/275



Solution- Dividing the equation by x we get

d’y (2x-1)dy (x-1
2 _ &= )2 V=0 1
dx? X dx " X y @

We put Y= 0€", then we get from (1)

0

d’v [ 2du} dov
+|P+——|—=
dx? u dx | dx
PuttingPZM&u:éand =%Z
X dx

We get dz + [M + iex} .z=0
dx X e

Or _[dz . _2X+1+2X.z} 0

dx X

Or %+E=0 or %z—%
dx x X X

Or Integrating log z=log x +log ¢
C

Or z=—0r — =— 0Or v=ClogXx+c
X

. The complete solution is
y=uv=¢e"(c logx+¢)

2
Ex. 3- Solve Xx’. % + x% —y=0. Itisgiven that
X X

1 . :
X+— 1is one solution .
X

Solution- dividing the equation by x>

2
We get M+l ﬂ_lz

dx?  x dx X

Putting y = u.(x +lj the equation becomes
X

2
d 12)+(P+z.%}.%=0\/\/hereu=x+—1
dx u dx,) dx X
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2
Or 3‘; + 49—+ 1X2 .(;—U:O
X X X+A X
2 2
or Qv X -l dv_,
dx X(X“+1) dx
. do dz  3x*-1
Or putting zZ=—— weget —+ ————.Z=
dx dx  x(x°+1])
2_
or 2, XL gy

z  xX(X*+1

Or E+(—l+ ?X jdx=0
Z

X X +1

& so integrating log z — log x + 2 log (x> + 1) = log c1

C, X dv Cx
or =

0 - e AN
' (x> +1) dx (x> +1)°

Cl

Or integrating V=————— +
srne 2(X* +1)

The complete solutionisy = v u

(xz +1j
Or y=v.
X

Or y:é +C, (x+1J :ﬁ + B, X
X X X

Check your Progress-

Exercise- Solve the following differential equations

2
1. Sn’ X.% =2y When y=cot X is a solution.
X

2
2. xSnx+ Cosx) d 3/ —X cosxﬂ + ycosX=0
dx dx

When y = x is a solution.

2
3. x% — (%j + (1-X)y= x’c” when y=€"is a solution.
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2
4, % —~ xz.%+ Xy = X Wheny = x is a solution.
X X

Ans.
(1) cy=1+(Ci—x)cotx (2) y=Cxx—Cicosx

(3) y=C,e"+C,(2x+)e™ —%(sz + 2X+1) e"‘)

3

@) y= 1clxjxi2 :—3.dx +Cx

124 METHODS TO FIND OUT PART OF THE
COMPLEMENTARY FUNCTION OF

d’y _dy
p.—2 | 1
dx? " dx tQy M

Rule 1- y=e isa solutionif M’ +Pm+ Q=0

S b

If y=e™then -~ = me™, :
¥ dx dx’

mx

m-e

If y=€e™ in a solution then from (1)
m’ €™+ Pme™ +e™ =0
Or m> +Pm+ Q= 0.
In Particular if Yy = €" is a solution thereof | + P+ Q=0 & if
m = -1 then € will be a solutionif 1 =P+ Q=0
Rule 2- y= X" isasolution

2
Then dy =mx™ & d7y
dx dx?

= m(m-1) x™?

Therefore from (1) we have

m(m1) x™ +Pmx™ + Qx™=0

Or m(m-1) +Pmx+Qx’* =0

In particular if m = 1 then y = x will be a solution if P + Qx =0
& Puttingm =2, y = x> will be a solution

If2+Px+Qx*=0.
UGMM-104(N)/278



12.5

PROCEDURE FOR SOLVING
DIFFERENTIAL EQUATION

THE

(1)

(if)

(iii)

(iv)
(v)

(vi)

We put the equation in the standard form

d’y _dy
+ P—=+ =R
dx? dx Q

2
in which the coefficient of

3/ 1S one.

if 1 + P+ Q=0 then y=€" in solution

If 1 —P+ Q=0 then y= € “is a solution

if P+xQ =0 theny = x is a solution.

if 2 +2Px + Qx> =0 then y = x?is a solution
Put y = vu there reduced equation will be

ﬂ+(P+g %j dU— R

dx? u dx)dx u

do : .
Put z= ™ & solve the linear equation in z & x.
X

2

) dy

Ex.l-Solved—gl—x .= + Xy= X
dx

dx
Here P=-x?, Q=x &soP+xQ=0.
Therefore y = x in a part of the C.F.

