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UNIT-1: Stable and Unstable equilibrium
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1.5. Condition of stability (One degree of freedom)
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1.1 Introduction:-

Consider the motion of a body on a smooth curve in a vertical plane as shown
in the figure, obviously the body can rest at points A,B,C and D. Which are
points of maxima or minima of the curve. If the body be slightly displaced from
its position of rest at A or C (i.e. the points of minima), it will tend to return to
its original position of rest, while if displaced from its position of rest at B or D
(i.e. the points of maxima). It will tend to move still further away from its
original position of rest. In the first case the equilibrium of the body is said to
be stable and in the second case it is said to be unstable

B
D

A

Take one more illustration. Consider the equilibrium of a rigid body fixed at
one point say A. For the equilibrium of the body the centre of gravity G of the
body must lie on the vertical line through the point of support A. There arise
three cases.

Case 1- Let us consider the center of gravity G lies below the point of support
A. In this case if the body be slightly displaced from its position of equilibrium
its centre of gravity will be raised. If the body be then let free, the force of
gravity will bring the body back to its original position of equilibrium. In this
case the body is said to be in stable equilibrium.

Case 2- Next let us consider that the centre of gravity G lies above the point of
support A. In this case if the body be slightly displaced from its position of
equilibrium, its centre of gravity will be lowered. If the body be then let free,
the force of gravity will still further move away the body from its original
position of equilibrium. In this case the body is said to be in unstable
equilibrium.



Case 3- If the centre of gravity G is at the point of support A, the body will still
be in equilibrium when displaced. In this case we say that the body is in a state

of neutral equilibrium.

Remark- It can be seen that among all the possible positions of the body, In the
case 1 the height of the centre of gravity of the body above some fixed plane is
minimum and in the case2 it is maximum.

1.2 Objectives-

After reading this unit Students must be able to-

[] Difference between stable and unstable condition
[J How will be use stable and unstable condition

[J Understand one degree of freedom

[J Understand a heavy body on a fixed body

1.3. Stable and unstable equilibrium ( Definitions and
example.)

(1) Stable equilibrium- A body is said to be in stable equilibrium If when
slightly displaced from its position of equilibrium, the forces acting on
the body tends to make it return toward its position of equilibrium.

(2) Unstable equilibrium- The equilibrium of a body is said to be unstable If
when slightly displaced from its position of equilibrium, the forces
acting on the body tend to move the body further away from its position
of equilibrium.

(3) Neutral equilibrium- A body is said to be in neutral equilibrium If the forces
acting on it are such that they keep the body in equilibrium in any
slightly displaced position.

Some more example of stable, unstable and neutral
equilibrium :-

Consider the case of a heavy sphere resting on a horizontal plane. Suppose the
centre of gravity of the sphere in not at its geometric centre O. It is obvious that
for the equilibrium of the sphere its point of contact A with the plane, its
geometric centre of gravity O and its center of gravity must be in the same in
the same vertical line. One position of equilibrium is in which the. Center of
gravity. G; is below the geometric centre O. In this case If the sphere be
slightly displaced. It would tend to come back to its original position of
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equilibrium. This is the position of stable equilibrium. The other position of
equilibrium is in which the centre of gravity. G, is above the geometric centre
O. In this case If the sphere be slightly displaced it would not come back to its
original position of equilibrium but would go further away that position. This is
the position of unstable equilibrium.

If however the centre of gravity of the sphere is at its geometric centre O the
sphere will still be in equilibrium when displaced. In this case the equilibrium
is neutral.

If a right circular cone rests on a horizontal plane with its base in contact with
the plane and its axis vertical, its equilibrium is stable but If it rests with its
vertex in contact with the plane and its axis vertical, it equilibrium is unstable.
Again If it rests along a generator, it is in neutral equilibrium.

The equilibrium of a pendulum is stable when it is displaced from its vertical
position of equilibrium, because it returns to the vertical position again.
Anytop, heavy body or a stick placed vertically on a finger is an example of

unstable equilibrium.

A B

1.4. Stability:-

Consider an object hinged at a point O. There is equilibrium so long as its
centre of gravity G lies in the vertical line from O because its weight then acts
through O and there is no moment tending to turn the body about O. But the
position nature of equilibrium will differs with the position of G. There are
three cases.

Case 1- The G lies below the point of support. If the body is slightly displaced
from the position of rest, there are two equal and opposite forces acting on the
body on through from O and the other through from G. These form a couple
which tends to restore the body to its original position. In this case the body is
called to be in stable equilibrium.



Case 2- The center of gravity G lies above the point of support. In this case If
the body is slightly displaced from its position of equilibrium, its centre of
gravity would be lowered If the body is then let free, the force of gravity will
still further more away. The body from its original position of equilibrium, In
this case the body is called to unstable equilibrium.

Case 3- If the centre of gravity G is at the point of support A, the body would
still be in equilibrium when displaced. We can say that the body is in a state of
natural equilibrium.

Remark:- It can be seen that among all the possible position of the body, In
case 1 the height of the C.G, of the body above some fixed plane is minimum
and in case 2 it 1S maximum.

Example. 1-

A body rests in equilibrium upon another fixed body, the portion of two bodies
in contact. Being spheres of radius r and R respectively, and the straight line
joining the centre of the spheres being vertical, If the first body be slightly
displaced to find whether the equilibrium is stable or unstable, the bodies being
rough enough to prevent sliding.

Solution-

Let O is the centre of the spherical surface of the lower body, and O, be the
upper body. Let A,G; 1s h.

Let the upper body be slightly displaced by rolling, so that O, is the new
position of the center of the upper body. A, is the new contact point. G, be the
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new position of centre of gravity and the new position of the point B;will be C
hence CG, in h.

Draw B,L vertically to meet O,C in L, and O, M vertically to meet a horizontal
line through B, in M.

Let £B,0B; = 0 and £B,0C = (@ so that 2ZCO,M = (6 + @)

since the upper body has rolled into its new position, the arc B;B, =the arc
CB, so that

Where R and r are respectively the radius of the lower and upper surfaced. The

equilibrium is stable or unstable according to G lies to the left, or right of the
line B, L

1.e. According as the distance of G, fromO,N is >or<B,N

i.e. According as (r — h)sin(6 + @) is >or<rsin6.

i.e. According as (r — h)sin (Rri 9) >or<rsind.

3
i.e. According as (r —h) [%0 - é(#) 03+4------- >or<r [6 - i—z+- S EEEEEY S ()

by substituting the expansion for the sine of angle in forms of the angle,

1.e. according as

(r—nh) [@—é(ii)z G2 4------- ]>or<r [1 —§+ -------- ]

1.e. when 0 is made indefinitely small, according as

(r—nh) ¥>0r<r

i.e. according as R >or h(R + 1)

: . 1 1,1
1.e. according as o >or<e + - (3)

. 1 1 . RT
in the case when =t e when h= o

1
R +r



we must return to equation (2) and the equilibrium is stable or unstable
according as

i[ﬂﬁ—i(¥)393+ ------ ]>or<r[9—i—z+ -------- ]

R+r| T L3

i.e. according as — % (R + 1r)?63 + higher powers of §>or<— %1’2934— -----

i.e. according as (R + )% — sgs. etc of 0 < or > r? — sgs. etc. of 0,
i.e. according as (R + )% < or > r? when 0 is made indefinitely small.

Hence in this case equilibrium is unstable. The equilibrium is thus only stable

when % > % + % In all other cases it is unstable.

If the curvature of the lower surface is in the other direction as in the second
figure then in this case the angle

R—r
r

0

CO,N=0—-0 =

and the equilibrium is stable or unstable according as G is to the left or right of
B,L.

i.e. according as 0,G,sin(@ —0) < NB,

i.e. according as (h — r)sin?G < rsinb.

_ . A3
i.e. according as(h — 1) [?9 — é (? 9) R ]
>or< [9 - ?—3+ -------- ] (4)
3
_ N
i.e. according as(h — 1) [? —%(?) 0% +------ ] >or<r [1 —
92

i.e. according as (h — 1) Rr;r > or < r,if 0 is indefinitely

. . Rr . . 1 101
i.e. according as h > or < ——, i.e. accordingly as S>> or<-—-

In the critical case when h = RR—T we must return to (4) and proceed to higher

powers then becomes

UGMM-105/11
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_2\2
i.e. (err) — powers of 8 > or < —powers of 0

Hence when is indefinitely small, we see that the equilibrium 6 is stable or
unstable according as

(R=1)2>o0r<r?

i.e. accordingas R > 2r & R < 2r

In this case when R = 2r and hence h = :—r = 2r

then®=§9=29

and 0,G,sin(@ — 8) = (h —r)sin (@ — 6) = rsinf = NB, always.

Hence, in this particular case, G, always coincides with L; and the upper body
would always rest from. Whatever angle it be rolled since its C.G is now
always vertically above the point of contact

Cor.1. If the upper body have a plane face in contact with the lower body, as in
the following figure r is infinite in value. Hence the equilibrium is stable if

1 .
Ebe>§1.e if hbe <R

Fig.



Hence the equilibrium is stable, if the distance of the C of G of the upper body
through its plane face be less than the radius of the lower body; otherwise the
equilibrium is unstable.

Cor. 2. If the lower body be a plane so that R is infinite, the equilibrium is
stable if

1 1. .

Ebe >; i.e if hbe<r
Hence if a body of spherical base be placed on a horizontal table, it is in stable
equilibrium, If the distance of its centre of gravity through the point of contact
be less than the radius of the spherical surface.

Check vour progress

Question.1 A hemisphere rests in equilibrium on a sphere of equal radius;
show that the equilibrium is unstable when the curved surface, rests on the
sphere and stable when the flat surface of hemisphere rests on the sphere.

Question. 2 A solid sphere rests inside a fixed rough hemispherical bowl of
twice its radius. Show that however large a weight is attached to the highest of
the sphere, the equilibrium is stable.

Question. 3 A heavy cube balances on the highest point of a sphere whose
radius is r. If the sphere is rough enough to prevent sliding and if the side of the
cube is %r , show that the cube can rock through a right angle without falling.

Question.4 A rod SH of length 2c and whose centre of gravity G is at a
distance d from its centre, has a string of length 2cseca , tied to its two ends.
and the string is then slung over a small smooth peg p, find the position of
equilibrium and show that the position which is not vertical is unstable.

Question.5 A smooth ellipse is fixed with its axis vertical and in it is placed a
beam with its tends resting on the arc of the ellipse, If the length of the beam be
not less than the latus rectum of the ellipse, show that when it is in stable
equilibrium, it will pass through the focus.

1.5. Condition of stability- One degree of freedom-

A body is called to have one degree of freedom when it is so constrained that
only one geometrical quantity is rewired to fix its position. For such body, the
work done in bringing it from any standard position may be given as

w=f£(6)

UGMM-105/13
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where 0 is the quantity that defines the position of the body. Now If F is the
resultant force on the body and §s the displacement of the body in the direction
of F then work done

d-w = Fds, i.e.f'(0) = Fds
or F=f(0)2 . (1)

In a position of equilibrium, F=0,
gy 20 _
then f'(6) — =0

As there are a number of geometrical quantities, each of which could be used to
fix the position of a body with one degree of freedom we choose 6 to be that
one which continually increase or decreases as the body moves in the same

o . . . de
direction with this assumption, = 0

then for equilibrium

Assume that a root of this equation is 8. Then we have to test the equilibrium
whether it is stable or unstable for 8 =6, . Now If the force and the
displacement have opposite signs, equilibrium will be stable, thus for stability,

Z—z must be negative. from (1)
dF . NG , d*6
(E) 60 = 1"(8) (ds) 6o + f'(80) ds? %

2
Fr60 = (5 6
since f'(6,) = 0.Hence for stability f''(6,) must be negative.
If follows, therefore that If w = f(0), the conditions for stable equilibrium are
f'(6,) =0and f"(6,) <0

These are also the conditions for a maximum w for 6 = 6, similarly it may be
shown that If w is a minimum, the equilibrium is unstable.

If w is neither a maximum nor a minimum the equilibrium is either neutral or
unstable. The equilibrium is neutral. If dF is absolutely zero. But If dF has the
same sign as ds for displacement in one direction, and the opposite sign for
displacement in the other direction, then after any small displacement, the body



certainly moves on the unstable side. after a short time and To equilibrium is
really unstable.

When the forces are conservative the potential energy V of the body is given by
V=C-W

Where C is a constant. Thus in the case of a conservative system the
equilibrium is stable or unstable according as the potential energy is a true
minimum or maximum.

For example. If gravitational energy is the only form of potential energy the
height of the C.G must be a minimum for stable equilibrium.

Example 1- Show that in the position of stable equilibrium, the potential
energy of the body is minimum.

Solution- When the force of gravity is the only external force acting on a body,
we arrive at the following rule for deciding whether a given equilibrium
position is stable or unstable.

Suppose that the body is tilted from its position of equilibrium, the measure of
tilt being given by 8. Express the height of the centre of gravity of the body in
terms of the variable 6. If this height be given by z = f(0), the position of
equilibrium are given by.

az —

2
5 f'(6) = 0 we then find the sign of% for the roots of f'(8) = 0 If the

sign is positive for a root the height of the C.G is minimum and the equilibrium
is stable for that 6, If the sign is negative the C.G. is at a maximum height and
the equilibrium is unstable.

In other cases it is convenient to find instead of the height Y of the centre of
gravity above a fixed plane, the depth x of the centre of gravity below a fixed
plane, In such cases, If the depth x is minimum, the equilibrium is unstable and
If the depth x is maximum the equilibrium is stable.

1.6 A heavy body resting on a fixed body:-

We shall assume that

(1) the upper body is free to roll, without, sliding on the lower body

(11) the portion of the two bodies in contact are spherical of radius r and
R. respectively, and

(iii)  the straight line joining their centres is vertical initially.

UGMM-105/15
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Let O and O’be the centre’s of the spherical surface. The figure below is a
section of the bodies through G, the centre of gravity of the upper one.

Fig. - 3

Let the upper body BAC be displaced into the position, B'A’C’, the new point
of contact being A”. Let C' be the new position of the centre of gravity of the
upper body, which now lies on 0" A’, the new position of 0'A. Let

LAOA" =0, LA'0"A" =0

Since we suppose that the upper body is displaced by rolling on the lower, we
have

arc AA" =arc A'A". i.e.RO =10

If z be the height of G’ above O, we have
z=00"cosf — 0"G'cos(6 + @)
=(R+1)cosd — (r — h)cos (1 + é) )
where AG=h

Now the equilibrium, Z—Z = 0 hence



r+R r+R
—(R+r)sin9+(r—h)< - )sin( " 9)=0
This is satisfied by 8 = 0

2
To find the sign ofsTi ford =0

we have

% =—(R+71)cosd + (r—h) (#)2 cos (#9)’

Which for 8 = 0 reduces to

~R+1) + =0 (Z5) e (ZE) [- e

r

2
. r+R TR
1.€C. (—) —_— = h]
r r+R

The equilibrium is stable or unstable according as

d?z

Yy is positive or negative,

. rR . 1 1 1
Le.—> or r<ie—-or<-+4+-
r+R h r R

Particular cases

Case 1- The lower surface is concave instead of being convex near A. In this
case R is negative and the equilibrium is stable or unstable according as

1>11
h  r R

Case 2- The lower surface near A is plane. In this case R is infinite and the
equilibrium is stable or unstable according as

h<or>r

Case 3- The upper body has a plane face in contact with the lower body. In this
case 1 is infinite and the equilibrium is stable or unstable according as

h<or >R

Case 4- The critical case when

SHEEN
<

UGMM-105/17
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The determination of the stability in this case is a question of some difficulty
and we will not discuss it here.

1.7. Solved Example:-

Example 1-

A lamina in the form of an isosceles triangle, whose vertical angle is B, is
placed on A sphere of radius r, so that its plane is vertical and one of its equal
sides is in contact with the sphere.

Show that If the triangle be slightly displaced in its own plane the equilibrium

is stable if sin B < %r, where A is one of the equal sides.

Fig. - 4

Solution-

Let PQR be the triangular lamina whose side, PQ, PR are equal, each of length
A, and whose vertical angle QPR is £.

Let the lamina rest on the sphere whose centre is O and radius is r with point T
of the side PQ in contact

Let PS be the median bisecting QR at right angles then the C.G. of the lamina
is G, where PG = EPS

For equilibrium, G must be vertically above T. The height of G above T is
1
h=TG = PGsinEﬁ

2 2 1 2,1
where PG = EPS = EPQsmzﬁ = EAEB



Therefore h = %Acos gﬂsin ; B

=3 sinf
The equilibrium is stable if
1 S 1 N 1
h r R
with the usual notation.
here 1 is infinite and R=r Hence.
- > 1 .e h <
R i.e T

.1, S 3r
Le. ;Asmﬁ <riesinf <—

Example 2-

A uniform rod resting with one end against a smooth vertical wall and with
point in its length resting on a smooth peg. Find the position of equilibrium,
and show that it is unstable.

S

Fig.

Solution-

Let PQRS be the rod resting with its end P against the wall and point Q resting
on a figure.

The C.G. of the rod is in middle point at R. UGMM-105/19
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Let the rod make an angle @ with the help of wall and let RU, QT be the L
draw from R, Q on the wall.

Let us consider the length of rod is 2a. i.e. PR=a and the distance from the
smooth peg from the wall is b i.e. QT=b

The height of R above Q is Y=PU—-PT

Where PU = PRcos® = acos® and

AT = QTcot® = bcotd
Thus Y = acos® — bcot®
For equilibrium,

ol = —asin® + bcosec*® = 0
deo

1

L . b . . _1 (D)3
Which gives sin?@ = —ie. @ =sin™! (E)

2bcos®
sin2¢

<0

d?y _
Also =5 = —acos@

When @ has the above value, since sin® as well as cos@, are positive.

Hence Y is a maximum in the position of equilibrium and the equilibrium is
unstable.

Example-3

A thin hemispherical bowl of radius and weight W, rests in equilibrium on the
highest point of a fixed sphere of radius b, which is rough enough to prevent
any sliding inside the bowl is placed a small smooth sphere of weight. Show

e -b
that equilibrium is not stable unless, w < az—b w.

Solution-

Let us consider initially the bowl, Centre O, rests on the sphere, centre C,
contact with the point p.

When displaced, let us consider the contact point is Q, where arc PQ =
arc PQ and £PCQ =6, £P'0Q =0

The small weight w, now we take the lowest position R in the bowl.

Since the radius of the sphere and the bowl are b and a respectively, we get



b8 = arc PQ = arc p'p = ad

For stability of equilibrium ( In the original position) the moment of W (In the
displace position) about Q should have be greater than the moment of w, then
we will get

W(OG sin GOR — 0Q sin (QOR) > w(0Q sin QOR)

ie. W{% asin(6 + @) — asine} > w(bsind),
1e. W{% sin (1 + Z) 0 — sinH} > wsinf,
or, Since 6 is small, W{% (1 + %) 0 — 9} >We,

Which gives W% >w,ie.w < W%

Fig. - 6

Solved examples

Example- A uniform rod of length L is attached by smooth rings at both ends to
a parabolic wire, fixed with its vertical axis and vertex downwards, and of latus
rectum 4a, show that the angle @ which the rod makes with the horizontal in a

slanting position of equilibrium, is given by cos?@ = ZTa

UGMM-105/21
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The condition of equilibrium of this position had been obtained by method of
virtual work.

The height of centre of gravity of the rod above the vertex of the parabolic wire
is

L2
Y = (—) cos?@ + a tan?Q
4a

For equilibrium, Z—g =0 we get

LZ
- (%) - cos @ sin @ + 2atan@sec?*® = 0

LZ
— (%> cos@sin® + 2a tan @ sec?® =0

Whichever either sin@ = 0 i.e.® = 0(in horizontal position)

. 4q?

cos*Q = NEa
2a

2 —_ —
cos“Q I

Example-4

A lamina in the form of a cycloid whose generating circle is a radius a, rests on
the top of another cycloid whose generating circle is of radius b, their vertices

being in contact and their axes vertical. If h be the height of C.G. of upper

cycloid above O its vertex, Show that the equilibrium is stable only If h < %,

and is unstable.

If h>22
a+b

Solution-
Cycloid S = 4a sin ¥Y(upper)
=L acosw
p =g = 4acos

A+ vertex A( Point of common contact)

¥Y=0,p; = 4a at A



Similarly, for lower cycloid p, at A is 4b

The equilibrium is stable. If

unstable If b > 222
a+b

Ifh =22

a+b

d (1 d (1 1d 1d
N & () +£(2) = - (5424 522)

ds \p ds \p; pi ds p; ds

1 1
= —-4asin¥ + —.4bsin¥

P1 D3
4<“+b> i
=4|—=+—]sin

pi  p;
=0,when¥ =0

which gives no information.

Further, more

d2(1>+d2 1\_d(_Ldp) d( 1dp,
ds2\p,) ds?\p?) ds\ p?ds) ds\ p?ds

_d 4“-1{/ +d 4b-1p
=G\ 2 sin a5\ p? sin

4adp; . 4a dy
= —-2———sin¥ + —cos¥ —
p; ds P1 ds

2 dp, 1 d¥
+4b| ——=——sin¥ + —cos¥ —
p; ds P2 ds

8ax4a 4a sec¥
= 7—sin“¥Y + —cos¥
P1 P1

0s p2 "4bcos¥

8b cos¥ 1
+ 4a | —sin*¥ +
UGMM-105/23
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32a? , 1 32b? ,2
=—-sin¥Y+—5+—-sin¥+—
P1 P1 P2 P2

d? (1 d? (1 (p1+p2)(p2+2p1)
SO,_Z(_) +_2(_) + rtpallpat2py)
ds® \py ds= \p; pP1P3

3247 1 32p7 1 + +2
= ——sin®¥ + 5 + ——sin*¥ + < + (p4 pz)z(p32 1)
P1 P P2 2 P1P2
=1 1 | 4(a+b)(b+20)4 ~
T (4a)? | (4b)? (20)2(ab)? when? =0> 0

showing that the equilibrium is unstable. Therefore the equilibrium is

4ab

unstable when h > —
a+b

4ab

stable when h < —.
a+b

1.8 Summary

Definition of stable and unstable is studied and stability is studied and related
some example. Condition of stability ( One degree of freedom) is described. A
heavy body on a fixed body is described and examples to be done with the help
of stable and unstable condition are also provided for better understanding.

1.9. Terminal Questions

Question. 1 A solid frustum of paraboloid of revolution of height and latus

rectum 4a rests with its vertex on the vertex of paraboloid of revolution whose
3ab

(a+b)

latus rectum is 4b. Show that the equilibrium is stable if h <

Question. 2 A uniform beam of length 2a rests with its ends on two smooth
planes which intersect. If the inclinations of the plane to the horizontalline.
are @ and (a > ), show that the inclination of the beam to the horizontal in
one of the equilibrium position is given by

tanf = % (cotB — cota) and show that the beam is unstable in this position.



Question.3 A heavy uniform rod rests with one end against a smooth vertical
wall and with a point in its length resting on a smooth peg, find the position of
equilibrium and show that it is unstable.

Question.4 A sphere of weight W and radius a lies within a fixed spherical
shell of radius b and a. Particle of weight w is fixed to the upper end of the

vertical diameter. Prove that equilibrium is stable, If I‘/N—V > % and that If

W _ b-2a
w a’

Then the equilibrium is essentially stable.

Question.5 A heavy cube balances on the highest point of a sphere whose
radius is r. If the sphere is rough enough to prevent sliding and If the side of the

cube is ?, show that the cube can rock through a right angle without falling.
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Unit - 2 : Virtual work

Structure

2.1. Introduction

2.2. Objectives

2.3. Definition of work

2.4. Virtual work and virtual displacement (definition)

2.5. Principal of virtual work for a system of coplanar
forces acting on a particle.

2.6. Principal of virtual work for a system of coplanar
forces acting at different points of a rigid body.

2.7. The tensions of an inextensible string (non extensible).

2.8.  Process of solving the problem

2.9. Summary

2.10. Terminal Questions



2.1. Introduction

The principal of virtual work states that in equilibrium of the virtual work of
the forces applied to a system is zero. Newton’s laws state that at equilibrium
the applied forces are equal and opposite to the reaction, or constraint forces.
This means the virtual work of the constraint forces must be zero as well.

2.2. Objective

After reading this unit students should be able to

o Understand the definition of work

e Understand virtual work and virtual displacement

o Understand principal of virtual work for a system o coplanar forces
acting on a particles and different points of a rigid body

o The tension of an inextensible string (non extensible)

2.3. Definition of work

Work :-

A force is said to do work when its point of application displaces from one
position to another position.

Suppose a force F action on a particle at O in the direction OB and the
particle is displaced from one position O to another position A. Let OA
makes an angle O with OB, the direction of the forces.

work done by the force F=
FXO0OB=F x0ACosf
= F X Projection of OA on OB
Again work done by the force F
=F X 0B =F x0ACos0
= (FCosf) x 0A
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Fig. - 1

=Resolved part of the forces in the direction of actual displacementXactual
displacement.

So, the product of the force and the orthogonal projection of the
displacement on the line of action of the force is said to be work done by the
force.

or

product of resolved part of the forces in the direction of actual displacement
if it is in the direction opposite to the direction of the force. If the
displacement is zero or it is in the direction.

perpendicular to the direction of the forces, then the work done is zero.
Theorem - 1

The work done by a force in displacing a particle from one position to
another position is equal to the algebraic sum of works done by the resolved
part of the forces.

proof ; let OX and OY are be two mutually perpendicular axes A force F
acts at a particle placed at O this force displaces the point of application O to
apoint A . Let A be is in the XOY plane. OA makes an angle @ from the X
axis. Force F makes an angle @,from this axis. Let OB and OC are the
components of the displacements OA in the direction OX and OY axes



respectively F; and F,be the components of the forces along OX and OY
respectively.

Now the work done by the force F

Yy
4 A
Cl———— / F
L
1
1] > x
O B

Fig. - 2

= Force FX displacement in the direction of the force F
=F X OL = F X 0ACos(®; — @,)
=FXOA(Cos®,Cos®, +Sin@, Sin®,)

=(0ACos®, )(FCos®,)+(OASin®,)(FSin®,)

=0BXx F; +0OCF,

=F, Xdisplacement in the direction of F;+F, Xdisplacement in the direction
of F,

=Work done by the component F;
+Work done by the component F,
=Algebraic sum of work done by the components F, and F,

=Algebraic sum of the work done by the resolved parts of the forces F.

Example :- Theorem: UGMM-105/29
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The algebraic sum of the works done by B number of coplanar force acting on
a particle is equal to the work done by their resultant.

Proof: Let the forces Fy,F,,F3,F,Fs......... acts on a particle at O.

These forces displace the point of application from O to B. forces
F,,F, F;,F, ,Fs,........ make an angles, @,,0,,05,0,,0s,......... with OB
respectively. Let F is the resultant of these forces, which makes is an angle @
with OB.

F3

T F

P4

Fig. - 3

The algebraic sum of the work done by the forces F;,F,,F3,F,,......

= work done by force F;+ work done by the force F,+ work done by the
force F3+ work done by the force Fy+..............

=F; XOP;+F; XOP,+F; XOP3+F, XOP,+F5 XOPs+......

=F, XOBCos@®,+F, XxOBCos@®, t+F; XxOBCos®;+F, XOBCos®,+Fs x OB

=0A(F,Cos®,+F,CosP,+F;CosP3+F,CosQ,+FsCoSPst......... )
OAXresolved part of the resultant along OB.
=0BXFCos@=Fx(OBCos0)

=FXxOP=work done by the resultant.



Check your progress

Q.(1) The work done by the resultant of a number of concurrent forces is equal
to the sum of the works done by the separate forces.

Q.(2) A particle acted on by constant forces 4i+J-3k and 3i+J-k is displaced
from the point i+2J-3k to the point 5i+4J+ k. Find the total work done by the
forces.

Q.(3) The virtual work done by the reaction of any smooth surface with which
the body is in contact is as follows:

(a) Positive

(b) Negative

(c) Zero

(d) None of these.

Q.(4) The virtual work done by the tension of an extensible string is:
(a) Zero

(b) Negative

(c) Positive

(d) None of these

2.4. Virtual work and virtual displacement (definition)

If a number of forces act on a body and displace it, these forces do some work
actually. But if the forces are in equilibrium then they do not displace their

points of application and so there is actually no work done by these forces.
However if we imagine that the forces in equilibrium undergo some small

displacement and find out the work done by the forces during that displacement
then such a displacement and such a work is called virtual work.

2.5. Principal of virtual work for a system of coplanar
forces acting on a particle.

Theorem

Statement:- UGMM-105/31
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The necessary and sufficient condition that a particle acted upon by a number
of coplanar forces be in equilibrium is that the sum of the virtual work done by
the forces in any small virtual displacement consistent with the geometrical
conditions of the system is zero.

Proof :- Suppose the point O be in equilibrium under the action of coplanar
forces Py, Py, P3, Py, Ps,..... suppose the component of the force P; along X-
axis is X; and along Y-axis is Y; Similarly, component of P, along X-axis be
X,, along Y-axisbe Y,.........

Necessary condition:-

Suppose the point O is displaced to a point O’ by the action of these forces, co-
ordinates of O' are (x,,y;), therefore virtual work done the force P;.

=X1x,+Y1y1

work done by force P,=X,x;+Y,y;, so on algebraic sum of the virtual work
done by all forces.

:(X1x1+Y1y1)+( X2x1+Y2y1)+ ............

Fig. -4

:xl(X1+X2+ ..... )+y1(Y1+Y2+ ..... )

=X1 X1ty 01

But the particle is in equilibrium, therefore Y X;=0 ; Y¥;=0



Hence the sum of virtual work done by all forces=0

Sufficient condition:

Suppose the virtual work done by all the forces are zero,
ie; X1 2. X Ty, 2Y1=0

case(i) Let x4 # 0 and y; =0

therefore x4),X;=0. Since x; # 0, we have }X; =0
case(il) When y; #0 and x; =0

therefore y; ).Y;=0

since y; #0, we have }'Y; =0

andx,, y; are arbitrary, we must have ) X;=0 and }}¥; = 0.

This shows that the particle a+o is in equilibrium.

2.6. Principle of virtual work for a system of coplanar
forces. Acting at different points of a rigid body.

Theorem

Statement:

The necessary and sufficient condition that a rigid body acted upon by a
number of coplanar forces are in equilibrium is that the algebraic sum of the
virtual work done by the forces in any small virtual displacement consistent
with the geometrical condition of the system is zero.

Proof: Suppose the number of coplanar forces Fy,F,,......... acting on different
points P; (x1,¥1), Po. (X2,¥2)5- v -..

respectively of a rigid body.

Suppose the components of the force F; along X-axis, Y-axis are xi,y;
respectively.

suppose co-ordinates of Py, P,, ..... with respect to O as the pole, X-axis as
initial line, is (71, Q1) (72, Q2),....... respectively.

A small virtual displacement is given to the system, so that point P; (x4, Y1)
takes the new position Q4 (x; + 8x1, y; + 6y1). This is done by rotating the
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body through a small angle so, then moving it a distance a parallel to X-
axis;and moving a distance b parallel to Y-axis.

therefore,
X1 + 6x,= OA+AB= OA+MN=r;Cos(®, + §@)+a
=r,(Cos@, Cosé6® — Sin®,SindP)+a

=r;Cos®; — rSin@. 6@+a

(since Cosé@ =1, Siné® = 80) as 60 is very small
=X1— Y100 +a
therefore dx1=a — y,60
=~ displacement of P; along X-axis be .
a—y, 60
y1 +68y; = BN+ NQ = AM + NQ = r,Sin(@, + 60) + b
= 1,(Sin@, Cos6@ + Cos@, Siné@) + b
=1, Sind; +1; CosP,60+b =y, +x,60+b
therefore, 6y =x,60+Db
= displacement of P; along Y-axis is x; 6@ + b.
work done by the force F; = X;6x; +Y; 0y,
=X,(a—y,60)+Y, (b+x,60)
= aX; + bY; + 60(x. Y — y1Xy1)

similarly we can find the work done by the other forces F,,F; ... .....each time
a,b and §@ remain the same for each force.

therefore total work done by all the forces F;,F,,....... are
ayX; + byY; +60(x, Y, — y1Xy)
if the system is in equilibrium.

UGMM-105/34 therefore, X, =0, 2Y; =0, X(x1Y; —y1X,)=0,



=~ Virtual work done by all forces are zero.

Hence the condition in necessary.

Let the work done by the forces are zero.

therefore a),X; + bYY; + 60 (x,Y; — v, X1)=0

The quantities a,b and are arbitrary.

Let there is only displacement along X-axis.

therefore,a #0, b=0, 60 =0

sothata)X; =0o0r YX; =0

ifa=0, b#0, 6@ =0sothat b)Y; =0
=YY, =0

Leta=0, b=0, 0 #0

therefore 6@Y. (x,Y; — y1X1)=0 ~ Y (x1¥; — y,X,)=0

therefore }X; = 0; Y'Y, = 0; Y (x, Y7 — y1X,)=0

Hence the system is in equilibrium. The condition is sufficient.

Ya Y] 4 Qulxy 482y, 314 Byy)
b
|
MI ..“_E_:N
i i
! i
+ Xy
APz
Py . :Hl::ﬁ
P Y !
: l:l i
SR Y
0 A
—x— B

Fig. -5
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2.7. The tension of an inextensible string (non-
extensible)

Suppose T is tension of the string AB.
This tension is replaced of two equal forces T,
T acted inward in opposite.

direction, String AB be

displaced to new position A’B’.
Which makes an small angle @

with the direction of AB.

Draw perpendicular A’G from

the point A’ an AB and draw.

a perpendicular B’E from B’ on AB
after producing it to point E

sum of the virtual work done by the tension T

Fig. - 6

=T.AG—T.BE

UGMM-105/36 =T.(AG—GB)-T.(GB+BE)=T.AB-T.GE



=T.AB—T.A’F=T(AB—A B Cosf)

~“TAB{1-(1-2......)]

(+ AB = A'B")

=0, since @ is very small

therefore work done is =0

forces which can be omitted in writing the equation of virtual work for a body
in equilibrium.

1.
ii.

1il.
1v.

Reaction of any smooth surface with which the body is on contact.
Tension of inextensible string or thrust is in a light rod.

Internal action and reaction between parts of a same body.

Reaction at a fixed point or a fixed axis about which the body is
rotates.

2.8. Process of solving the problem

First of all draw the figure.

1L

1.

1il.

1v.

If it is a string, replace tension T in two equal forces T and T acted
inward in opposite direction.

If L be the length of string in equilibrium then the virtual work done
by the tension T be-TSL.

If it is a rod then tension T of the rod be replaced in two equal forces.
T and T acted outwards in opposite directions. If L be the length of
the rod then the virtual work done by the thrus is TOL

Distances of the action of forces are measured from a fixed line or a
fixed point. If distance measured is in the direction of the force, then
the virtual work done by the force is taken to be positive. If it is in
opposite direction then it is taken to be negative.

Followed this rule problem is solved.

Some typical examples:-

Q.1 Two equal uniform rods AB and AC each of length 2a are freely joined at
A and rest on a somoth vertical circle of radius b, show that if 200 be the

inclination between them,

then

a Sin3@ = b Cos®
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Solution:-

Let AB and AC are two rods resting on vertical circle of centre O. Because
vertical circle is fixed we will be measure the distance from centre of the circle.

Let G, and G, are the centre of gravity of rod AB and AC respectively. Let W
be the weight of each rod.

therefore the weigh 2W will be acting vertically downward.

Fig. 7

from the point G, G be the middle point of GG,

A small displacement be given to the system; consisted with the geometrical
couditions so that @ be comes to @ + 6@

OG=0A—-GA=b Cosec® —a Cos®

By the principal of virtual work 2W- §(0G) = 0
6(0G) =0, since W#0

therefore 6(b Cosec® — a Cos®)=0

putting the value OG.



or —b Cosec® Cot@dD + a Sin@5@=0

(—b Cosec® Cot@ + a Sin@) 6@

But 6@ #0 therefore (—b Cosec® Cot® + a Sin@)=0
aSin3@ = bCos®

Example : 2 A regular hexagon P,Q,R,S,T,U

consists of six equal rods which are each o weight W and are freely joined
together. The hexagon rests in a vertical plane and PQ in contact with a
horizontal table. If R and U be connected by a light string, prove that its

tension is Wv/3

Fig. - 8

Solution:-

Let each rod be length 2a. Replace the string UR in two equal forces T, T acted
inwards in opposite direction. Let the rod QR makes an angle @ with the
horizontal.

Therefore UR=2a+4aCos@®, GL=2aSin®

A small virtual displacement be given to the system. So that @ becomes
@ + 6@ and length I of the string becomes 1+ §1

therefore equation of virtual work be
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—T- §1-6W- §(GL)=0

or Té(2a+4a Cos@) + 6Wd2a Sin@ = 0
12aW Cos@d® —4a T Sin@s@=0

BW Cot@® —T) 6@=0 since 6@ # 0

therefore T=3W Cot@. In equilibrium @ = 60°

3w

o~ T= w+/3

= T=3W Cot60° =
Example.3. Four rods of equal weight W from a rhombus ABCD, with
smooth hinges at the joints. The frame is suspended by the point A and a
weight W is attached to C, A stiffening rod of negligible weight joins the
middle points of AB and AD, keeping these inclined at o< to AC. Show that the
thrust in this stiffening rod is.

(2W+4w)tana

Solution:-

ABCD is a framework formed of four equal rods each of weight w and let
length 2a. It is suspended by the point A and a weight W is attached to C. To
keep the system in the form of a rhombus of light rod EF joins the middle
points E and F of AB and AD respectively. The line AC must be vertical and
BD is horizontal.

We have 2ZBAC = £DAC = «




Let T be the thrust in the rod EF. The total weight 4w of all the four rod can be
taken acting at the point of intersection O of the diagonals A and BD. Replace
the rod EF by two equal and opposite forces T. see the figure.

The system a small symmetrical displacement about the vertical AC in which a
changes to a + da. The point A remains fixed and so the distances of the point
of application of the weights 4w and W will be measured from A. The length
of the rods AB, BC, CD and DA do not change. The length EF changes. The
£AOB remains 90° and the points O and C changes.

We have EF=2-AEsina=2asin a
AO= depth of O below the fixed point A
=AB cosa =2a cos a and
AC=2A0=4acos a
By the principal of virtual work, we have
T-6 2asina)+4wé (2acosa)+Wé (4acosa)=0
2aTcosada — Bawsinada — 4alWsinada=0
or 2a(Tcosa — 4wsina — 2Wsina)éa = 0
Tcosa — 4wsina — 2Wsina=0

Tcosa = (4w + 2W) sina v oa#0
T=(2W + 4w)tana.

Example.4:- Four uniform rods are freely jointed at their extremities and form
a parallelogram PQRS, which is suspended by the point A and is kept in the
shape of by string PR. Prove that the tension is half of the whole weight.