& sou=x. Now putting y = vu = vX

dy do
2 = X—+v
dx dx
2 2
&d y Xd v 2'du

then Equation becomes

d’v do 2( do ]
X +2—|-X| X— + U0 [+X X=X
dx? dx dx

d?v

dx?

Or X

+ (2—x3)d—u = x. Now putting dv_ z
dx dx

We get x% +(2-xX)z=x
dx
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Or $+(£—x2j.z:l ............................. (1)

z—xzj dx

This is linear and the I.F. = J.(
X

e

X3

ol

2

Hence the solution of (1) in

><3 2

!
Z.x e =jx2 e .dx+C,
7%X3

3 1
=- e +C, (by putting §X3 =t)

do 1 Ce%xz
Soweget Z =—= — — + —
8 dx X’ X’

1 1y
Or v=—+ IC@}X X2dxC,
X
The complete solution is

y=ou = 1-C, ‘fegxl X dx+C,x.

2

Ex. Solve Xz.u—2x(1+x)3—y|— 2(1+%) y= X°
X

X2
Solution- Dividing by x? the equation in the standard form is

d’y 2(1+x) ﬂ+2(l+x) y
dx’ x  dx T

-2(0+Xx)

0= 2(1-2|-X)

X

Hence P =

and P+x. Q=0 Therefore y=xis a part of C.F.

& sou = x. Therefore putting y = ux the equation becomes

d’v _.do) 2(01+x)(_ do 2(1+X)
X—F+2— | ———— | X—(— +0|+——5—.UX=X
dx dx X dx X
2
Or xd—l; - 2x@= x. Now Putting dv =7
dx dx dx

dz
We get xd— - 2Xz=X
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Or % -2z=1
dx

Which is linear & so the LF.= e

*. the solution is
—2X —2% 1 —2X
Ze :je .dx +C =——€e7+C
2

Or Z= —1+C1eZX or d0_ Cle“—l
2 dx 2

C 1
Integrating v= jezx _EX +C,

Hence the complete solution is
2X

C xe
! —%xz +C,X.

Y=UX=

2 X
Ex.- Solve d—y — cot X.ﬂ —(1—cotX) y=e.sin X.
dx dx

Hence P=-cotx,Q=-(1—-cotx)
& So 1+P+ Q=0 therefore y =¢*isa part of
The C.F. Putting y = vu = v.e"

2 2
;ﬂzex.(‘i—‘i +Uj, and 3¥=ex[du+2%+u
X X

& So the equation becomes

([ d?v do do
e +2—+v|—cotX|— +v |—(I-cot—=X)v
dx’ dx dx

d?v
dx?

Or

+ (2—cot X).% = sin X.
dx
d
Putting d—U =Z we get
X

dz . o
PV + (2—cot X).Z = sin X which is linear
X

+2 X

| E. = (eIZ—cotX) _ e2x—logsinx: €
sinX

Solutiion is
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—2X —2

X 1
©  dx +C =—e"+C,
sin X 2

Z

— = jsin X
sin X

I . .
Or Z = 5 sinX+ C, sin xe™

do 1 . o :
Or d_U = — sin x+C, sin xe**. Integrating
X
1 C .
V=——0c08 X———€" (cosX+ 2 sin X)+C,
2°+1

ax

Ieax. sinbx dx =——— (asinbx — bcos bx)
a +b

The complete solution is y = v€"
l X Cl — X : X
Or y:—Ee COS X— ?e (cos X+2sin XH-C.e

Check Your Progress-

Exercise - Solve the following differential equations :

d’y dy

1. XSIn +cos X)—— —Xcos X — + ycos=0
( ) dx? dx Y
Of which y = x is a solution.
2

., 4
dx?

+(1—cot X)ﬂ—ycotx= sin X
dx

(Hint 1-P+Q=0)
Ans-

(1) y=-C,cosx+C,x

|
(2) y=C, e +C, (sinX—cosX) —E(sm2x —2c0s2X).

12.6 COMPLETE SOLUTION OF THE SECOND
ORDER DIFFERENTIAL EQUATION BY
CHANGING THE DEPENDENT VARIABLE

2
d—zl + P.ﬂ
dx dx
do not contain x directly).