Solution: Let PQRS be a parallelogram which is suspended from a point P.
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Fig. - 10

Point P and R are jointed by a string PR. Therefore total weight W of these
four rods will be acting vertically downwards from the point G. Replacing
tension of the string PR by two forces T, T acting inward in opposite
directions, distances are measured from a fixed point P. Let PG=x

Therefore PR=2x, P virtual displacement is given to the system, so that x
becomes x+4x

Principal of virtual work W.§(PG) —T-6(PR)=0

W-6(x) —T-6(2x)=0 on putting the value of PG and PR.
or Wix—2Tdx=0

or (W=2T) 6x=0 ;déx# 0~ W=2T=0

T%Z half of the weight of the rods

Example 5:- The middle points of opposite sides of a jointed quadrilateral are
connected by length 1 and I'. If T and T’ be the tensions in these rods, prove that



Solution :-

Let P, Q, R, S be the middle points of the rods AB,CD, DA, and BC
respectively.

Let T and T’ be the Tension in the rod PQ and RS respectively replacing the
tension by two forces acting outwards in opposite direction.

A small virtual displacement is given to the system. Which changes angles but
not the lengths of sides.

Therefore the equation of the virtual work be
T6(PQ)+T'6(RS)=0 ... (1

In the AAOB

0A? + 0B*=2(0P + AP?)

or 2(0A%? + 0B*)=PQ? + AB* (2)

similarly

2(0B% 4+ 0C?)=RS? + BC?2 = ereereerinnn. (3)
2(0C? + OD?2)=PQ? + CD?  ereevereerennens (4)
2(0D? + 0A2)=RS? + DA? e (5)

Subtracting (3) from (2), we get

2(0A? — 0C)? = PQ? + AB? — RS? — BC?%+++eeenne (6)
Subtracting (5) from (4), we get

2(0@2 — OA)ZszZ 4+ CD%2 — RS2 — DAZcevvviieeeeee (7)
Adding (6) and (7)

0=2(PQ?* — RS?) + AB? + CD* — BC* — DA*

Taking differentials

2[2PQ §(PQ) — 2RS 5(SR)]=0

Since AB, BC, CA, DA are constant.

therefore  §(PQ)= % DYCY:) N (8)
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on putting the value of §(PQ) from (8) in (1)
T

RS li _ T Iy, —
T 428 (RS) +T'6(RS) = 0 or (PQ +2)-6 (RS) = 0

but 6RS # 0 thereforei + L 0or
PQ RS

Fig. - 11

2.9. Summary

Definition of work, virtual work and virtual displacement are discussed. and
theorem discussed based on virtual work. and principal of virtual work for a
system of coplanar forces acting on a particles and at different points of a rigid
body discussed the tension of an inextensible string (non-extensible) discussed.
Process of solving the problems discussed examples to be done with the help of
virtual work. are also provided for better understanding.

2.10. Terminal Question Self learning questions.

Terminal Question.

(1) A smooth rod passes through a smooth ring at the focus of an
ellipse whose major axis is horizontal and rests with its lower end
on the quadrant of the curve which is further removed from the
focus.



2)

€)

(4)

()

Six equal heavy rods freely hinged at the ends from a regular
hexagon. ABCDEF which when hung up by the point A is kept
from altering its shape by two light rods BF and CE. Prove that the

thrust of these rods are (5\/3/2)W and (\/B/Z)W, where W is the
weigh of each rod.

Two uniforms rod AB and AC smoothly jointed at A are in
equilibrium in a vertical plane, B and C rest on a smooth horizontal
plane and the middle points of AB and AC are connected by a

string. Show that the tension of the string is — Y Where W is
tanB+tanC
the total weight of the rods AB and AC.

Five weightless rods of equal length are jointed together so as to
from a rhombus ABCD with one diagonal BD. If a weight W be
attached to C and the system be suspended from A, show that there

is a thrust in BD equal to W/ V3

Six equal rods AB, BC, CD, DE, EF, and FA are each of weight W
and are freely jointed at their extremities. So as so to form a
hexagon; the rod AB is fixed in a horizontal position and the
middle points of AB and DE are jointed by a string; Prove that its
tension is 3W.
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Unit - 3 : Common Catenary

Structure

3.1. Introduction

3.2. Objectives

3.3. The Catenary (Definition)

3.4. Intrinsic equation of the common Catnary

3.5. Cartesian equation of common catenary

3.6. Definitions. related to catenary

3.7. Some important relation for the common catenary
3.8. Approximations to the common catenary

3.9. Sag of tightly stretched wires

3.10. Summary

3.11. Terminal Questions



3.1. Introduction

In the present chapter we shall consider the equilibrium of perfectly flexible
strings. All those strings which offer no resistance on bending at any point are
called flexible strings. In such cases the resultant action across any section of
the string consists of a single force. Whose line of action is along the tangent to
the curve formed by the string. The normal section of the string is taken to be a
small that is may be regarded as a curved line. A chain with short and perfectly
smooth links approximates a flexible string.

3.2. Objective

After reading this unit students should be able to

e Define the Catenary.

e Understand the intrinsic equation if the common Catenary and cartesian
equation of the common Catenary

e Understand the need and axis of the Catenary, vertex of the Catenary,
parameter of the Catenary, directrix of the Catenary, span and sag.

e Understand some important relation for the common Catenary.

e Understand approximations to the common Catenary

e Understand sag of tightly stretched wires

3.3. The Catenary (Definition)

When a uniform string or chain hangs freely under gravity between two points
not in the same vertical line, the curve in which it hangs, is called a Catenary.

A uniform of common Catenary If the weight per unit length of the suspended
flexible string or chain is constant, then the Catenary is called the uniform or
common Catenary.

NOTE :- Here we will frequently use the word ‘Catenary’ for the common
Catenary ie the word ‘Catenary’ will always mean the common Catenary in
this chapter.

3.4. Intrinsic equation of the common Catnary

Suppose the uniform flexible string BCA hang in the form of a uniform.
Catenary with C as its lowest point. Let P be any point on the portion. CB of
the string and 8 the distance of P from C measured along the arc length of the
string. If w is the weight per unit length of the string, then the weight of the
portion CP will be w8 and will act vertically downwards through the centre of
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gravity of CP. The portion CP of the string is in equilibrium under the action of
the following three, forces.

Fig. 1.21

1. The weight ws of the string CP acting vertically downwards through its
centre of gravity.

2. The tension T, at the lowest point C acting along the tangent to the
curve at C which is horizontal.

3. The tension T at P acting along the tangent to the curve at P inclined at
an angle ¥ to the horizontal.
science the string CP is in equilibrium under the action of the three
forces acting in the same vertical plane therefore the line of action of
the weight ws must pass through the point Q which is the point of
intersection of the lines of action of the tensions Ty and T. Resolving
the forces acting on CP horizontally and vertically,
we get

dividing (2) by (1), we have
tan¥ =ws/Ty................ 3)

now let Ty = ws, 4)
ie; Let the tension at the lowest point be equal to the weight of the
length ¢ of the string, then from (3), we get-

UGMM-105/48 tan¥ =5/ or s= ctan¥



which is the intrinsic equation of the common Catenary.

Remark. 1- From the equation (1) it is clear that the horizontal
component of the tension at every point of the Catenary is the same and
is equal to T, the tension at the lowest point.

Remark 2- From the equation (2) we conclude that the vertical
component of the tension at any point of the string is equal to the
weight of the string between the vertex and that point.

Remark 3- From the relation 4 it follow that the tension at the lowest
point is equal to the weight of the string of length c .

Example:1- If T be the tension at any point p of a Catenary and T, that at the
lowest point A, prove that;

T? —Ty* = W?
W being the weight of the arc AP of the Catenary.
Solution: For a Catenary we know that
Tcos¥ =T,
and Tsin¥ = ws
squaring and adding these equations, we get
T2 =T,2 + w?s? ie T?—Ty* = W?

where W = ws =weight of the arc AP of the length S.

3.5. Cartesian equation of common catenary

To show that the Cartesian equation of common Catenary is

X
Y =ccos—
c

Proof: We know thats = c tan ¥ and % =tan¥

d
therefore s=c2
dx

differentiating with respect to x, we get

ds d? dy\? d?
Z=c=Z or |1+ (—y) =c=2
x dx dx?

. d
on putting ﬁ = p, we get
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d d
1/1+pz=c£ ordx =c 1f2
P

on integrating, we get

;

x = c sinh 1P + a; where « is a const.
at the lowest point C of the Catenary; x=0

p= d—yzo. therefore a;=0. hence.
dx

B .. d . d
x = ¢ sinh~'P, which gives =~ = sinh>~ ~ P = =
dx c dx
. X
or dy = smh; dx
on integrating, we get

X
y = ccoshz+a2

at the lowest point C, x=0, Y=C.

therefore a, = 0. hence.

X
y = ccosh—
c

which is the required cartesian equation of the Catenary.

3.6. Definitions. related to catenary

1. Axis of the Catenary:-

. x . . . .
Since cosh; is an even function of x, therefore the curve is symmetrical about

the axis of Y which is along the vertical through the lowest point of the
Catenary. This vertical line of symmetry is called the axis of the Catenary.

2. Vertex of the Catenary:-

The lowest point C of the common Catenary at which the tangent is horizontal

is called the vertex of the Catenary.

3. Parameter of the Catenary:-

The equantity c occurring in the cartesian equation y = ccoshf of the

Catenary is called parameter of the Catenary.



4. Directrix of the Catenary:-

The horizontal line at a depth ¢ below the lowest point ie; the axis of x, is
called the directrix of the Catenary.

S. Span and Sag:-

Suppose the string be suspended from the two points A and B in the same
horizontal line. Then the distance AB is called the span of the Catenary and the
depth DC (see the fig 1.21) of the lowest point below BA is called the Sag of
the Catenary.

3.7. Some important relation for the common catenary

1. Relation between x and s :-
For a Catenary, we get

dy
s = ctan 'P[':—=tan‘1”]
dx
_ Y
~ “dx
dy s
T =2 e (1)
also
y = ccosh—
differentiating, we get
ay _ . 4 X
o sinh PRI (2)
from (1) and(2) we get
2=sinhE or s=csinh> ... 3)
c Cc c
Which is the relation between x and s.
2. relation between vy and s:-
For a Catenary, we have
X
= h=
y = ccosh-
also s= ¢ Sinhf see relation(3)

squaring and adding then we get

x x
y? =s% = ¢? [cosh2 — — sinh? —] =c?
S c UGMM-105/51



which is the relation between Y and s.

3. Relation between v and :-

for the curve, we have

d
d—)sl=sin‘1’
dy dy ds _ d
prAmir T sin¥ @(ctanll’) [“s=ctan¥]

=c sin¥-sec?*¥ = c sec¥tan¥’

ds — ¢ (sec®)t
Ty = ¢ (sec¥)tany

integrating, we get y = ¢ sec¥ + K where K is const.
butwheny =¢c, ¥ =0 ~K=0
hence y = c sec L Z (5)

which is the relation between Y and ¥

4. Relation between x and ¥ _:-

dx
For any curve, we have = = cos b 4

dx_dx ds_ qld(t )
Y ~ds ap 0% Tgs et

= cos¥ c sec’¥
=csec¥
integrating it we get
x = clog(sec¥ + tan¥) + A
where A is const.
butwhenx =0, =0 ~A=0
hence x = clog(sec¥ + tan¥),

which is the relation between x and ¥

UGMM-105/52 5. Relation between tension and ordinate from 1.21, we have:-




Tcos¥ =T, and T, = wc.
T =Tysec¥ = wc sec¥
but y = c sec¥
hence T =wy (1)
which is the relation between T and y.

The relation (7) shows that the tension at any point of a Catenary is w tims as
the height of the paint above the directrix.

6. Relation of curvature at any point of a Catenary:-
For a Catenary, we have

ds
s=ctan¥ -'-P=d—w=csec2‘¥’.

Example 1: If (X, y) be the coordinates of the centre of gravity of the arc
measured from the vertex upto the point P(x,y), prove that

_ _ 1

X =x—ctan(¥2),y = E(C/cos‘}’ + x cot¥)

Solution: The parametric equation of a Catenary are,

x = clog(sec¥ + tan¥) and y = s sec¥.
also for a Catenary, s = ¢ tan¥

ds 2y
— = sec
d¥
we get
¥ ds
X——d¥
= _J xdds _ fow 4y [+ at the vertex ¥ = 0]
Jas 0ay’

fow c log(sec¥ + tan¥)c sec*¥d¥
folp c sec?ydy

c*[{log(sec¥ + tan¥) - tan¥}¢ | — folp

sec¥ T iany (ec¥tant + sec’¥)tan¥d¥

c[tan¥]¥

integrating the numerator by parts taking sec?¥ as 2" function

c [tan‘:” log(sec¥ + tan¥) — fow sec‘%’tan‘:”]

tan¥

3 c[tan¥ log(sec?¥ + tan¥) — {sec¥}{ |
B tan¥

_ xtan¥ —c (sec¥ — 1)
B tan¥
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_x—c(sec¥—-1) c(1 —cos¥)

X ;
tan¥ sin¥
2sin?ly .

=Xx—-cC 2 =x—ctan-¥
2sin E'Pcosi'{’

Y d

_ fyas ] yd—;dlp f:lc sec¥ ¢ sec’wdy
and y = =~ Tds = o7 3
J ds o ggd? J, csectway

c? [{% secll’tanll’}: + %folp sec‘l’d‘l’]
- cltan¥]¢

sec™ 20 +tan® n—?2
J sec™0dl = - Jsec”‘zede
n—1 n—1

1 1 4
o [2sec®Wtan? + H{log(sec¥ + tan¥)}§ ]
tan¥

1

- 2tan¥
1

= [ Ptan¥ + ]—1[ < + tllf]
_Ztan‘I’ C sec an X —2 cosW Xco

[c secPtan¥ + c log(sec¥ + tan¥)]

Check your progress report

Q.1. Prove that the relation between s and y is
y2 =2 4 52

Q.2. In the Catenary, prove that y2 = P.C, where & is the radios of curvature at
any point whose ordinate is y.

. c?sec?w 2
hint.p = ¢ sec?¥ = — = yT

Q.3. If the length of uniform chain, suspended between two points at the same
level, is adjusted. So as the tension at the points of support is minimum for that
particular span 2d, show that the equation to determine ¢ is

d d
coth— ==
C C

hint, T = wy = wc cosh(%),where x =d.Now for T tobe minimum, we

dT d3T
must have —=0 and —>0
dc dc?



Q.4. Prove that the relation between X,y and s for the common Catenary is
X

y=cec—s

Q.5. Prove that tension at the lowest point of a Catenary is wc

3.8. Approximations to the common catenary

1. The cartesion equation of the common Catenary is.

Y= CCOShG) =%C(6%+e%")

[ Y R A

2

@3 @ 500 -

=c [1 +§(§)2 +i(§)4 ....]_(1)

Now if f is small then neglecting the power of f higher than two the equation

(1) reduces to

X

2
y=c [1 +%(z) ]orx2 =2c(y —0),
Which is the equation of a parabola of latus rectum 2c¢ or 2 %

Thus if x is small compared to c, the common Catenary coincides very nearly

with a parabola of laths rectum 2¢ or 2% and vertex at the point (0,c).

Example of a such case are the electric transmission wire and the telegraphic
wires tightly stretched between the poles.

Besides such cases of tightly stretched string, even in the case of a common
Catenary not tightly stretched if we consider the portion of the curve near the
vertex, x is small compared to c.

2. When x is large i.e. at points for removed from the lowest point, f is larger

-X
and so ec becomes very small, hence

X -X X
y=c¢ cosh(f) =2 (eE + eT) behaves as y = cec, which an exponential

curve. UGMM-105/55
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Hence at points for removed from the lowest point, a common Catenary
behaves as an exponential curve.

3.9. Sag of tightly stretched wires

Consider a tightly stretched wire which appears nearly a straight line, as for
example a telegraphic wire stretched tightly between the poles. Let A and B be
two poinst in a horizontal line between. which a wire is stretched tightly. Let C
be the lowest point of the Catenary formed by the wire .Let W be the weight
and ¢ the length of wire ACB. Also let to be the horizontal tension at the
lowest point C. The portion CA o the wire is in equilibrium under the action of
the following forces.

1. The tension To acting horizontally at the point C.

ii. The tension T at, A acting along the tangent at A.

iii. The weight iW of the wire. CA acting vertically downwards through

its centre of gravity G. Since the wire is tightly stretched, the distance
of the centre of gravity G o the wire AC from the vertical line through

A will be approximately equal to %AC Le. il. Let k be the sag CD and a

the span AB of the Catenary. Taking moments of the forces acting on
the portion CA, about A, we get

Tk—lwll
ot T2y
_w

T, =2 (1)
Now we have to calculate the increase in the length of the wire on account of
the sag for a Catenary, we have

The radius of curvature s of the Catenary is given by
p = csec?¥

At the vertex, ¥ = 0 and S, p = c at the vertex. this shows that if the curve is
flat near its vertex C so that pis large at the vertex, then C will be very lorg and



x will be small as compared to C. Thus for a tightly stretched wire f is very

small. Thus retaining only the first two forms in (2) , we get

s=c[f ez (@) ]=x+ S

c 3l\c 6¢?
X3
or S—x=-—
6c
but ¢ = 2
w
w2x3
S—x = 5
6T,
Now putting x = %a, where a is the span AB, we get s — % = arc CA—DA=
a3w?
48T,2

= total increase in the length of the wire due to sagging.
=arc ABC—span AB=2S—a
adw?
T 24T,

Some typical example:-

Example-1.

A uniform chain of length / is suspended from two points A,B in the same
horizontal line. if the tension at A is n times that at the lowest point, show that
the span AB i1s

!

D log {n + ./ (n% - 1)}

\y
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Solution:-

Let T be the tension at the point A. It is given that

Where T, is the tension at the lowest point. If ¥ be the angle made by the
tangent at A with the x-axis, then we know that

Ty = Tcos¥
using it in (1), we find that

T = nTcos¥, which gives sec¥ = n

hence tan¥ = \/(secz‘}’ -1)= \/(nz -1)

Further, we know that s = ctan¥, and it is given that 2s = [. therefore

s= é = ctan¥ = ¢,/ (n? — 1), which gives ¢ =

1
2 (n2%-1)
Now span AB= 2clog(sec¥ + tan¥)

l log {n + ./ (n%2 - 1)}

.2 (n2%-1)

l

J(n2-1)

i.e. span AB= log {n +/(n? - 1)}

Example:2.

The end links of a uniform chain slide along a fixed rough horizontal rod.
Prove that the ratio of the maximum span to the length of the chain is

1
1+ (14 u?)2

ulo
U

Solution:-

For the maximum span, the point A and B of the chain must be in equilibrium.
Now the point A is in equilibrium under the action of the following forces:

(1) Normal reaction R

(1) Force of friction uR and

(1i1) tension T.



hd > x

Fig.

Resolving the forces horizontally and vertically. we have
Tcos¥Y = pR (1)

Tsin? =R 2)

Where W is the angle made by the tangent at A with the x-axis.
Dividing (2) by (1), we obtain

1
tan¥ = —
1

1 1
so that sec¥ = (tan?¥ + 1)% = (i + 1)E _ ()2

Now let [ be the length of the chain ACB then using the formula s = ¢ tan'?,
we obtain

%l = ¢ tan¥, which gives ¢ = ; ul.

therefore,

The maximum span AB= 2c¢ log(sec¥ + tan¥)

1

1 (1+u2)? 1

=2x-pullog{———= +=
pHl-logy = p

1
1+ (1+p?)2

= ul.lo
ut.log "

1
maximum span 1+(1+u?)2
Hence E = ulog {—“}

length of the chain I UGMM-105/59
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Example.3:-

A heavy chain of length 2/ has one end tied at A and other is
attached to a small heavy ring. Which can slide on a rod and weight
of the ring m—n times. the weight of the chain, show that its greatest
possible distance from A is

wlog[ L+ 17) + b}  where ;= H(2n + 1

Solution:-

Suppose W be the weight of the chain so that the weight of the ring is nW. For
the greatest possible distance of B from the fixed point A, the point B must be
in equilibrium. Now the point B is in equilibrium under the action of the
following forces.