+Qy= R by changing the dependent . Variable (or equations which
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d’y dy _|_
f(dxz v yJ_O ............... 1))

To solve such equations we put

Q:p and from (1) we get
dx

dy _do _dPdy dp

d dx dy dx dy

Putting in (1) we get
dP
f(p.d—, p,Y)=0 (2)
y
Now equation (2) can be solved for P
d
Let p=1,(y) & 02 =1, ()
X
Or i:dx or Ii:mc.
fi (y) fi (y)
d’y dy)2 )
Ex-  Sol | =Y 1
X olve ydx2+(dx y (D)
d? d d d
Solution- Put ﬂ= p & <0 —yz—p = —pﬂ: —p
dx ax dx dy dx dy
fi dp 2,2
rom (1) we get y.p& +P =Y 2)
We get 2p% = dz from (2)
dy dy
1 dz z dz 2z
—— +t—=Y or — +— =2y
2dy vy dy
Which is linear and so
J% o= 2logy log y*
ILF. = e e =e =Y

The solution in

2y’ = [2y(y’)dy+c,

4
Or p2y2=y7+C1 or 2p*y’ =y*+2C,
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Or (\/E)ypz,/y“JJC1

or  Joy Yoy o o v2 XY _ax (k=20)
dx Jy'+k

Or  Putting y*=t oo 2ydy = dt

Or

=dx or ! smh (L]: x+C
\/_ 1/t +K «/E ’
Or sinh™ (y—zjz(ﬁ)x+C2 or yZ:\/Esinh((\/2_)X+C2)

Jx
2 2
Ex-  Solve y(I-logy) y+(l+log y)( j =0 o )
Putﬂ:p&snody dp_dp dy_ @.p
dx dx> dx dy dx \dy

. from (1) y(1-log y)%. p+(1+logy)p* =
y
dp
Or y(1-logy) d_y + (I+logy)p=0

d
OR y(I-logy) £ = —(I+logy) p

or W __ (Hlogy) i @)
p y(l-logy)

Putting logy =t & so & = dt - from (2)
y

o _—Ug (1+ij dt
P 1t 1

Or Integrating logp =t+2log(t—1) + log C
Or log p=t+logC(t-1)’
Or p=cg(t-1)’ = Cy(logy-1)° -~y =¢t

dy 2 dy
Or — =Cy (l -1 or —————— =cdx
dX y(Ogy ) y(lOg y—1)2 1

Or integrating we get
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Cx + C,

(logy-1)
Or (1-logy) = !
Cx+C,
Check Your Progress-

Ex- Solve the following differential equations :

2 2
1. %+[%) =1 Ans. y*=x>+ax+b
X X

d’y dyj2 dy c
2. - =] +2—==0 Ans. Cy+2 = de™
ydx2 (dx dx Cy

dzy dy ’ 2 X —X
3. Yy—>—|—| =Yylogy Ans. log = be* +ae
dx dx

127 COMPLETE SOLUTION OF THE
DIFFERENTIAL EQUATION BY CHANGING
THE INDEPENDENT VARIABLE

d’y dy . .
—+ P.—= + Qy=R by changing the independent
dx dx
Variable. (1)
We change the independent variable from x to z with the help of Z = {(x).
Then

2 2 2 2
B Gy &y Sy (), o o
dx dz dx dx dz® \ dx dz dx

Putting these values in (1) we get

2 2 2
d y(%] +ﬂ d z+P‘[dy dz}

dz? \ dx dz  dx? dz dx

+Qy=R

d’y (dz\’ dz d*z)dy
o — | — | +|P—+ — + Qy=R
Yoz (dxj ( dx deJ R

dz d’z
d’y Pax "o dy Qy R
Or + — + = (2)

S - I I ]
dx dx dx
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dz d?’z
P ax e
P1: lez

(@)

Now putting

and R = R -
o)
dx
from (2) we have
d’y dy
+ P — + e 1 *T Y 3
dz2  'dz Qy =R ®

Hence B,Q,, R are functions of x can be expressed a function of Z with
the help of z = f (x).
. . d?z dz
Case 1- when P; = 0 if we choose z such that p; = 0 ie T tP = 0

d (dz dz . . . . dz
or — (—) + p— = 0 which in linear in —
dx \dx dx dx

The solution is

dz
— = fpdx = —fpdx
I e or z f [e ]dx

. daz . .
equation (3) becomes d—;z/ + Q.y =Ry which can be solved if
(i) Q, isconstant then it is a linear equation with constant coef ficent
(ii) Qq isof the form s then it is linear homogenous equation

with variable coef ficent.