(1) Normal reaction R

(ii) Force of friction uR

(i) Weight of the ring nW and

(iv) Tension T
Resolving the forces horizontally and vertically, we get
TcosW =pR ... (1) and
nW+Tsin¥? =R .. . (2)
where W is the angle made by the tangent at B with the x-axis. using the value
of R from(2) in (1), we get

Tcos¥ = pu(nW + Tsin¥)
=pm-2w+wl) . ....03)

where w = g is the weight per unit length of the chain and Tsin¥W = wi.

Since Tcos¥ =T, = wc, (3) reduces to
we = u(2n + 1)Ilw, which givesc = u(2n + 1)L.
But we are given that % = u2n+1)

Therefore ¢ = % 4)
Now using the relation s = c tan¥ at B, we have
[=ctan¥ 1ie.,l= %tan‘l’, using (4)

i.e. tan¥ =X, so that sec¥ = V1 + <2
Hence the greatest possible distance of B from A

= 2c log(sec¥ + tan¥)

= 2zllog{\/m}



Example.4:-

A uniform measuring chain of length / is tightly stretched over a river, the
middle point just touching the surface of water, while each of the extremities
has an elevation above the surface. Show that the breadth of the river is nearly

, 8k?
31

Solution:-

Chain is tightly stretched over the river of breadth AB also , ACB is the

measuring chain of length [ the sag CE=k
Let the co-ordinates of the point B be (x,y)

l . . . .
therefore S=¢ smh% at the point B, since s = ¢ smh%

Expanding sinh% in the ascending power of %

we get
[ x 1 /x\3
=< lral) -
Neglecting higher powers of f , we get
3 _ 3 3
£:x+x—2,or lﬁ:x—z,orl—szx—2
2 6¢ 2 6 3¢

sag EC=k=y—c=c coshf —-c=c (cosh% — 1)

. X . . X
on expanding cosh —in ascending powers of -

we have k =c[{1 + %(g)z + %(5)4 +o } = 1]

2
Neglecting higher powers of f other than(f) ,
2 2
we get k =X sothatc ==,
2c 2k
on putting the value of ¢ in equation (1) then we get
4k* _ 4k® _ 8k?

[—-AB=""="F=",
3x 3-E 3l

. D l
since chain is tightly stretched, we get taken x = 3

2
therefore, AB= [ — % . i.e. width of the river

, 8k?
3l
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Fig.

Example.5:-

A telegraph wire is stretched between two poles at a distance ‘a’ meters a part
says ‘n’ meters in the middle; prove that the tension at the ends is

approximately
a? 7
w @ + g n

Applying y = ¢ coshf for A, we get

Solution-

a

n+c=ccosh—
2C

1a> 1 a*
:C[”zmwl&ﬁ """" l
a? 1 a*
=t gt ax 160
or n=—+

1 (1
8c 24 x16¢3 (1)

since the wire is tightly stretched, c is very large, so that
2
n= % , to a first approximation

a? 1 a*

. a?
Le.c=—
8n
putting the value of ¢ in equation (1), we get
_az_*_a4><8><8><8-n3
- 8¢ 24 x 16 X a5

a? 4n3 4n?
or —=n——=n({l—-—
UGMM-105/62 8c 3a 3a

n



or 8c 1 (1 4n2)_1
az  n 3a?
2 2
a 4an
or ¢= —[1 + =+ ]
8n 3a

Expanding by binomial theorem and neglecting higher powers of % because n

is very small

3 a? N 1
“8n 6"
. Tension at the ends
=w(n+c) [“y=n+cforAand T = wy]

=W(n+§+%n)=w(§+£n)nearly
Yo
/2 A

B\_.ﬂ/

C

Fig.

3.10. Summary

Definition of common Catenary is discussed. Intrinsic equation of common
Catenary and cartesion equation of common Catenary are discussed.
Definitions related to Catenary are discussed. Some important relations for the
common Catenary are discussed. Approximations of the common stretched
wires are discussed. Example to be done with the help of according to their
topic are also provided for better understanding.

3.11. Terminal Question

Q. 1. A telegraph wire is made of given material and such a length [ is
stretched between two parts distant d apart and of the same height as will
produce the least possible tension at the posts show that
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l_d

= ;sinh A, where « is given by the equation < tanh <=1

Q.2. A uniform chain of length 1 and weight W is attached at the middle point.
If'k be the sag in the middle, prove that the pull on either point of support is

KW+ l W'+ l w
2L 4k 8k

Q.3. Show that the length of an endless chain which will hang over a circular
pulley of radius a so as to be in contact with two thirds of the circumference of
the pulley is

S
¢ log(2++3) 3

Q.4. If the normal at any point P of a common Catenary meets the directrix at

Cl then prove that PQ-#( radius of curvature)

Q. 5. A heavy uniform chain AB hangs freely under gravity with A fixed and B
attached by a string BD to a fixed point D. At the same level as A. The length of the
string and chain are such that the ends of the chain at A and B make angles of 60° and

30° respectivily with the horizontal. prove that the ratio of these lengths are v3 —: 1
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INTRODUCTION

This block is devoted to the study of dynamics, the part of mechanics which
deals with analysis of bodies in motion. Dynamics include:

1. Kinematics, which is the study of the geometry of motion. Kinematics
is used to relate displacement, velocity, acceleration and time without
reference to the cause of motion.It deals with position in space as a
function of time and has nothing to do with force , mass or energy.

2. Kinetics , which is the study of the relations existing between the forces
acting on the body ,the mass of the body and the motion of the body.
Kinetics is used to predict the motion caused by the given forces or to
determine the forces required to produce a given motion.

Chapter 1-3 are devoted to the dynamics of particles; in chapter 1 the
kinematics of particles will be considered. The use of word particles(or points)
does not mean that our study will be restricted to small corpuscles; rather, it
indicates that in these chapters the motion of bodies — possibly large as cars,
rockets or airplanes—will be considered without regard to their size. By saying
that the bodies are analyzed as particles (or points), we mean that only their
motion as entire unit will be considered; any rotation about their own mass
center will be neglected. There are cases, however, when such a rotation is not
negligible; the bodies cannot be considered as particles. Such a motion is
considered in the study of dynamics of rigid bodies.

In this block following units will be discussed:
Unit 4: Motion in a plane.

Unit S: Rectilinear motion.

Unit 6: Constrained motion.

Unit 7: Motion under central forces.
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UNIT 4: MOTION IN A PLANE

Structure

4.1 Introduction

4.2 Objectives

4.3 Displacement and velocity

4.4 Acceleration

4.5 Scalar and vector quantities

4.6 Mean velocity

4.7 Mean acceleration

4.8 Solved examples

4.9 Resolved parts of velocity and acceleration in any fixed direction
4.10 Radial and transverse velocities and acceleration.
4.11 Solved examples

4.12 Tangential and normal velocities, acceleration
4.13 Solved examples

4.14 Self -learning questions.

4.15. Summary

4.16. Terminal questions
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4.1.

Introduction

To discus velocity, acceleration, Mean velocity & Mean acceleration and to re
show the velocity and acceleration in any fixed direction To discus the Radial
velocity and Redial acceleration and also the tangential and normal

acceleration.

4.2.

Objectives

After reading this unit student should be able to —

e Define velocity and acceleration in a straight line are along plane curve.

e understand the resold part of the velocity and acceleration along the

Radius vector and perpendicular to the radius vector.

e understand the concept of tangential velocity and acceleration and also

the normal velocity and acceleration of the particle a given point in a
plane curve.

e To find the path of the moving particle if velocity and acceleration are

4.3.

given.
Displacement and velocity

Displacement: If a particle changes its position with respect to
surrounding objects and at different times, occupies different positions, it
is said to be in motion relative to those objects.

Suppose that a particle in motion is at point P at any instant ¢, and after a
lapse of time A¢, it is at Q. The distance PQ is known as displacement of
particle during the time interval Az . The displacement of a moving particle
is therefore a change of its position ,this change is measured by the
distance moved by a particle in a particular interval. Thus, displacement
has both magnitude and direction.

Velocity: The velocity of a moving particle is the rate of displacement and
has therefore a magnitude as well as direction. The magnitude of the
velocity of a particle is called speed.

When constant, velocity is measured by the number of units of space
described by the moving point in a unit of time. Suppose, in the first place
that a point P is moving in a straight line then, its velocity if constant is
given by the ratio

(s'=5)

(t'-1)

Where, s’ and s stands for the distances of P from a fixed point O on the
straight line at the instants of time t’ and t .
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4.4.

4.5.

(s'=5s)

When velocity is variable, the ratio defines mean or average

velocity of P in the interval of time (t’-t) i.e., the velocity which , if kept
constant for an interval of time (t’-t) ,

will enable P to describe the distance (s’-s).

Taking s'=s+Asand ¢'=t+Af, so that As and At denote the

o o . A
corresponding increments of s and t , the mean velocity is defined byA—S
t

The limit of this ratio as At tends to zero , if it exists , is taken to define the
instantaneous velocity or simply the velocity of P at any instant t. In

notation of the differential calculusit is expressed by?
t

Acceleration

The rate of change of velocity of a moving point is called its acceleration.
It has both magnitude as well as direction.

NOTE:The difference between velocity and acceleration is that while to
find velocity we have to consider the change of position, to find
acceleration we have to consider the change of velocity.

Let us consider a point P moving in a straight line. P has constant
acceleration, if the change in velocity is the same in the same interval of
time. Thus, if the velocity of P changes from v to v’ in the interval of time
(t’-t) , the constant acceleration is equal to

(v'-v)
(1'-1)
. . . . Av
If the acceleration is variable, the ratio — where, Av and At are

At
corresponding increments in the velocity v and time t , is called the mean

or average acceleration in the interval of time At. The limit of this ratio as
2

. d d’s . :
At tends to zero, i.e. ?v or FIS called the acceleration of P at any
t t

instant t.
Scalar and vector quantities

The quantities which do not depend upon direction and are completely
determined by magnitude are called scalar quantities or scalars.eg. time,
money, area and speed.

The quantities which have magnitude as well as direction are called vector
quantities or vectors. Velocity and acceleration of a moving point are
vectors , displacement of a moving point in any interval of time, is a



vector and it can be completely represented by a straight line joining the
initial and final position of the point.

4.6. Mean velocity
Let us consider the general case of a point P moving in a curve (see fig) .
Let P and P’ be the positions of the point at the instant t and t+At where At
need not be small yet.

X

Then the straight line PP’ represents both magnitude and direction of
displacement of P in the interval At. The mean velocity of P in the interval
At may be defined as the ratio PP’/At in magnitude and PP’ in direction.
Then the directed straight line i.e. the vector PP’U which is drawn equal to
PP’/At in length completely represents the mean velocity of P in this
interval. This mean velocity (as in fig.) , simply signifies the velocity ,
which if kept constant for the interval At, will displace from point P to P’.
As At tends to zero , the mean velocity represented by the vector PU tends
, In general , to a definite limiting value

PV =(lim E)

AV

Which is taken to define the velocity of P at the instant t. The direction
of PV is along the tangent to the curve P, for as At tends to zero, P’
approaches to P and the chord PP’ takes the position of the tangent at P.

Let s denote the arcual distance of P from a fixed point on the curve . If
the arc PP’(=As) is small quantity of the first order , the difference
between the chord PP’ is small quantity of third order. Hence,

. pPP'" . PP' As ds
Slim —=1lm — —=—
At>0 At A0 As At dt

This shows that the complete velocity of P is given by s and its direction is

along the tangent to the curve at P. UGMM-105/71
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s is positive when s and t increases simultaneously and negative when s
decreases as t increases.

Velocity like other vectors can be resolved into components. In two dimensions
,let the cartessian coordinates of P and P’ be x,y and x+Ax , y+Ay respectively
with reference to any axis, oblique or rectangular . The projections of the
vector PP’ on the axis are Ax and Ay,and therefore those of mean velocity PU
are

Ax Ay
At At

then in the limiting case , the component velocities along the coordinate axes at
the instant t will

be

dx dy
dt’ dt

These denote the component velocities of P in the directions of the axes at the
instant t , and are equal to the velocities of the projections of the moving point
on the respective axes.In the case of rectangular axis

s’ =x"+y’andtany = y/ x
Where, i is the angle which the direction of motion makes with the x axis.

4.7.  Mean acceleration
Let us now consider the acceleration of a point P moving in a curve. In
discussing velocity we had to consider the rate of change of position ; now
we will consider rate of change of velocity.

Ifwe draw any fixed point O a directed straight line OQ is drawn to
represent the velocity of P both in magnitude and direction at any instant,
the locus of Q as time varies, will be curve which is called hodograph of
motion of P.



Let OQ and OQ’ represent the velocities of P at any instant t and t+At. The
components of OQ’ are represented by OQ and OQ’ and hence the vector
0OQ’ completely represents the change in velocity of P in the interval At.

The mean acceleration of P in the interval At may be defined by the ratio

0Q' . . . . .

A_Q in magnitude and by OQ’ in direction. This mean acceleration
t

simply signifies an acceleration in the direction OQ’ , which , if kept

constant, for the interval At , it will produce the same change of velocity

0Q’.

As At tends to zero, the limiting value if it exist, of the mean acceleration
defines the acceleration of P at any instant t.

If we use Cartesian coordinates of OQ and OQ’ on the axes will bex,y and
x+Ax , ytAy respectively (as explained in sec 1.4) Hence the projection
of OQ’ will be Ax ,Ay and those of mean projection in the interval At will
therefore, be

Ax Ay

At At

Hence, the components accelerations in the direction of the co-ordinate
axes at the instant t are
d®x d?y
F , F (0) SIS
and are equal to the accelerations of projections of the moving point on the
respective axes.
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4.8. Solved examples

Example 1: Prove that , if a point moves with a velocity varying as any
power not less than unity of its distance from a fixed point which it is
approaching, it will take an infinite time to reach that point.

Let O be a fixed point and P be the position of the moving point at any
instant t.

If OP=x, the magnitude of the velocity at P is Ax"where A1is a constant.
Since the point is approaching O , it is infact moving in the direction of x

) Lodx . (e L. . .
decreasing while o is positive in the direction of X increasing. Hence, we
t

have,
ax _ —Ax"
dt
ord—)nC =—Adt.............. (@)
X
When n>1, integration gives,
—;_1 =—Ar+ Cl
(n=1)x"
_ At—c (i)
P e

Where, c; is constant of integration.

We see from (ii) that , as x — 0,z > oo, i.e. the moving point will take an

infinite time to reach O.

When n=1 the equation(i) becomes & =—Adt
X

Which on integration gives ,logx =—-Af +¢,.......c....... (iii)

The equation (iii) shows that as x — 0,7 — oo, i.e. the moving point will take an

infinite time to reach O.

EXAMPLE 2: If time t be a cubic function of x, express the acceleration as a
function of x.

4.9. RESOLVED PARTS OF VELOCITY AND ACCELERATION IN
ANY FIXED DIRECTION
The resolved parts of velocity and acceleration in any fixed direction are
the rates of changes in that direction , we have by definition of derivative,



Re s Vel — lim (res.disp.at _t+0t)—(res.disp.at _t)
St—0 ot
Re s Ace.— lim (res.vel.at _t+0t)—(res.vel.at t)
5t—0 ot
The resolved parts of velocity or acceleration in any two perpendicular
directions,say,the axes x and y, are known , and the fixed directions makes
an angle 0 with the x-axis, then the resolved parts of velocity in the fixed

direction = X cosO+y sin 0 and the resolved part of acceleration=x
cosf+Ysind.

4.10. RADIAL AND TRANSVERSE VELOCITIES AND
ACCELERATION.

A point is moving in a plane curve , to express its component velocities
and accelerations at any instant along and perpendicular to the radius
vector drawn from a fixed point in the plane of the curve.

Take O as a pole and OX as the initial line.Let the position of the point at
time t be P(r,0) and at time t+3t, Q(r+0r,0+00).

v+ 6v

-Su

Then the displacement of the point in time 6t along the radius vector OP
=0Q cos 60 — OP

=(r+or)cosof—r

=0r+ quantities of smaller orders of magnitude.

As the radial velocity is the rate of change of displacement along the radius

vector , we have UGMM-105/75
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%
Radial velocity= lim or_dar* (i)

=005t dt

The displacement of the point perpendicular to the radius vector OP in the
direction 0 increasing is equals to(7+or)sino8 =ror +quantities of small
order in magnitude.

Therefore, transversal velocity = lim r %0 = rﬁ ........... (i1)

=0 Ot dt

Now, suppose that the radial and transversal velocities at P at time t are u and v
respectively, and that Q at time t+0t these velocities are utou and v+ov
respectively.

The change in velocity in time 8t along OP =
=(u+0u)cos o0 —(v+9v)sin o0 —u

:(u+5u){1—(ii')2+....}—(v+5v){56’—(53i')3+..}—u

=0u —vo0 + quantities _of _smaller _order in magnitude
Therefore, the rate of change of velocity along OP i.e. radial acceleration

. Oou—vol

=lim——
5t—0 ot
_du do

= v
d dt

d*r (def
:——r PR
dt* dt

=r—r@

*As the ratios of quantities of second and higher orders to 6t which is a small
quantity of first order , tend to 0 as dt tends to 0.

Again, the change of velocity in time ot perpendicular to OP in the direction of
0 increasing

= (u+o0u)sinofd+(v+ov)cosold —v

:(u+5u){5¢9—@+...}—(v+5\/){1—@+..}—
3! 2!

=udl+ ov+ quantities _of smaller order in magnitude



Therefore ,transverse acceleration

. uol+9ov
=lim—————
5t—0 5t

:2;é+r.6.’

_ %% X (i)

by substituting the expression for u and v from (1) and (ii).
ALTERNATIVE METHOD:
Since, x=r1 cosO , y=r1 sin 0

Differentiating once, both sides of these equations with respect to t

(considering r and 0 both variables) we get (@j and (d_yj in terms of r and 0

dt dt
and their differential coefficients.

Now, (?) coséd+ (Cé—y) sinéd is  the radial  velocity  and
t t

(%) cosf — (%) sin@ is the transversal velocity

. . . _[d’x d’y).
Similarly, for radial and transverse acceleration,obtain [?j and [ﬁj in
terms of r and 0, and their differential coefficient with respect to t , and then
evaluating the expression

2 2 2 2
d—f cosf+ d i) sind, d i) cosf— d—f sin @ we will get the radial and
dt dt t dt

transversal accelerations.

COROLLARY 1: If a point moves in a circle of radius r= radius of circle
(constant) then,

Radial velocity=% =0 , Transversal velocity = r(%)
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2
Radial acceleration =-r (?j and  Transversal
t

acceleration = rO.

COROLLARY 2:If a particle move under a central force , the only

14 2420
acceleration on it is radial. Hence transversal acceleration - ¢ -

1

—° 0

2

h

1”219. = h(const)
200 = —Iot
2

Integrating both sides ,we getJ%er 0= %

The left hand expression stands for the area described by the radius vector in
time t. Therefore,

the area described
= constant.

the time taken

Hence, under a central force equal areas are swept by the radius vector in equal
times. This is the case with planets which move under a central force towards
the sun.