Case 2- We choose Z such that Qi = a? = costout
Q dz
a’=al— |=
or (dz}2 - [dxj 10
dx
Or dZ=\/6dx or Z:J'gdx

a

Note: Hence Q is taken in such a way that Q remain the whole Square of a

function without surd and its negative sign is ignored we choose Z such that

d?z

dx?

dz\’ . adz ,
— | =Q.these find ™ and findZ &
X
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2

d d

2
OR  sin® X.%-i- sin X.cos X.;ﬂ+ 4y= 0 by changing the independent variable
X X

Solution:
From (1) P=cotXx, Q=4cosec’ X, R=0

We choose Z such that

2 2
(d_Z) =Q. or (%j = 4cosec’ X
dx dx

dz
Or d—:2cosecx or Z=2logtan%

X
dz d’z
P— +——
_odx dx® 2cot)(coseCX—2coseCXcotX_0
dz\’ 4cosec’x
dx
Q

Q=

&)

2

dy _d
Hence the transformed equation is —+ R y+Ql y=R

dz

2

d’y
dz?

+y=0 or (D*+1)y=0 or D=x+i

The solution is 'y = C,cos(z+C,)

Or y=Cicos (2logtan x/2 +C2)

2
Ex- Solve xé.d—¥+3x5.ﬂ +a’y=—
dx dx X

Solution- Dividing by x° the equation is

dy 3dy a1

o x A x K

3 a’ 1
© P= ;, QZF, R:F
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2

2
We choose Z such that (gj =Q= a_6
dx X

dz)' 1 . _
Or — | =— (takinga=1)
dx X

2 —
Or %=L3 or Z=- 12&d22=—43
dx x 2X dx X
2
dz+sz

az.p .
p_ dx dx. g - Q &R =

okl
x* x(x x°
P1= 1 > =O, le l :a2
(%) %
1
_xt 1
& Ri= T = 7 =27
x°

( Z:_zizj

Therefore the transformed equation is

d’y ,dy
v P‘EJF Qy=R
'y
Or = +a’y=-2z or (D’+a’)y=-2z
z
The C.F. = Ci cos (az + C2)
(Dj—zzz) _ (a2 +D?%) ".(=22)
+a
& PI =
-2z

The solution is

1

a’x?

y =C.F.+PIL = C, cos (Cz _izj"'
2X
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(on putting z = - —

2X
2
Ex- Solve d 2/ + (3sin Xx—cot x)ﬂ +2ysin’ X
X dx
= €™ sin’ X
Solution- Hence P = (3sinX—cotx), Q=2sin” X

And R = e ®™sin* X

2
We choose z such that (%) =Q.
X

2
Or We take (%] = sin? X therefore % =sin X

X X
2
Or z=-cosXx & Z= cos X
dx?
p— dx? " dx _ cos x+(3sinx—cotx)sinx= 3
1 dz? 2 sin? X
dx
2sin’ X
QIZ Q 2 = . 2 :2
dz sin” X
(&
—COSX < 2
and R = R _ €™ .sin X:e“m(:

(dzjz sin® X
dx

(* Z=—cosx0

& so the transformed equation is
d 2

d
Y+RL+Qy=R

dz’ dz
2 z
Or d_zy + 3ﬂ +2y =€
dz dz

Or (D°+3D+2)y=e

AE.isD>+3D+2=0 or (D+2)(D+1)=0
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Or D=-2,-1

-2z

& sothe C.F.= C, e+C e

= 2—:_e
D-+3D+2 6

Therefore the complete solution is

-2z 1 z

—-y= Ce+C e+6e

(COSX

Or y=C €+ C, ™ +%e

12.8 REMOVABLE OF THE FIRST DEGREE TERM

(Reduction to Normal form)

When we fail in obtion a part of the C.F

then the differential equatlons + p Qy R —-()

may be solved by Removing the first derivative. We do it as follos :

Weputy = vy,
dy _ @
then =V, Ty,

d?y d?y, dv dy, d?v
= . ———ty—
dx? dx? dx dx dx?
and then equation (1) becomes
d? dv d d*v d? d
lv Y1 &Y V1 l_l_Pl V1 V1

Wl d M dx dx2+de+Q”y1:Rl

d?v 2 dy;]dv d?y, dy,

or ylﬁ+y1[P+3/_1'E]a+ [ +P +Qy1—R]
d?y, | dy

[Here ax2 +Pd—1+ Qyi=o0

because y, in not a part of the Solution

We choose y; such that the first derivative is removed

or —=-—=P.dx or integrating
UGMM-104(N)/290 V1 2



1 1
logy, = _Ef Pdx or y, =e 2P -——(2)
then the above equation becomes

d?v d? V1 dy; R
Tz —I +Pd + Q1| = }’1 (3)

X

1 1 1

o axz T 2 7 dx  2dx
B 1P( 1 ) 1 dp
=P Ttn) T T
1, 1 dp

=Zp )’1—§}’1a

Putting these values in (3) we get

[ ldp B 1P+ _ R
dx2 4 2 o= 2 Pdx
or [Q —ip2_ 1dp] R.ez) Pd¥
or %+Q.U=R1 ————————— (4)

1 . 1dp 1
Where Q, = Q _ZPZ e and R, = R.ez/ P4

The reduced equation (4) is called a differential equation in normal form.
dz_y — ay 2 _ — ,x?