COROLLARY 3 : If the radial and transverse accelerations are denoted by f;
and f, respectively, the rate of change of acceleration along the radius vector

= ah _ f 40 and along the perpendicular to the radius vector = f, 49 + LA

dt dt dt  dt

NOTE: These results are obtained by replacing u and vby f; and f, respectively.

The main types of problems with which we shall be concerned are:
I To find path, when velocities, accelerations etc. are given.
Procedure: write down the equations , eliminate t and integrate.

IT To find velocities, accelerations, etc. when the path,some velocity or
acceleration are given.

Procedure: Write down the equation of the path and other conditions and
differentiate.



4.11. Solved examples

Example 1: The velocities of a particle along and perpendicular to the radius
from a fixed origin are Ar and p6. Find the path and show that the accelerations

22
along and perpendicular to the radius vector are A°r — ﬂand ,u&(l + ﬁj .
r r
. . . dr .
Solution: Radial velocity ZE =Ar (1)
Transverse velocity = r% =ul................ (i1)
Dividing (ii) by (i) we get,
,d0_ut
da ri
pdr _do
it 0
Integrating , we get the equation of the path described as
H log@+k .ccovvvvviiiiiini, (111)
r
Radial acceleration = # — 762 = A2 — 1 1-2 (from (i)and (ii))

r2

But, 7 from (i) is equal to Ar. Therefore this acceleration equals

=12r_ lu202
r
Transverse acceleration = %(rzé) = 270 + 76 = 2r6 + 16

Now, differentiating (ii) we get, 78 + 70 = uf
Or, rd = ub — 7

1o —Arf = 06(u—Ar)

0
=2 (=)

. 0
Hence, the transverse acceleration =24u60+ Lk (u—Ar)
r UGMM-105/79
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=ﬂ9(1+ﬂj
r

Example 2: If the radial and transverse velocities of a point are always
proportional to each other , and this holds for acceleration also , prove that its
velocity will vary as same power of the radius vector.

Solution: We have, rﬁ = lﬁ where, A is a constant
dt dt
Or, rﬁ =1
dt
i.e,rﬁ:tan¢:/1 ................... (1)
dr

.. ¢ 1s constant, and hence the curve is an equiangular spiral whose equation is

r=ae

where, m=1/A

Also, it is giventhat ~ # -1 =pu(2r6 —r8) i, (ii)
Differentiating the equation r6 = A7, we have

rf + 70 = A%,

.. T -
Or, AF =10 +-6° (substituting for 7)

Now, substituting for t and 7" in (i1), we get

.. .2
%9+ﬁ—réz =,u[21+r'9],
2 1 1

Or, 6(m —p) = 02(2mpu —m? + 1),
5 (2mp-m2+1) 4o
Or, b=
This is of the form 6 = k62, where k is a constant ..., (iii)
2
Put d—gzz then, d—fzﬂxd—g
dt dr- do dt
dé dz do
Hence, — x—=kz— by (111
i de (by (i)



Or, —=kz
deo
Integrating , we get z= Ae*’, where A is a constant. ... (1v)
Again, V= ds = ﬂ rdo _ rﬁcos ec(@)

dt rd6 dt

= cosec(¢).ae™ . A"’

y ()" (From the equation of spiral and (iv)
= Aa.cosec(d).e

Now, since ¢ is constant and r=ae™ , v=Lx" where L and n are constants.
Therefore the velocity varies as some power of the distance.

Example 3: Show that the path of a point P , which possesses two constant
velocities U and V, the first of which is in a fixed direction and second of
which is perpendicular to the radius OP drawn from a fixed point , is a conic
with focus at O and eccentricity U/V.

Solution: Let U be the velocity along OX and V , along the perpendicular to
OP through P. Then, if P be the point (r,0) , velocity along OP = ﬂ =Ucos0;

dt
do
and , velocity perpendicular to OP = r;
=V -Usin#
“_F
a9 P
Hence, dt _ V—-Usin#
dr Ucos@
a (-
_, ,d0_V-Using O u X
dt Ucos@
dr Ucos8d6
= —=—"
r  V-Usiné

Integration gives, logr=—log(V —Usin @) +logc
r(V =Usinf)=c

Or, ( %/

sm )

which is a conic with focus at O and eccentricity U/V.
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Check vour progress

)

2)

3)

4)

S)

4.12.

A point describes a circle of radius ‘a’ with a uniform speed v . Take
diameter as initial line and one end of this diameter as pole , and find,
by actual differentiation , the radial and transverse accelerations of the
point. Verify the result by resolution.

Find the path , radial and transversal accelerations of a moving point in
terms of r and 0 if its radial and transversal velocities be Ar* and p6*
respectively.

A ring which can slide on a thin long smooth rod rests at distance d
from one end O . The rod is then set revolving uniformly about O in the
plane. Show that in space the ring describes the curve r=d cosh 6.

If the angular velocity Jwofa particle about the origin is constant and
the rate of change of acceleration is directed wholly along the radius
vector , prove that » = acosh t + bsinh ot , where, initially, the particle
is at a distance ‘a’ with velocity @b along the radius vector.

The angular velocity 0 of a particle moving along a curve is constant. If
the rate of change of resultant acceleration be perpendicular to the
radius vector . Show that the equation of the curve is of the form

r= Aeeﬁ +Bef‘9ﬁ +C.
TANGENTIAL AND NORMAL VELOCITIES, ACCELERATIONS

Vv
'i\_i"

W

0

X

Let P be the position of a particle moving in a curve at time t, and let the arcual
distance of P from a fixed point O on the curve be S . Let the position of the
particle at time t+6t be Q , where OQ=S+0S. During this displacement the
tangent must have turned through a small angle dy about the tangent at P,



where y is the angle which is tangent at P makes a fixed straight line in the
plane.

This displacement of the particle in time ot along the tangent at P in the
direction of S increasing = chord PQ cos €, where ¢ is the angle which the
chord PQ makes with the tangent at P.

Therefore, the tangential velocity , which is, the rate of change of
displacement along the tangent at P at time t is given by:

. P
_lim Qcose
5t—0 ot

. PO .. .
= lim —Q limcos ¢
5t=0 St

ds ds
=—xl=—
dt dt

and as 6t—0 , Q approaches P, e—0 and so cos e—1.

3
The displacement perpendicular to the tangent = PQsin & = PQ (8 - % F oo j

PO{e—(&’ /3D +......}

Therefore, normal velocity ~ ;t—>0 ot

. PO 39
—}}E})yhm{g—(a‘ /3D +......}

= é>< 0=0
dt
Results (i) and (i1) were both implied in the definition of velocity as given in
sec 1.4
Let v and v+ov be respectively velocities along the tangents at P and Q.
Therefore, the change of velocity in time ot along the tangent P

=(v+Jv)cosoy —v
=(v+5v){l—m+ .......... }—v

2!

=0V +quantities of smaller order of magnitude

As the tangential acceleration is the rate of change of velocity along the
tangent, we have

. . . ov dv
Tangential acceleration =lim —=—.

60 5t dt

We know that v= é )
dt
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. . d (ds d’s _ ..
Therefore, tangential acceleration = —(— )= —5 =35
dx \dt dt

The tangential acceleration can also be expressed as :@—@ ds _vdv

dt ds dt  ds

The change of velocity perpendicular to the tangent at P measured inwards is

=(v+0v)sin oy

=(v +§v){5!// - (&3'”')3 F oo }

=Vvoy +quantities of smaller order of magnitude

As the normal acceleration is the rate of change of velocity along the normal,
we have normal acceleration along the inward normal

= Lszé‘—W = vd—l/l
510 St dt
_, 4y ds
ds dt
V2
=—, . (iv)
yo,

where p is the radius of curvature at the point P.

This shows that dv/dt is the complete acceleration only when p is infinite, i.e.,

only when the particle is moving in a straight line.

ALTERNATIVE METHOD: We have seen that v or ds/dt is the complete
velocity of the particle at P to the curve, Therefore, if (x,y) denote the
coordinates of P referred to fixed rectangular axes in the plane of the curve we
may put

dx dy .
— =vcosly and = =vsiny.
dt vant v

Differentiation of these equations with respect to t (considering both v and v

2 2
d f andd g;
dt dt

constant) gives

Now evaluating ,

2 2 2 2
X

d”x .
% cosy + siny and cosy —

siny

1 t* 1

we get tangential and normal accelerations at P.



COROLLARY: In the case of a circle, s=af , where ‘a’ is the radius of circle .
Tangential velocity =af, the same as transverse velocity.
Normal velocity=0=radial velocity.
Tangential acceleration = ad, the same as transverse acceleration.
Normal acceleration= af?= radial acceleration with the opposite sign.

NOTE: Radial acceleration is measured away from the centre and normal
acceleration towards the centre .

4.13. Solved examples

Example 1: Prove that , if the tangential and normal accelerations of a
particle describing a plane throughout the motion are the content the
angle y through which the direction of motion turns in time t is given
by

w = Alog(1+ Bt).

dZ
Solution: We have ﬁ:l ................. (1)
2
and Y. L (if)
P
where , A and p are constants.
Integrating eq (i) we have, ?: At+c where, ¢ is a constant.
t

Substituting the value of ds/dt in (ii) , we get
At+c)’
(uref

Or (At+c) = ,uﬁ
dy

:y(ﬂt+c)£
dy

dt
y=—"t
(At +c)

Integraﬁng this we have, W+k= %log(lt +c) where, k is an arbitrary const.

When t =0 and y =0, we get UGMM-105/85
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7
k=~log c
J) g

At+c

7
=Zlo
4 7 g

or w=Alog(1+Bt), Aand Bbeing const.

Example 2: Find the intrinsic equation of the curve such that when a point
moves on it with constant tangential acceleration and the magnitudes of the
tangential velocity and the normal acceleration are in a constant ratio.

d2
Solution:  Let d—j =k, acomst., . (@)
t
2
ds = cv—, where c isaconst. —.................. (i1)
dt P
v2
Now (ii) becomes v=c—
o,
Or, P=CV s (iii)

" d d’ . N
Writing vjj ford—s and integrating (i) we get

£
Vi =2ks+ A, whereAis const. ... (iv)
Eliminating v between (ii1) and (iv) , we obtain
P =c\(2ks+ A)

or ;Z_s: c\J(2ks + A) .
74

integrating this, we get
(cw+B)=(2ks+ A) / k
or (cw +B)Y'k> =2ks+ 4
where, A,B,c and k are all constants.
This is required intrinsic equation of the curve.

4.14. Check your progress
1. A point moves in a plane in such a manner that its tangential and
normal accelerations are always equal, and its velocity varies as

exp(tanl ij, s being the length of arc of the curve measured from a
c

fixed point . Find the path.



2.

4.15

A particle moves in a catenary (intrinsic equation s=c tany), and the
direction of its acceleration at any point makes equal angles with the
tangent and the normal to the path at that point. If the speed at the
vertex , where y=0, be u, show that the velocity and acceleration at any
other point are given by

ue’ and —Zuzez”’ .CoS” .
c
If the time be quadratic function of the length of the path of a moving
point , prove that the harmonic mean of the initial and final velocities is
equal to the velocity at the middle point of the path ant that the
tangential retardation is proportional to the cube of velocity.
Prove that the acceleration of a point moving in a curve with uniform

speed is p¥2

Summary

Mean velocity and Mean acceleration has been explained. Resolved parts of
velocity and acceleration in any fixed direction for example. Radial and
transverse velocity and acceleration Also tangential and normal velocity and
acceleration and problems related to above velocity and acceleration in given.

4.16

1.

Terminal questions

Find intrinsic equation of a curve such that when a point moves on it
with constant tangential acceleration. The magnitude of the tangential
velocity and acceleration are in constant ratio.

A curve in described by a particle having a constant acceleration in a
direction inclined at a constant angle to the tangent. Show that the curve
is an equiangular spiral.

If a particle moves such that the tangential acceleration is equal to the
normal acceleration then discuss the motion.
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5.1. Introduction

To discuss the motion of a particle when acceleration is variable ie Simple
Harmonic motion in the case of horizontal motion and vertical motion. To
discuss the motion of a particle Under a force varying as a distance square
of the distance. To discuss the motion of a particle in resisting medium and
motion when the mass varies.

5.2. Objectives

After reading this unit student should be able to —

e Make the Differential equation of the given motion an then solved
it.

e Make the Differential equation of the particle when there resistance
to the motion then solved it.

e Right the equation of motion when the mass varies then solved it.

5.3. SIMPLE HARMONIC MOTION

A particle is said to execute simple harmonic motion if it moves in a
straight line under the action of force, which varies as the distance of the
particle from a fixed point in that line and is always directed towards the
fixed point.

Let the fixed point on the line OX be O which is called the centre. Let the

position of the particle at time t be P, where OP=x
2

) X
Then the acceleration = —
dt

_ X —

Q! (0] P Q

Where A, is a constant.

The Force Ax has a negative sign before it , because it is directed towards
2

O, and the acceleration is in the direction of X increasing.

t2
2

.. . : X ..
The equation (i) can be written as in the form, 7 =—1°X (i1)
t

UGMM-105/89



UGMM-105/90

Where n is a real constant.

Suppose a particle starts from rest at a distance a from O. Multiply (ii) by
2(dx/dt), and integrate with respectto t .

dx Y ) 2
Then,| — | =—n"x"+A4 ..., (1i1)
dt

Where A is a constant.

NOTE: The same result could have been obtained by writing , v[?j for
X

2
X . . : : :

7 in (i1) and integrating with respect to x . For even thus, we get
t

Vi=-n'x*+4 (iv)
Equation (iii) and (iv) are identical.
at Q since v=0 when x=a A = n’a’ .Therefore the equation (iii) becomes

dx Y 202 2
(Ej =n"(a"—x")

Or, v=ﬁ=—n«/(a2—x2) ........ (v)

The radial is taken in minus sign , because the velocity is directed towards O ,
while dx/dt is in the direction of x increasing. Equation (v) gives the velocity at
any distance x from the origin.

Integrating (v), we get

| — p
_ ¢(a2 _ xZ)
Or, cos '(x/a)=nt+B where B is a constant

When x=a, t=0 therefore B=0 and we get,

X=acos nt

This gives the position of particle at any time t.

The motion is such that the acceleration is greatest at the start and velocity is
zero. The particle goes on assuming greater velocity, but the acceleration goes
on decreasing as the particle approaches the centre O. When it reaches the
centre, the velocity is maximum and the acceleration is zero. With this velocity



the particle describes the negative part of the line OX and the retardation sets in
towards O, which destroys the velocity at a distance ‘a’ from O on the left side.
The particle retraces its path.

NOTE: The results obtained above are true for both side of x-axis. As equation
(i1) remains the same if we replace —x by x in (ii)(i.e. equation of motion on
negative side of x- axis).

If Q and Q! be the positions of instantaneous rest, then the particle goes from
Q to Q1 , returns again to Q and this oscillation is repeated over and over again
. The time from Q to O, where QO=a, is given by (vi).

When x=0 ,cos(nt)=0
Therefore, nt=n/2 or t=m/2n.

Similarly, the time from O to Q = 7/2n.Therefore , the time of one complete
oscillation (A Q to Q*and back to Q)=2n/n which is independent distance from
which the particle starts. OQ or 0Q?! is called the Amplitude of the motion
and 2m/n is the periodic time.

The frequency is the number of complete oscillations in one second.

. . . . x
The general solution of the differential equation e =-n'x
t
is x = acos(nt+ €), with x=—an sin(nt+€)where, a and & are arbitrary

constants and can be determined by applying the initial conditions.

If the expression x = a cos(nt+ €), 1s used for displacement in simple harmonic
motion, the quantity € is called EPOCH, and the angle (nt+€) is called the

ARGUMENT. While the phase of the motion is the time that has elapsed since
the particle was at its maximum distance in the positive direction.

Evidently x is maximum at time t, where nt,+€= 0.

Hence, the phase at timet=t —t, =t + % = m‘:e.

COROLLARY: If the particle, instead of starting from rest at Q, is projected
with a velocity V in the positive direction, the equation of motion remains the
same. But to determine constant of integration in (iv), we have to use the initial
conditions dx/dt=V, when x=a and then constant A becomes

V:+n'a’,and dx/dt :\/{V2 +n*(a’ —x")}
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Which shows that the velocity vanishes when

xz\/{(V2 +n’a’)/n’y=b (say).

The motion is again simple harmonic with an amplitude b instead of a and

dx/dt =—ny(b* —x7)

On integrating, we get cos ' (x/b)=nt+B
When t=0 , x=a B=cos™'(a/b)
nt=cos ' (x/b)—cos ' (a/b)

This gives t , when x 1s known.

5.4. GEOMETRICAL REPRESENTATION OF SIMPLE
HARMONIC MOTION

If a particle describes a circle with constant angular velocity, the foot of the
perpendicular from the particle on a diameter moves with simple harmonic
motion.

Let the equation of circle be x*+3>=a" and let the x-axis be taken as

diameter on which the perpendicular from the moving point is dropped. Let the
position of the moving point be P(x,y), its acceleration along the tangent is zero
because the angular wvelocity is constant, but the acceleration along

PO=v'/a=wa, where o is the angular velocity of OP.. v = aw. The
component of acceleration along OX =—aw’ cosd =—w’a(x/a)=—w"x . This

will be the acceleration of the foot of perpendicular from P on the x-
2
: X : : : :
ax1s.Hence,7 =—w’x is the equation of motion of the foot of perpendicular.
4

5.5. To compound two simple harmonic motions of the same
period and in the same straight line.
The displacements of this kind are given by a cos(nt+ €)and bcos(nt+ €")
So that, x =acos(nt+ €)and bcos(nt+ €")
=Acos(nt+E)

Where A and E are easily determined. That is, the result of compounding two
simple harmonic motions of the same period and in the same straight line is a



simple harmonic motion of the same period whose amplitude and epoch are
known.

5.6. Disturbed simple harmonic motion

We shall consider only two simple cases:

CASE 1: Suppose the disturbing force produces constant accelerationf . Then

. . d?x
the equation of motion becomes o —n’x+f

Whose solutionis x = % + A cosnt + B sinnt

Where A and B are two arbitrary constants, to be determined by applying
initial conditions.

CASE 2: Suppose the disturbing force is periodic one, proportional to cospt;
2

then the equation of motion becomes % = —n?x + fcos pt

Putting x = Acospt,

we find this equation has a solution . _ % ,
="

f cospt
n2-p2’

And the complete solution is x = acos(nt+€) +

the two terms representing the free and forced oscillations. If n and p are nearly
equal , the amplitude of forced oscillations is large. If n=p , the equation of
motion is

d’x

=t nx = f cosnt.

The particular integral of this equation is x = (i) t sinnt, as can be seen by
substitution.

NOTE: This solution corresponds to the forced oscillation and shows that the
amplitude will increase indefinitely with time.

5.7.  Solved examples

Example 1: One end of an elastic string whose modulus of elasticity is A and
whose natural length is ‘a’ , is tied to a fixed point on smooth horizontal table
and the other end is tied to a mass ‘m’ lying on the table.The particle is pulled
to a distance where the extension of the string becomes ‘b’ and then let go;
describe the character of the motion and show that the period of one complete

. . . 2a am
oscillation is 2(m + 7)\/ (T)
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Solution: Let O be a fixed point and OA the natural length of the string .Let
AB be the extension ‘b’ of the string. Take A as the origin and measure x along
AB. Then the equation of motion of mass ‘m’ when at a distance ‘x’ from A is

m () =T

«— xX—»
0) A P B
OA=a, AB =)

because, the only force on the mass is the T tension towards A.

But T = G) x ,( by Hooke’s law)

daz y) .
Hence, md—tf = — (5) X (1)

The motion is simple harmonic. The equation (i) can be written as in the form
() =-G)
vi—)=—-(—)x
dx am
Integrating with respect to ‘x’ we get

v? =—(L)x2+c

am

When x=b, v=0 c= (L) b?

am
Therefore, v =()er-x (i)

The velocity on reaching A for which x=0 is,

=0 @)

Now the string assumes its natural state and the tension ceases to act on the
particle, which proceeds towards O with constant velocity b (ﬁ) and
describes the distance 2a with this velocity. When it reaches A’, the string
again begins to be stretched and the tension comes in. The velocity b (ﬁ) 1s

destroyed by the tension in the distance A’B’ exactly equal to AB in which it
was produced, and the particle retraces its path in the same manner. The



motion is simple harmonic for the amplitude BA or A’B’, and the period is

2 /(ﬂ) . The distance 2a is described with a uniform velocity b (L)
A am

Therefore the period of one complete oscillation for this distance =

4a ma

Sy

So, the time of one complete oscillation i.e. from B to B’ and back again

=2(m+ %a)\/(%).

4a
bV(A/am) -

Example 2: A particle P moves in a straight line OCP, being attracted by a
force mp. PC is always directed towards C, while C moves along OC with a
constant acceleration f. If initially C was at rest at the origin O and P was at a
distance ‘c’ from O moving with velocity V, prove that the distance of P from
O at any time t is

f Vo J
(;+c)cos (u)t+T“SLn (,u)t—;+5ft2.

Solution: Measure ‘x’ along OCP. If at any time, P is at a distance ‘x’ from C,
then the equation of the relative motion of P with respect to C is

d?x

F:—‘ux—f ................... (1)
dzx__ f
Or =l

The motion is simple harmonic, of period f/—Z , about a moving centre always at

a distance i behind C.

Put x+L=z
u
" e _ ;
en s THz (11)
The solution of this equationis z=Acos{y/(Wt+B} ... (iii)

When t=0,x=candz=c+f/u

Therefore c+ £ =AcosB (iv)

Also L2 _JHASIN W +B Y oo (v)

dt dt

UGMM-105/95



UGMM-105/96

Whent =0, Z=vy
dt
V =—JudAsinB (vi)
Now, (iii) gives x +£ = A cos,/(u)t cosB — A sin./(u)t sinB
Substituting the values of Acos B and Asin B from (iv) and (vi) we get,

—_fi(r Vo .
X = u+(u+c)cos (u)t+\/usm wt (vi)

This is the relative displacement of P with respect to C. Now the displacement
of C in time t = %ftz.

~the absolute displacement of P i.e., measured from a fixed point O in time t =
the relative displacement of P + the absolute displacement of C

_ Y2 f  (f v .
ft “+( +c)cos (,u)t+\/“sm (wt.

= .
Example 3: A light weight string of natural length | and modulus of elasticity A
is hung by one end,and to the other is tied a particle of mass ‘m’, find the
motion:

1) If t; and t; be the periods corresponding to two different attached
weights and ¢, ,c, the statical extensions due to these weights, prove
that

(1 —¢)
(t =)
Solution: Let O , the point of suspension be taken as origin and x is measured

downwards. Let the position of the weight at any time t be x below O. The
equation of motion is

g = 4m?

m(ZZT:)=mg—T .................... (1)

for the only forces acting on the mass m are its weight and the tension T But,
by Hooke’s law

r= ()
Therefore, the eq (i) becomes m % =— (%) x-D+mg ... (1)

2
In the equilibrium position , the tension balances the weight andZTf = 0. Hence

the extension in the equilibrium position is



@-D=%" (iif)

The equation (ii) can be written as

i = () -1

ml A
o ()
Where = (x—l@)

This shows that the motion is simple harmonic about the equilibrium position
¢=0 or

x =1 {M}and , the periodic time

2
Im
T=2m \[; ........................ (V)
1) If ¢, andcybe the extensions due to the weight w; and w;
respectively, and let t; ,t, the corresponding periodic times, we have
wil wyl
€, = 71 ) c, = 72 (from (iii))
— /“”_1 = /“”_2
t, =2m = , t, =2m 7 (from(v))
Hence, g(t? —t2) = 4n?(c; — ¢y)
_ a2 (c1—=c2)
Or g =4n @

Example 4: One end of an elastic string of natural length ‘a’ is fixed and the
other end is fastened by a particle heavy enough to stretch the string to double
its length. The string is drawn vertically down till it it is four times its natural
length and then let go. Show that the particle returns to this point in time

2(2?”+\/§)\[§

Solution: Let OA be the natural length of the string to which a weight mg is
attached at its end A.
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) 10

A 1A
1B
P{ mg
ke

On account of this weight , the string stretches to double its length i.e. OB=2a.
The particle 1s taken to the point C , where OC=4a and then released. Let P be
the position of the particle at time t where OP=x. Then .the equation of motion
s

mi=mg-—-T . (1)

Where, T is the tension in the string and is given by Hooke’s law as,

T2 (i)

a

A, being modulus of elasticity.

Since, on account of the weight mg, the string stretches upto B and remains in
equilibrium till it is stretched further uptoC , we have, from(i)

0=mg—-T or mg =T.
Then (ii) gives, mg = %(Za -a) or A=mg ... (iii)
From (i) ,(ii) and (iii), we have mX =mg — ng (x—a)
v — 9 (v —ag—0a)= -2 (x —
Or X = a(x a—a)= a(x 2a)
Putting x-2a=¢ (iv) becomes, §=— % ¢ which shows that motion is

simple harmonic.

The centre of oscillation is given by é=0 or x=2a, i.e. the point B. The period of

. . a
motion 1is - 2T \E .

The solution of (iv) is x — 2a = a4 cos\[g t+ by Sin\[g t (v)

And x=—a1ﬁsinﬁt+blﬁcosﬁt



When t=0, x=4a and x=0, therefore a; = 2a, b, = 0. Then (v) becomes

x—2a=2acos |2t .. (vi)
a

And X = —Za\/% sin\/% t (vii)

The motion will be simple harmonic from C to A and since the string would
become slack immediately after the particle would move above A, the motion
above A will be that against gravity . If t; be the time from C to A, we have

from (vi)
_ g
a—2a= ZaCOS\Et1

1
Or —== cos\/gtl
2 a

2 ,
Or C0S— = C0S gtl
3 a
. 2 |a
1.e. ti=— |-
349

and if u be the velocity at A , we have,u = —Za\/%sin [\/%Z?H\E] =

—Za\/%g = —/3ag

the negative sign shows that the velocity at A is towards O.

If u becomes 0 in time t; , O=ut,—g
Or tz = % = %

Thus the time from C to A and back to C=2(t; — t;)

:2[2—"\/§+@]
349 )

Example 5: A particle m is attached to a light wire which is stretched tightly
between two fixed points with a tension P . If a,b be the distances of the
particle from the two ends , prove that the period of small transverse oscillation
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ofmis 2r {(% (aibb))} . Also, prove that for a wire of given length , the

period is longest when the particle is attached to the middle point.

Solution :

When a particle is given a small transversal displacement x, so that the change

in P is negligible fraction of P, then the components of tension P on either side
X

of m , perpendicular to the line joining the fixed points are P Npor and
P\/ﬁ.chose & P cos@

Hence the equation of motion is mdz—x = —Px [l (1+ ﬁ)_% +2 (1 + ﬁ)_%]
q dat2 a a? b b2

d?x P [1,1 .2
Or, preiaiierd [a + b] if, x“be neglected
vabm

It is obvious that if

The motion is simple harmonic with a period2m aro)P

(atb) be constant, ab is greatest when a=b. Therefore, the period is maximum
when a=b.

5.8. Check your progress

1. A heavy particle is attached to an extensible string to a fixed point from
which the particle is allowed to fall freely, when the particle is in its
lowest position the string is of twice its natural length. Prove that the
modulus is four times the weight of the particle and find the time during
which the string is extended beyond its natural length.

2. A body is attached to one end of an inextensible string and the other
end moves in a vertical line with simple harmonic motion of amplitude
a , making n complete oscillations per second. Show that the string will
not remain tight during the motion unless n*<g/(4n*a).



3. A particle is suspended at the end of an elastic string of negligible mass.
The upper end of the string has simple harmonic vertical oscillation
.Find the motion of the particle.

5.9. MOTION OF A PARTICLE UNDER A FORCE VARYING
AS DISTANCE

A particle moves in a straight line under the action of a force which varies as
its distance from a fixed point in the line, and always away from that point. We
will determine the motion,

Let the line be OX and let O be the fixed point in it. Let the position of particle
at time t be P, where OP=x. Then the equation of motion is:

dzx _ 2 .
X (1)

Here, the force and the acceleration are both away from O and hence, x is
positive.

Multiplying both sides of (1) by 2(dx/dt) and integrating we get,

dx 2 _ 2.2 .
(dt) =n‘x“+A (11)

Let the velocity be zero at x=a, then A = —n?a? , and equation (ii) becomes
o (i)

the positive sign before the radical being taken, because the velocity is away
from O in the direction of x increasing.

The equation (ii1) gives the velocity at any distance x. Integrating (iii), we get

d
B+f\/ﬁ=fndt

X+Vx

a? .
Or log +B=nt . (iv)

2_
a

When t=0, x=a .. B=0 and so (iv) becomes

log™™ =% =nt s )

Equation (v) can be written as in the form

x+Vx?2—a? =qge™ UGMM-105/101
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Or, x—Vx%2—a?=qge™

X = (%) (e™+e ™) =aqacoshnt .......(Vi)

And X = (%) (e™—e™™)a sinhnt  ......... (vii)

These equations show that if t increases continuously, x and X both increases
continuously. The particle is always moving away from O with a continuously
increasing velocity.

5.10. ATTRACTION VARYING INVERSELY AS THE SQUARE
OF THE DISTANCE FROM A FIXED POINT

The differential equation of motion in this case is

d?x _ dv _ _n .
a2 v (dx) =Tz e (1)
Integrating equation (i) with respect to x , we get

=24
X

Suppose the particle the particle starts from rest at a distance ‘a’ from the
centre of the force , which is taken to be origin here. Then v=0, when x=a so
that C=-2p/a

-

Or v=2=_/2u (i—i) .......... (i)

because, the particle is moving towards the origin.

PP () = — [

Integrating (i1) we have,

Va-x
Put x=a cos’0 then, dx = —2a cosf sinf do
And - Vx dx = [ 2a cos?6 d6
va—x

=af[(1+cos26)db

—a [9 + sin29]

2

t=\[§[a cos—l\[§+\/(ax—x2)] (i)



the constant of integration vanishes since t=0, when x=a.

It follows from this that the time taken by the particle in reaching the centre
where x = 0 is given by

My — a[E+] an
a 2 2
3
waz2
Or t —ﬁ.

It follows from (ii) that the velocity is infinite when x=0, i.e., the particle
reaches the centre with an infinite velocity. Now the particle proceeds to
describe the negative part of x-axis, attraction being directed towards the
origin. The law remaining the same, the velocity of the particle is destroyed in
the same time in which it was generated on the positive side of the x-axis, and
the particle comes out to an instantaneous rest at a distance ‘a’ from O on the
left side. It then retraces its path , passes through O and comes out to an
instantaneous rest at the point at which it started. The motion is one of
oscillation and the period of one complete oscillation is

3
2maz

M

NOTE: The equation of motion does not remain the same on the negative side
of x-axis.

COROLLARY 1:Suppose the particle falls from rest at infinity on the earth
surface ,then from(ii)

11 e
v =2pu (— - —) , where, a is infinite
2
Or v2 ==

To determine p we use the fact that the acceleration on the earth’s surface is g,
which must be equal to p/r’, where, r is the radius of earth’s surface.

Therefore , u=gr?
2
Hence, v? = 2"% on earth’s surface,
Or v =+/(2g7)( About 11.2 km per second ) towards the centre of

earth. = the velocity due to a fall through the height equal to the radius of the
earth’s surface with a constant acceleration g.

Note: This is also the velocity with which a body must be projected so that it
shall never return.
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COROLLARY 2: Suppose the particle goes to the centre of the earth through
a fixed hole. Now, when the particle is inside the earth’s surface , the attraction
towards the centre varies directly as the distance from the centre, and the
equation of motion is

d?x
dt?

= —Ax

I
I
N
LS
N2
=

When Ar=g on the earth’s surface i.e v (Z—Z) =

2
Or v:=— (%) +C
When x=r, v=,2gr (by cor. 1)
Therefore C =2gr+gr =3gr
2
2 = [() 501

When particle reaches the centre , x=0 and v = 3gr.

Corollary 3: The time of falling from a height h above the surface to the

s o e fren o1 [ny [o -
surface of earth is given by (ii1) as » { —sin T \ﬁ } r being

earth’s radius.

5.11. MOTION OF PARTICLE UNDER GRAVITY IN
A RESISTING MEDIUM

When a particle passes through a medium like air, it experiences a certain
amount of resistance which generally, increases as the velocity increases; and
which may therefore, be supposed as some function of velocity . No definite
law of resistance is known, but in certain cases the best approximations are
obtained by assuming the resistance to be varying as the square of velocity;
while in others the best results are obtained by assuming the resistance to be
varying as some other power of the velocity.

In the case of particle falling under gravity in a resisting medium the velocity
will never exceed a definite limit. Suppose the law of resistance to be kmv" ,
then the downward acceleration is (g-kv") and this vanishes when the
velocity=(g/k)'™. Then, this is the maximum velocity possible and is called
terminal or limiting velocity. It is on this account that one cannot tell the
height from which the raindrop fall by observing their velocity on reaching the



ground. The raindrops, after acquiring their terminal velocity , continue to fall
with a more or less constant velocity.

1. A particle falls under constant force of gravity in a resisting medium
whose resistance varies as the square of velocity, we will find the motion

Measuring x downwards from the position of rest of the particle, the equation
of motion is

v (Z_Z) =g - kv’ (terminal velocity = %)
dv? .
o TH2kvi=2g (i)

Which in linear in v

Solving the differential equation , we have,

2 e2kx — (%) e2kx 4

Now , since v=0, when x=0, C=-g/k

Therefore v = (“;—]) (1—e2k%y (i)
d _

Now Z=V{(2) @ -e

So that t = {ﬁ—g} cosh™lek® ... (iii)

From which we obtain x = (%) log cosh kgt  .............. (1v)

2. A particle is projected upwards in a medium the resistance of which varies
as the square of the velocity, we will find the motion.

Measuring x upwards from the point of projection , the equation of motion is

dv v? .
vaz—g—kv2=—g(1+a—2) ........... (l)
Where, a? = %.
2gx 2v
7z _fv2+a2 dv

= —log (v? + a?) + C,.

If V be the velocity of projection we have, v=V, when x=0 then ,C; =
log (V2 + a?)
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2% —log [(V2 +a®)/ (0% + @D)] .o (ii)

2
Again, from (i) Z—: =-g (1 + Z—z)
gt dv
T a2 - fv2+a2

=ltan 12+,
a a

Now, when t=0, v=V, then, C, = — itan

5.12. Solved examples

Example 1: A particle is projected with velocity U vertically upwards under
gravity in a medium whose resistance varies as the square of the velocity,
prove that the particle will return to the point of projection with a velocity

UV /{/(U? + V?), where V is the terminal velocity in the medium.
g

Solution: If the resistance = kv?, then the terminal velocity V = E

The height h to which the particle will rise in its upward motion is given by
(ii)(in 2.2)

2
—2kh — 14 (1)

Le e =—eox
U2+v?

now the particle returns to the point of projection with the velocity v given by
eq (i) (in 2.1)

ie. v2=V2(1—e 2N (ii)

eliminating h between (1) and (i1) we get,

v2=V2(1— v )

U24v?

_ uv
v= (U2+V2)1/2

5.13. Self Learning Questions

1. A car of mass ‘m’ , moves on a level road , the power of the engine
being constant equal to A. The frictional resistance is proportional to the
speed. The steady speed at which the car travel is C. find the (x,v)
relation where , x is the space described and v is the velocity.



2. A heavy particle is projected vertically upwards in a medium, the
resistance of which varies as the square of the velocity. It has a kinetic
energy k in its upward path at a given point; when it passes the same
point on the way down. Show that its loss of energy is k*/(ki+k,) ,
where k1 is the limit to which its energy approaches in its downward
course.

3. A particle starts from rest at A and moves towards a centre of force O.
if the time to any position P varies inversely as the distance AP moved
through .show that the attraction towards O varies as the cube of AP.

5.14. VARIABLE MASS SYSTEMS

Let us consider a mass dm with relative velocity u is about to collide with the
body of mass m and velocity v. After a time dt, at instant 2 , both particles
move as one body.

(v) *

P v | dy

Coupling of two moving carriages

Consider two train carriages of mass ml, m2 moving on the same track with
speeds Ul and U2, where Ul > U2 (see figure 1). When they catch each other
up they couple together to make a single coupled pair of carriages that moves
with speed V. Find V .

Solution: We have conservation of momentum:

1 uz
— —
(= F =]

Figure 1: Two carriages coupling together into a single mass
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momentum before = momentum after
m1U1 + m2U2 = (m1 + mz)V

So that V= (m1U1 + m2U2)/(m1 + mz)

Thus the coupled carriages move with the speed of the centre of mass of the

uncoupled carriages.
Before colliding the total kinetic energy is T}, = %ml U+ %mz U,>
and after colliding and joining the kinetic energy is

m,U; +m2U2>2

1
T, ==
a 2(m1+m2)< m; +m,

Hence the change in kinetic energy AT = Ta — Tb is given by;

2
1 mqUq+myU: 1 2 1 2
AT =2 (my +my) (M) —omUy” —ompU,

mi+m,

_ mymy(Uy—Up)?

On solving we get, AT = <0

2(my+my)

Thus energy is lost in the collision.

5.15. ROCKET MOTION

A rocket of mass m emits mass backwards at speed u relative to the rocket at a
constant rate k. Ignoring gravity and air resistance find its speed v at time t if at
t =0 it has speed vy and mass My =M + m,, where my is the amount of fuel for

burning

A\ 1

m m+0m
v v+0v
-Om
v +0v-u

£r

Fig.Rocket burning fuel that is ejected at velocity
u relative to the rocket

Solution: Let m be the mass of the rocket and fuel at time t.(see fig)



Therefore, rate of change in momentum
= limg;_, i{(m + om)(v + 6v) + (—6m) (v + dv — u) — mv}

= lim&_ﬂ)%{&nv + mév + dmdbv — dmv + udm — Sméov}

dv dam

=m .
dt dt

There is no external force acting so the rate of change of momentum is zero:

dv dm

=-Uu
dat dat

But dn/dt = —k is the constant loss of fuel mass. Thus,m(t) = My —kt =M +
mp— kt for t <mg/k
(after which there is no more fuel to burn).

d
- = ku/(My — kt)

which integrates to give ,v(t) = —ulog(M, — kt) + K

Since t = 0 we have v = v,

we obtain v(t) =vy—ulog (1 - Mit) ,t<my/k
0

5.16. Summary

Simple Harmonic motion and geometrical representation a simple his
described. Disturb Simple Harmonic motion his explain. Motion the particle
attached to an elastic string in horizontal case and vertical case is discussed.
Motion of a particle under a force varying inversely as the square of dissents.

Motion of particle under gratify in a resisting medium.

5.17. Terminal questions

. . . a*
1. A particle whose means is m is acted upon by a force mu (x + F)

towards the origin if it start from rest at distance a, show that it will

arrive at the origin in time —
g Wi

.................................................................................... UGMM-105/109
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2. A particle rest equilibrium under the attraction of to centre of forces

which attract directly at the distance. There attraction per unit mass at
unit distances being & u’ . The particle is Slightly displaced towards

21

Vs

one of then. Show that time of small oscillation is

Two bodies of masses M and M' are attached to the lower of an elastic
string who is upper end is fixed and hangs at rest. If M' falls off show
that distance of M from the upper end of the string intime tis a + b +

cor(f )
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6.1. INTRODUCTION

To discuss the motion when a particle is compelled to move on given smooth
plane curve under the action of given force. As the Particular case we shall discuss
the motion of a particle in .