Ex.1- Solve e 4x =t (4x*—-3)y=e

Here P = —4x,Q = 4x> —3,R = e*?

to remove the first derivative we choose

Y= eéfpdx = eJ 2xdx — ox*

Putting y = vy, the equation after removing the first derivative becomes

d?v
d 2 + le _______ (1)
1 1dp
Where Q, = Q——PZ—Ed——(ALx —3)—4x*2+2=-1
R &~
Ri=—=—=1
1 yy exz
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2
We get for (1) %—v=1 or (Q*—1v=1
A.E.isD?—1=0 or D=+1 and
C.F.ZClex-}- Cze_x

and P.I.= -1

DZ—1
Hence v =Ce*+ Ce7*—1
~ The complete solution is y = vy,
or y =e* (Cie* + Ce™ — 1)
2
Ex.2- Solve d—z — 2tanx 2 + 5y = seex.e”
dx dx
To remove the first derivative we choose

_lf dx
y, =e 2 pdx _ ,[tanxdx — plogseex — gopy

Now putting y = v.y; the above quation becomes

d?v
2z T Qv=R ~ —————=== €Y)
1 1d
where Q; = Q — ZPZ - Ed_i =5 —tan?x + see’x = 6
&R, = R _ seex.e* _ X
V1 seex
d?v
Hence form (1)We get TxZ + 6v = e”
A.E.isD*+6=0 or Q=+iV6
C.F.= clcos(\/g.x + cz)
X ex
and P.1.= DTre- 7 therefore
1
v =ccos(V6.x +¢;) + e*
and so the complete solution is
1
y = c,Seex cos(\/g.x +c,) + - seex. e*
a’y Y (2 = o
Ex.3- solve =T 2x =t (x*+5)y =xe 2

1
HenceP = 2x,Q = x>+ 5,R = xe 2
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—lfpdx _le .
yi =€ 2 =e 2" nowputting y =v.y,;

the above quation becomes

d?v
E"‘Qrv:Rl ________ (1)
1 1dp
=Q-—-P?—=C=(x? —x2—1=4
where Q; = Q 2 > ax (x*+5)—x
R
& Rl — =X
V1

d?v
form (1)We get o? +4v =x or (D?+4)v=x

A.E.is D?+4=0 =D ==2i

C.F.= cicos(2x + c3)

X 1 D? 1
and P.I.= =—(1—— xzzx

D2+4 2 4
1
v =ccos(2x +¢c;) + ik
complete solutionis y=v.y,;
3 1
y=e 2 |cicos(2x + ¢y) + Zx]
Check Your Progress-
1. Solve + 4x + 4x%2y =0 by removing
the first derivative
2. Solve x?.— —2(x? + x) y+(x +2x+2+2)y=0
by removing the first derivative. (Hint divide x?)
3 d’y 2 dy sin 2x

24y =

dx?  x dx x

a?y _ 2dy (2 i) _
4. Solve—=———+(a"+5)y=0

2 &%y 4\ — 2)y =
5. xdx2+(x 4x)dx+(1 2x +4x%)y =0

12.9 SUMMARY

First the method of reduction then been discussed when one part of the

C.F. is known. Then complete solution of —+P dy+ Qy = R has been
discussed by chaing the dependent variable and by chaengmg the independet
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variable. In the end the mehead of solving the above diffrential equaction by
romoving the first derivative (or norml form hes bing discussed.

12.10 TERMINAL QUESTION

Solve the the following different equation.

2
D x253—3xZ 44y =227 ans.(c; + ¢ log)x? + x%(log)?

d%x
2 x? ==
) dx?

X (A cosv3(logx) + B Sinv3(log x)) + 1—13 [3 cos(logx) —
2sin(logx) + %x sin(log x)]

- x% + 4y = cos(log x) + x sin(logx).ans y =

2
3)  Solve (3x +2)2 22 + 3(3x + 2) 36y = 3x% + 4x + 1.

2
4) x2—d—y—2x2(1+x)2—z+2(1+x)y=x2'

dx?
. d?y dy .
5) Solve (x sin + cos)ﬁ—xcosx —, Tycosx = 0 of whichy = x

2
6) Solv x® Y 4 3 2 aty = 1

" dx? dx x2"
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Rough Work
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Rough Work
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