1. A circle whose plane is vertical.
2. Inacycloid whose plane is vertical and vertex is upwards or down wards.

6.2. OBJECTIVES
After reading this unit student should be able to —

e Wright the Differential equation of the particle and to gate the velocity,
tension in the string or reaction on the curve.
e To find the point where the particle lives the curve when dropped from the

top of the curve.

6.3. CONSTRAINED MOTION

Constrained motion is a desired thing in the machines. The movements of links in
the machine should be constrained for a successful use of it.

The most distinctive characteristic of a machine is that the parts are interconnected
and guided in such a way that their motions relative to one another are constrained.
Relative to the block, for example, the piston of a reciprocating engine is
constrained by the cylinder to move on a straight path; points on the crankshaft are
constrained by the main bearings to move on circular paths; no other forms of
relative motion are possible.

On some machines the parts are only partially constrained. If the parts are
interconnected by springs or friction members, the paths of the parts relative to one
another may be fixed, but the motions of the parts may be affected by the stiffness
of the springs, friction, and the masses of the parts.

If all the parts of a machine are comparatively rigid members whose deflections
under load are negligible, then the constrainment may be considered complete and
the relative motions of the parts can be studied without considering the forces that
produce them. For a specified rotational speed of the crankshaft of a reciprocating
engine, for example, the corresponding speeds of points on the connecting rod and
the piston can be calculated. The determination of the displacements, velocities,
and accelerations of the parts of a machine for a prescribed input motion is the
subject matter of kinematics of machines. Such calculations can be made without
considering the forces involved, because the motions are constrained.

DEFINITION



In a mechanical Pair when an element of the pair has a definite motion with
respect to the other element, relative motion between the elements is called
constrained motion.

TYPES OF CONSTRAINED MOTION

Constrained motion is categorized in three types given below.

1. Completely constrained motion.

In a pair of two elements if the direction of the motion of these two
elements is fixed or definite on the application of the force in the pair, the
motion is called completely constrained motion. The motion of two
elements with respect to each other can be linear or rotary.

The examples of constrained motion are shaft in a hole with collar,
cylinder Movement in a piston, a Prism moving in a hollow prism.

2. Incompletely constrained motion.

If the element of a pair can have more than one type of motion in the pair with
respect to the each other then, the motion is referred as incompletely constrained
motion.

The shaft in a hollow part is a good example of incompletely constrained motion.
The shaft can have two types of motion in a hollow bush. It can rotate and can
slide in the hole. These two motions are independent of each other inside the hole.

The motion between elements mainly depends on the type and direction of the
force applied in the pair. According to applied force, the element chooses its
motion.

3. Successfully constrained motion.

In a pair, if there are more than one direction of moment of an element and we
want that element to move in a single direction then we have to apply the external
effort in the system. The time until the external load is not applied the motion
would be incompletely constrained motion. But when we apply an external load to
make the element move in a single direction the motion will become successfully
constrained motion.

Foot step bearing is best example of this motion. In a foot step bearing when the
shaft rotates, it has the tendency to move in upward direction. But with an external
load this upward movement can be controlled or eliminated and desired motion
and direction can be achieved.

6.4. MOTION IN A VERTICAL CIRCLE
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A particle is attached to the end of a tight inextensible string of length I, whose
upper end is tied to a fixed point O, describes the circle in a vertical plane. we
will determine the motion

Fig. 1

2
Let P be the position of the particle at time t. The effective forces are m (372) and
m(v?/]) along the tangent and the normal respectively. The impressed forces on

the particle are mg and T, the tension of the string.

a? _ ‘
Therefore, m (d_tj) =-mgsin® ... (i)
(") =T-mgeosd e (i)

Since s=/6 , equation (i) becomes

aze
142 =

== 9 sin 6.
Integrating this equation , we get,
62
l (E) =2gcosO0+C ...l (1)

Suppose the particle is projected with velocity u from the lowest point A of the
circle, so that when 6=0 the velocity 16 = u.

So, C=2g+cC

Therefore, C= uTZ_ 2g

a6\ ?
12 (E) =2glcos 8 +u?—2gl

Or, v2=u?—-2gl(1—cosB) ................ (iv)



NOTE: Equation (iv) is recognized as the energy equation , for (%) v? —u?) =
the work done against gravity from A to P, which is —mg (height raised) =
—mg(1 — cos 0)

Hence from (ii) we have,
T = m{vl—2+gcosé?}
= m[ul—2 —2g(1—cos@)+gcos@] ............ v)

Equations (iv) and (v) are quite sufficient to give the velocity of the particle and
the tension of the string at any point on the circular path.

From (iv) the velocity vanishes ,
when u? =2gl(1 — cos 9)

u2

or cos =1— (—) ........... (vi)

from (v) T=0 , when

Various cases will arise:-

1. Ifv vanishes before T is zero , the motion is oscillatory.
That is, if the value of 6 given by (vi) is less than that of 0 given by (vii),

. u? 1 u?
1.€. 1_(2_gl) >§{2—E}
or, u? < 2gl

we have the oscillatory motion.

In this case the particle never rises above the diameter of the circle.

2. Ifvand T vanish simultaneously , u? = 2gl and the particle rises up to the
horizontal diameter of the circle.

2 2
3. If T vanishes before v, the conditionis 1 — (Zu_gl) < §{2 - %}

ie. u? > 2gl
In this case the particle rises above the horizontal diameter, and either
leaves the curve at a point where T is zero, or goes right round the circle if
T does not vanish anywhere up to the highest point.
In 4 below it is shown that if u? < 5gl , T is bound to vanish somewhere .
Hence, the condition for leaving the circle is that
u? > 2gl but < 5gl

4. In order that a particle may go round the circle, neither the velocity nor the

tension should vanish at the highest point for which 6=n.
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If T is not to be zero , when 0=n , u? should exceed 5gl, from (v).
Also, v cannot vanish before T if u? > 2gl.

Hence, the condition for making complete revolution is that u* should not
be less than 5gl , when u? = 5gl , T vanishes at the highest point but the
velocity does not and so the circular motion persists, and when u* > 5gl ,
neither v nor T vanishes at the highest point.

2
The tension at the lowest point = m {uT + g}

(from v)
Hence, if u? >5gl,T? > 6mg, i.e. ,the tension at the lowest point must
be greater than 6mg , if the particle is to go right round the circle.

These results equally apply to the motion of a particle moving inside a
smooth vertical circle. We only have to replace T by the reaction of the
curve.

If the motion is outside the circle we have to replace T by —R and see
where R becomes zero , that will give us the point at which the particle
leaves the curve.

If the restraining curve be a smooth circular tube , the particle can never
leave the circular path and hence the condition for a complete revolution is
that v should not vanish when 6=r.

ie. u? > 4gl.

NOTE: It is evident that if the particle rises above the horizontal diameter ,
it will either leave the circular path or go right round it. If it does not rise
so high , the motion is oscillatory

Example 1 : Determine the point D, where the particle after leaving the circular
path cuts it again.

Solution : Suppose the particle leaves the circle at L and describes a parabola
subsequently, which cuts the circle again at D. The direction of the particle at L is
a tangent to both the curves, the circle and the parabola. Therefore the circle and
the parabola touch each other at L.

L(P,Q,R)




Also if the direction of the velocity at L is reversed , the subsequent path would
cut the circle at L as the free parabolic path lies inside the vertical circle and is
symmetrical about a vertical line. Hence at L there is a contact of the second order
between the two curves, and the three points P, Q , R common to both the curves
may be considered to be coincident there. Therefore the circle and the parabola
intersect in four points P, Q, R and D, of which the first three are coincident at L.
As the common chords of a parabola and the cutting circle are equally inclined to
the axis of the parabola , PQ and DR are equally inclined to the vertical line OB;
for this parabola has its axis vertical. But PQ is a tangent to the circle as well as to
the parabola at L. Hence the tangent at L and DL are each making an angle 6 with
a vertical line AOB.

Now we wish to prove that, the arc BD = three times the arc LB.

LetDLcutOBatK. Then, <«DKB=m—0 ; 4mn=§n—e

because ,OL is perpendicular to the tangent L.

Therefore, 2 OLK = £0DK
=0-Gn—0)
=20—-m

Hence , £DOK = «£DKB — £0DK

=(mr—86) —(26—%n>

3 1
=in-30=3(in-0)
=3 times £ BOL

Hence, the arc BD = 3 times the arc LB.

Example 2: Assuming that the particle goes right round the circle , prove that the
sum of the tensions at the ends of any diameter is constant.

2
Solution : The tension at any point P = m{uT —2g+3gcos 6}

(from v)
And the tension at the point which is diametrically opposite to P will be,

m{ul—2—2g+3gcos(€+n)}

2
The sum of these two tensions = 2m (uT -2 g) , which is constant.

Example 3: A heavy particle , hanging vertically from a fixed point by a light
inextensible string of length 1, is stuck by a horizontal blow which imparts to it a
velocity 2\(gl) ; prove that the sting becomes slack when the particle has risen to
a height 2/3(l) above that fixed point and find the height of the highest point of the
parabola subsequently described.

Also find the initial velocity in order that the particle after leaving its circular path
may pass through the centre of the circle described.
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Q

mg

Solution : With the same notation as in sec. 1.1 and the figure above we have,

62 .
12 (E) =2glcos8+C ... )]
When 0 = 0, 16 is the initial velocity , viz., 2V(gl) .
4gl=2gl+C
Or, C=2¢gl
0\?2 .
12 (Z—t) =29l(1 +cos®)  ........... (i)

Now, we have to find that the value of 0 for which the string becomes slack i.e. for
which T is zero.
From (ii) of sec 1.1, T vanishes when,

1;2
12

Substituting the value of v? in (iii) from (ii) , we get
29(1+ cosB) = —g cos B
Or 3cosf = -2
Or cos@=-2/3 (iv)

It follows that 0 lies between %2 m and 7. If A’ be the highest point of the circle and
Q such that

cos A0Q =-2/3
Then

cos A'0Q = —cosA0Q =2/3
And the height of Q above O is lcosA'0Q = gl
The velocity at Q is given by

v? = —lgcosf = glg

2
Or v—\/;lg

and its direction is along the tangent to the circle at Q.

The inclination of the tangent at Q to the horizontal = the inclination of the
normal OQ to the vertical OA’ which is equal to (2/3)I.

Now we have the case of a projectile whose initial velocity is \/;lg and whose

inclination to the horizontal is cos'lg and so the height of the vertex of the

parabolic path Q is



Gloxg) _ st

29 27
Therefore , the height of the vertex of the parabola above the fixed point O is
2 5 23
=-l+=l==1
3 27 27

For second part,

let the initial velocity be u and let the particle rise to a point Q, where ZA’0OQ =0,
let v be the velocity at Q, where the sting becomes slack.

Then the height of Q above the point of projection A = [(1 + cos@).

Therefore % mv? = %mu2 —mg(1 + cos) ,  ( by principle
of energy)
Or v =u?=2lg(1+cosf)  ............... (vi)

Since the string becomes slack at Q,
m(v?/l) =0 —mg cos (m — 6)
For £ZAOQ =m—6 orv®>=Ilgcosd. ... (vii)

ﬁl

/-

A =

A =

Fig. 2

Now the particle leaves the circular path at Q and describes a parabola with the
initial velocity v and the inclination 6 to the horizon.

Taking Q as the origin and QX and QY as the axes, the equation of the parabola
subsequently described is

gx?
2v2c0s2%60
The coordinates of O , the centre , with reference to the axes chosen are (I sin 8, —
lcos 0).

Hence, if the parabola path passes through O,

y=xtanf —

. 1 gl tan?6
—cosf = sinf tanf — 5 gran

Or 2v2(sinf tan@ + cosB) = gl tan?6

2 _ gl sin?6
Or vt = 2cos@
Now from (vi),(vii) and (viii) , by eliminating v, we get the values of u and 0.

From (vii) and (viii)

2

l sin?@
lgcos 6 =2

2cos 6

Or 2 cos?0 = sin*0 =1 —cos? 6 UGMM-105/119
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Or cosd =1/3 ... (ix)
From (vi) and (vii) substituting the value of cos 0 , we get

Y _ 2
N =u?-21g(1+ \/_)
Or ur=1g(2++v3) (x)
This gives the initial velocity of projection.
Also LA0Q =1 -6, where 8 = cos™! (\/%)
Therefore , £A0Q = cos™? (_F;)

Hence, if the initial velocity u be such that u* = lg(Z + \/§) the string becomes

slack when it has described an angle cos™! (_F;)and the subsequent path of the
particle passes through O.

Example 4: A heavy bead slides on a smooth fixed circular wire of radius ‘a’. If it
be projected from the lowest point with the velocity just sufficient to carry it to the
highest point. Prove that the radius through the bead , in time t, will turn through
an angle

2tan™? (sinh\/{g} t)

Solution: With the notation and the first figure of sec 1.1, we have, by principle of
energy,

v =u?—-2ag(1l—cos@) ......... (i)
Where, u? = 4ag.
2
v? = qa? (%) = 2ag(1+ cosB) ...(ii)
e
Hence -~ = \/{2 1+ 6059)}
do g %]
Or E =2 (;) COSE
Therefore %t = 09 . Co‘i 20
Put 1/20 = ¢. \F =2 ij¢
g, _ T ¢ 2¢ _ T ¢ 0
\/;t = [logtan (Z+ ;)]O = [logtan (Z+ " ]o
\/gt = logtan (- + &y (111)
Again ,
cos (19) + sin (19)
— 4 4
log tan (4 1 = log 1 1
cos (Z 9) — sin (Z 9)




T ¢ 6 0
log tan (Z + Z) = log (secz + tan E)

logtan (& + ) = sinh~! (tan d)
4 4 2

Therefore \/% t = sinh™! (tan g)
6 . g

Or tan;—{smht\/;}

Or 6 = 2 tan"!{sinh t\/%}

If 6 =&, equation (iii) gives
t \/% =logtanim , which is infinite.

Hence, t is infinite. That is, the bead will take an infinite time to reach the highest
point.

Example 5: A particle is placed at the highest point of a smooth vertical circle of
radius ‘a’ and is allowed to slide down starting with a negligible velocity. Prove
that it will leave the circle after describing vertically a distance equal to one-third
of the radius. Find the position of the directrix and the focus of parabola
subsequently described and show that its latus rectum is 16a/27.

Solution : Let O be the centre and A the highest point of the circle. Let P be a
position of the particle , where ZAOP=0.
Then, by principle of energy , we get,
v? = 2ag(1 — cos 6)
Where, v is the velocity of the particle at P.

a6\ .
Or a? (E) =2ag(l1—cos®) ... (1)
Also if R be the reaction of the curve and m be the mass of the particle,
mo? _ mgcos@ —R ... (i1)
Or R =mgcosO —2mg(1 —cos@) (byi)
R=mg(3cosf —2) .......... (ii1)

The particle leaves the curve when R=0 , i.e., when cos 8 = % Therefore the depth
of the point at which the particle leaves the curve below A

=a(l— cosh) = § a, (since, cos@ = 2)

The velocity with which the particle leaves the curve is given by (i)
ie. v? = 2ag(1 —cos @) = gag ...... (iv)
The direction of this velocity is along the tangent to the circle and hence it makes

12 12

an angle cos™ 3 with the horizontal, for the normal makes an angle 6 =cos™ 3

with the vertical.
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Let Q be the point where the particle leaves the curve. Then the velocity at Q is
that due to a fall from the height A. hence the directrix of the parabola
subsequently described is a horizontal line through A.

The horizontal component of velocity at Q = vcos8 2A0Q = %v.

Therefore , the latus rectum ==

2v2 cos?

Check your progress

1.

A heavy particle of weight W , attached to a fixed point by a light
weight inextensible string describes a circle in a vertical plane. The
tension of the string has values mW and nW respectively when the
particle is at the highest and the lowest path . Show that n=m+6.

A particle is hanging from affixed point O by means of a light string of
length ‘a’. There is a smooth nail at O’ in the same horizontal line with
O at a distance b(<a) from O. Find the minimum velocity with which
the particle should be projected from the lowest position in order that
if it may make a complete revolution round the nail without the string
the string becoming slack.

A particle moves under gravity in a vertical circle, sliding down the
convex side of a smooth circular arc . If its initial velocity is that due to
a fall to the starting point from a height h above the centre , show that
it will fly off the circle when at a height 2/3h above the centre.

A particle at the end of a string of length 1, the upper end of which is
fixed , is projected horizontally with a velocity which is k times that
due to fall through 1. If the particle leaves the circular path , Show that
it does so at a height 1/3/(1+2k’) above the lowest point. Also find the
greatest height the particle attains during its entire motion.

A heavy particle slides under gravity down the inside of a smooth
circular tube held in a vertical plane. It starts from the highest point
with the velocity V(2ga) , where a is the radius of circle. Prove that
when in the subsequent motion the vertical component of its
acceleration is a maximum, the pressure on the curve is equal to twice
the weight of the particle.

6.5. CYCLOIDAL MOTION

Suppose a particle of mass m is moving on a vertical smooth plane Cycloid whose

equation is

s =4asing. &Vertex downwards :

Let the particle be at P in time t



Resolving along the tangent we have,

md®s _ mg sin
a2 9 .
Or s _ _ sing. = —g—
dt? g ®- 9 4a

This represents a simple harmonic motion . The periodic time (T) is

T= 47T\/E
g

which is independent of the amplitude. From whatever point the particle may be
allowed to fall down , the periodic time remains the same.

Such a motion is called Isochronus Motion.

If a particle starts from P , it passes the lowest point , rises on the other side to a
point P’ such that AP’=AP and then retraces its path.

p-"
mgcos\y

mgsity, mg

This motion is oscillatory between P and P’ , wherever P may be chosen on the
arc.

6.6. CYCLOIDAL PENDULUM

If the bob of the pendulum can be made to describe the arc of a cycloid , the
periodic time will be the same whatever be the extent of swing.

Let s = 4a sin ¢ , be the equation of cycloid.

Then in Differential calculus it is proved that the evolute of the cycloid consists of
two halves of an equal cycloid.
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Hence, the evolute of the arc CAC’ consists of the arcs CA’” and C’A’ , which are
respectively the left and the right halves of a cycloid equal to CAC’ , and so the

arc CA’=arc C’4’ = arc CA

Now, AA’= twice the height of C above A , i.e. , 4a. Let the bob be at P and let the
upper end of the string of length 4a be attached to A’. When the bob is let fall , the
string is always normal to the lower cycloid and the tangent to one of the arcs CA’
and A’C’ .

Hence P describes the involute of the curve consisting of the arcs CA’” and C’A’.
That is, P moves on the cycloid CAC’. The periodic time is independent of the
extent of swing. The system is called a cycloidal pendulum.

6.7. CYCLOIDAL PROPERTIES

If the tangent at the vertex be taken as the x-axis and the axis of cycloid be taken
as y-axis , the equation of the curve in the Cartesian coordinates is

x=a(@ +sinf) , y=a(l—cosh), where, 0=
0
gives the vertex.
Then dx =a(l+ cosf) dO and dy = asin8df
_ay _ asinf _ g
Therefore tang =--= aiicost) tan -
6 .
Therefore, == (1)
ds\2 _ (ax 2 dy 2
Also () = (&) +(@)
2
(Z—Z) = a*(1+ cos 0)* + a’*sin*0 = 4a? coszg



ds 0
Therefore — = 2acos—
dae 2

Or ds = 2a cosg df = 4acos @ do from (i)
Hence s =4asing , the constant of integration vanishing.

This is intrinsic equation of the curve.

Drop PN perpendicular from P on the axis of the cycloid cutting the generating
circle placed at the vertex P’. If 6 be the angle turned through by the circle in
reaching P, 2ZP’CA=0 and 2P’ BA=1/2 6 , which is equal to the angle P’AX.

But we have proved that Q= %0.
Hence AP’ is parallel to the tangent at P. Also, the chord AP’ = 2a sin % 0
= 2asing
1 .
=3 (4asin )
1
=3 (arc AP)
Now, p= Z—; =4acosp = 4a cos%@ which is twice the chord BP’.

Since the tangent at P is parallel to the chord AP’ the normal at P is parallel to the
chord BP’ which is perpendicular to AP’. Therefore, the radius of curvature at P is
parallel to the chord BP’ and is twice this chord.

Again, PN =x =a(6 +sin8),

P'N = P'Csinf =asinf

Therefore , PP’ = aB = arc AP’
Lastly, y = a(l — cos) = 2a sinZ%H = 2a sin*p = ;—Z
Therefore , s = ,/8ay

These results can be summed up as follows :

1. The tangent at P is parallel to the chord AP’ and the arc AP is twice the
total chord AP’.

2. The radius of curvature at P is parallel to the chord BP’ and is twice its
length.
The distance PP’ is equal to the arc AP’.

3.
4. s= ,/8ay
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Example 1: A particle is allowed to fall down the arc of a smooth cycloid, whose
axis is vertical and vertex upwards. It starts with a negligible velocity from the
highest point. Prove that it will leave the curve, when it has fallen through half the
vertical height of the cycloid. Also find the latus rectum of the parabola
subsequently.

Solution :

Taking the vertex as the pole and the tangent at it as the initial line , the equation
of cycloid is

s =4asing

Th &~ ngsi i

en m—s=mgsing ... (1)
And m;:z =mgcosp —R ... (i1)
. dv _ . _gs

From (1) v—=gsing =—

Therefore =9 (i)
4a

the constant of integration vanishes , since s and v vanish together.

Also p =Z—;= 4acos @

Therefore the equation (ii) gives

R~ COoS v?

m 9 ¢ 4acose

R x16a?sin?

m 4ax4acos®

R = (cos sin’ <p) (iv)
m g ) cosp )

UGMM-105/126 The particle will leave the curve when R vanishes. That is , when



cos @ —
4 cosp
cos2
or 2529 -0
cos@
or =z
Y =3

that is , the tangent to the curve at the point where the particle leaves it, is inclined
to the horizon at an angle of 45°.

Now, y being Y4 7, the depth y=a , since y = a(1 — cosg) i.e. the particle leaves

the curve when it has fallen through half the vertical height of the cycloid .Also the
velocity at the time of leaving is V(2ag) ,

and its horizontal component = ,/2ag cos ¥4t = ,/ag

The length of the latus rectum of the parabola subsequently described is

. o 1
Note: The vertical component of the velocity is /2ag sin—m = /ag.

The depth of the horizontal plane through the base of the cycloid below the point
where the particle leaves the curve is a.

Therefore the time t of striking this horizontal plane after leaving the curve is
given by

a=.(ag)t + %gt2
t=(V3-1) ﬁ

Example 2: Two particles are let drop the cusp of a cycloid down the curve at an
interval of time T. Prove that they will meet at a time

Zn\/E+ET
g 2

Where, a is the radius of the generating circle.
Solution: Let a particle of mass m, starting from rest at the cusp, slide down the
cycloid. Suppose at an instant t when it is at P(x,y), its velocity is v. Then, by

energy equation,

%mv2 —0=mgQa-y)

Or v2=Zg(2a—g)
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as\? _ g 2 _ 2
Or (dt) = (16a* —s*)

Or % = _\/{:;a (16a2 — s2 )}

the sign before the radical being negative , because s decreases as t increases.

s —ds _rt g
f4a\/(16a2—52)_f0 4at

Integration gives,

Or cos - —= |—t

Or s = 4a cos ’it
4a

Suppose that the two particles meet after a time t measured after the first particle
started. Then the second particle moves for the time t-T. Therefore, in order that
the two particles meet , we must have,

s=4acos\[%t=4acos [\/%t—T)]
Or Jgt=2n—[\/:4a7(t—T)]
Or 2\/%t=2n+\/gT
Or t=\/§[2n+%\/éT)]

Or t=2nJ§+1T.
g 2

SLQ

1. A heavy particle slides down a smooth cycloid starting from rest at the
cusp , the axis being vertical and vertex downward . Prove that the
magnitude of the acceleration of the particle is equal to g at every point of
its path and that when it arrives at the vertex the pressure on the curve is
equal to twice the weight of the particle.

2. Show that a cycloid can be a free path for a particle acted on each point by
a constant force parallel to the corresponding radius of the generating

UGMM-105/128 circle, this circle being placed at the vertex.



3. A particle falls down a cycloid under its own weight . If it starts from a

start.

point on the cycloid whose height above the vertex is h, with a velocity
due to fall through h. Show that it will attain the same height as it started
from, first in time

ST
{2//2gh}

where s denotes the arcual distance between the vertex and the point of

4. A particle is moving on a smooth curve under gravity and its velocity

varies as the arcual distance from the highest point. Prove that the curve
must be a cycloid.

6.8. SUMMARY

Constrained motion and types of Constrained motion is explained. Motion is a
vertical circle from the lowest point and from the highest point. Motion of a
particle in a cycloid whose plane is vertical and vertex downwards and also when
the vertex is upwards.

6.9. TERMINAL QUESTIONS

l.

A particle moves along the arc of a cycloid is such a manner that the
tangent at it rotates with content angular velocity. Show that the
acceleration of the moving point is constant in magnitude.

A particle slides down the are of a smooth cycloid whose axis is vertical &
vertex lowest prove that the time of falling down the first half of the
vertical height is equal to the line of falling down the second half.

A particle is projected with velocity V from the cusp of a smooth inverted
cycloid down the are show that time of reaching the vertex is

2\/% tan™! [@]
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Unit - 7 : Motion under central forces, central orbit
conservation of angular momentum, areal velocity,
Kepler’s laws of motion, differential equation to the path
of a particle.

Structure

7.1.  Introduction

7.2.  Objectives

7.3.  Motion under central forces and Central orbit
7.4 . Differential equation of a central orbit

7.5. Angular momentum or moment of momentum and areal velocity
7.6 . Kepler’s laws of motion

7.7.  Velocity from Infinity

7.8  Velocity in a Circle

7.9.  Motion under central forces

7.10. Given the Law of Force, to Find the Orbit
7.11.  Solved example

7.12.  Summery

7.13.  Terminal questions



7.1. Introduction

We discussed motion under central forces and central orbit and we have
discussed orbital velocity is related to conservation of angular velocity and we
discussed hyperbolic and parabolic orbits and there are many theorem related to
the central force and central orbits and some important result and also discussed
kepler’s law of motion and related to important topic and question.

7.2. Objectives

After reading this unit students should be able to

e Define and evaluate the motion under central forces and determine the
period of an elliptical orbital.

e Describe how orbital velocity is related to conservation of angular
momentum.

e Understand kepler’s law of motion.

e Describe the conic selections and how they relate for.

® Understand differential equation of the path of a particle.

7.3. Motion under central forces and Central orbit

A force whose line of action always passes through a fixed point is called a
central force. The fixed point is known as the centre of force.

Central orbit path is described by a particle moving under the action of a central
force is known as central orbit and it is a plane curve.

Theorem: A central orbit is always a plane curve.

Solve. Take the central of force O as the origin of vectors. Let P be the position

. . . . . ~ - d3r .
of a particle moving in a central orbit at any time t and let OP = r. Then d—tzr is

the expression for the acceleration vector of the particle at the point P. Since the
particle moves under the action of a central force with centre at O, therefore the
only force acting on the particle at P is along the line OP or PO so the

acceleration vector of P is parallel to the vector OP.

P

Py
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dez . - dzr
&~ — isparalleltor > — Xr =
3z 1S paralle to e 0

d?r dr  dr_ dr dr _
> @XTH X0 |+ Tx=0]
d(drx) 0
> —|—Xr]|=
dt\dt
dr

= -, X I = a constant vector= h, say taking dot product of both sides of (1) with

the vector r, we get

(Gxr)=rn
r da r|=r

But the left hand member is scalar triple product involving two equal vectors,
and so it vanishes,

Which shows that r is always perpendicular to a constant vector h. Thus the
radius vector OP is always perpendicular to a fixed direction. and hence lies in a
plane. Therefore the path P is a plane curve.

7.4. Differential equation of a central orbit

Example 1 : A particle moves in a plane with an acceleration which is always
directed to a fixed point O in the plane to obtain the differential equation of the
path.

Solve. Let a particle move in a plane with an acceleration P which is always
directed to a fixed point O in the plan. Take the centre O force O as the pole. Let
OX be the initial line and (r, 8) be the co-ordinates of the position P of the
moving particle at any instant t.

P(7,0)




Since the acceleration of the particle is always directed towards the pole O,
Therefore the particle has only the radial acceleration and the transverse
component of the acceleration of the particle is always zero. So the equation of
motion of the particle at the point P is the radial acceleration. i.e.

ﬁ—r(ﬁ)z =P (1)

dt? dt

The negative sign has been taken because the radial acceleration P is in the
direction of r decreasing and the transverse acceleration i.e.

li(rz ﬁ) =0 )

rdt dt

a(.2d9) _
from(2) we get ” (r dt) =0

integrating we get

246

= constant = h (3)
dt

r

Letr=l

u

now from (3), we get

dé h s
—_— = —=nu
dt r?
ar_ _Adu_ _1duds_ _ idu p  _,du
also at  u?dt  u?d dt uzdeuh_ hde
d?r _ d’u de _ d*u , 50N o d*u
AN atz hd92 a hdez(u h) = —h*u 62
Substituting in (1), we get-
du 1
—h*u?— — —- (uth)? = =P
do? u( )
2,282 | 122 _
or h*u® —> + h*u® = P
d?u _ P 4
or 0 TV )

Which is the differential equation of a central orbit in polar form referred to the
centre of force as the pole.

Pedal form:- If P is the length of the perpendicular drawn from the origin upon
the tangent at the point P, we get

Pz_rz-l_r_4

1 1 1 (dr>2
de
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But = 1 . Therefore du _ _tdr

r do r2 do
o () =)
~\ag) T rt\as
2
1 2 (du)
—=u — 5
50 3 % (5)

Differential both sides of (5) with respect to 8 we get

—2dp du _du d*u du d*u
+2———=2—(u+-—

— L —u—
p3 do dé do doz dg dg?
-1d du
or TP
p3df  df hZu?
or -1 dpdr _ (—1 dr)( p ) { du _ -1 dr}
p3 drdé \r2df) \h2u? "de r2de
or 1_dP_1_P_u2_P_P
P3 dr 1?2 hZ2u? h2u? = h2
h? dpP
or =——
P3 dr

Which is the differential equation of a central orbit in pedal form.

Check your progress report

Question1. To derive the differential equation of the path in terms of P and
r(pedal equation) where P is the perpendicular length from O upon the tangent at
P.

Question2. Show that the law of force when the orbit is r = asiné, is

hZ

2n%a®> n?-1
rs r3

Question3. Prove that in the following cases of the central orbits:-

(D) The curve r = Acosnf + Bsinnf

u
f - r2n+3

(II) Circle, Pole on the circumference:
r = acoso, f=—

(1) Cardioid: r = a(1 + cosh), f ==

r4
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7.5. Angular momentum or moment of momentum and areal
velocity

. sy .
The expression 12 (E) is called the angular momentum or the moment of
momentum about the pole O of a particle of unit mass moving in plane curve

since in a central orbit the angular momentum is conserved.

In every central orbit, the sectorial area traced out by the radius vector to
the centre of force increase uniformly per unit of time and the linear
velocity varies inversely as the perpendicular from the centre upon the
tangent to the path.

Take the centre of force O as the pole and OX as the initial line. Let P(r,6) and
6(r + 6r,0 + 56) be the position of a particle moving in a central orbit at times
t and t+4¢ respectivity.

Y

Sectorial area OPQ de
 The point Q is vei
we have to

the AOPQ

=§0P-0an4P0Q

%r(r + 67)sindo

=~ rate of description of the sectorial area

~ sectorial area OPQ
= lim
5t—0 ot

1 .
— Tim — sind6o
= ééi“o 5 r(r+ 6r) /&

o1 sindg 86 _ 1 _,df _ 1 a9
=lim=r(r+6r) — —=-r>—== ['.'r2—= ]
§t—02 ( +6) 66 6t 2 dt h dt h

. : : : h
Thus the rate of description of the sectorial area is constant and is equal to > UGMM-105/135
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The rate of description of the sectorial area is also called areal velocity of the
particle about the fixed point O.

Again for a central orbit, we get

40 _,
Tar T
,d0ds L , do
Tasar T Al
ds
=V (i.e.the linear velocity)]

But from differential calculus, we get

o _
rds—sm

Where 0 is the angle between the radius vector and the tangent

o rsino =P
dS—TSlTl =

7,.2

Where P is the length of the perpendicular drawn from the pole O on the tangent
atP

putting 12 (%) = Pin (2), we get

vP=h
h
or v=- 3)
1
oc_
VeP

i.e. The linear velocity at P varies inversely as the perpendicular from the fixed
point upon the tangent to the path.

2

h
from(3), we have v? = =

2 2
A _ 1 1far\t_ 2 (d_“)
BUtpz_r2+r4(a9) ut+ de

v? = h? [uz + (Z—’;)z] )

The equation gives the linear velocity at any point of the path of a central orbit.



Elliptic orbit (Focus as the centre of force)

A particle moves in an ellipse under a force which is always directed towards its
focus:- to find

iy

(1) The law of force
(ii) The velocity at any point of its path
(ii1) The periodic time.

We know that the polar equation of an ellipse referred to its focus ---- as pole is.

!
—=1+ecosO
r
or u =%+%cos@ (1)
where u= % differentiating, (1)
- 2, -
we get 2 5inf and L2 = 2 cosh

de l dg? l

(1) Law of force:-

we know that the differential equation of a central orbit as pole is

Where P is the central acceleration assumed to be attractive.

= p2y2 [y 4 B
Now here P = h*u [u+a92]

UGMM-105/137



e e
= h?u? 7 + 70056 - 70059

o d?u
Substituting for u and ——>
h?/
_ h*u? l_ K
2
where u=— or h? = pul (3)

l

P x ri From (2)

2

Hence the acceleration varies inversely as the square of the distance of the
particle from the focus also the force is attractive because the value of P is
positive.

(ii) Velocity:-

We know that the velocity in a central orbit is given by

2 = 2 [uz + (du/d9>2]

2

1 e 2 —e
. 2 _2|({2. % :
~ here v =h l(l +lc059> +(l sme)

]

,[1, 2e e?
=h l—2+l—2C089+l—2

h?[1+e? 2ecosh
B

[ safe-)

_ls 1—62_ 2 1—¢2
TR T T TR T T

If 2a and 2b are the lengths of the major and minor axis of the ellipse we get

| = the semi — latus rectum

b?  a*(1-e?)
—=———"=0qa(1-¢?)
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. (1—62)_ 1
T TG
2 1
v =7 )

Which gives the velocity of the particle at any point of its path.

Equation (4) shows that the magnitude of the velocity at any point of the path
depends only on the distance from the focus and that it is independent of the

direction of the motion. also v? < 27”

(iii) Periodic time:-

We know that in a central orbit the rate of description of the sectorial area is
constant and is equal to h/z. Let T be the time period for one complete

revolution i.e. the time taken by the particle in describing the whole of the
ellipse. The sectorial area traced in describing the whole arc of the ellipse is
equal to the whole area of the ellipse.

T(h/z) = the whole arc of the ellipse = mab

2mab 2mab
T = =

= h? = pl]
__2mab [ _p
k(@) & °
or T= 2na’s
N

i.e. The time period for one complete revolution is proportional to &~ /. - a being
semi-major axis.

Hvperbolic and parabolic orbits:-

(i) Hyperbolic orbit:- In the case of hyperbola, we get e > 1

2 2_
also l:b_ZZM:a(Qz_l)
a a

: s 2 =£
from equation (3), we have P = " where h ; UGMM-105/139
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[Note this result does not depend upon the value of e]

Also proceeding as in establishing the result (4), we get here

, 2+e2—1
v _Mr l
or vzzu[§+ﬂ

Note that here v? > 27“

(ii) Parabolic orbit:- In this case e = 1 proceeding as in equation (3) we get
here

7.6. Kepler’s laws of motion

The great astronomer kepler, after many years of hard work, discovered
following three laws connecting the motion of the various planets about the sun

(1)  Each planet describes an ellipse having the sun at one of its foci.

(2)  The areas described by the radius drawn from the planet to the Sun
are in the sam orbit, proportional to the times of describing them.

(3)  The squares of the periodic times of various planets are proportional
to the cubes of the major axes of their orbits.

Deductions from Kepler’s laws:-

(1) In this chapter we have already proved in elliptic orbit ( Focus as the centre
of force ) that if the orbit is an ellipse under an acceleration towards one of its
foci, then the law of acceleration is that of the inverse square of the distance
from the focus ( Centre of force ). Hence from the first Kepler’s law we
conclude that the acceleration of each planet towards the sun varies inversely as
the square of its distance from the Sun.

(2) According to the Kepler’s second law the rate of description of sectorial area
is constant which is true only in central orbits. Hence from the second Kepler’s
law we conclude that the acceleration of the planet and therefore the force on it
is directed towards the Sun.

(3) The periodic time T of a closed central orbit under inverse square law is
given by



_area of the ellipse (i.e.the cure be described )

rate of description of the sectorial area.

_nab_ mab B 2rab
1,1~ B
2t 2 (%))

3

_2na§

Y

But according to the Kepler’s third law T2 « a3 from which it follows that u
is constant. Hence from the Kepler’s third law we conclude that ‘the absolute
acceleration p is the same for all the planets.’

Some important Geometrical properties of an ellipse:-

In this adjoining figure S and H are two foci of the ellipse and C is the centre of
the ellipse.

1. The product of the perpendiculars drawn from the foci on the tangent at any
point of an ellipse is constant and is equal to the square of the semi minor axis of
the ellipse i.e.

SM.HN = b?

2. The sum of the focal distance of any point on an ellipse is equal to the 2a,
where 2a is the length of the major axis of the ellipse. Thus

SP + HP = 2a
. . b2
3. The length of the latus rectum of an ellipse is 2(;) where
b? = a%(1 - e?)

e being the eccentricity of the ellipse.

A’
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4. The tangent at any point P of an ellipse is equally to the focal radie SP and HP
of the point.

7.7. Velocity from Infinity

In connection with the central orbits by the phrase ‘velocity from infinity at any
point’ we mean the velocity that a particle would acquire if it moved from rest at
infinity in a straight line to that point under the action of an attractive force in
accordance with the law associated with the orbit.

Let us consider a particle falls from rest from infinity in a straight line under the

action of a central attractive acceleration P directed toward the centre of force
0.

Let Q be the position of the particle at any time ¢, where OQ = r.

Late suppose is the velocity of the particle at Q. The expression for acceleration
at the point Q is v(dv/dr).

The equation of motion of the particle at the point Q is

dv p
v— = —P.

dr
[—ive sign has been taken because the acceleration

P isin the direction of r decreasing]

or vdv =—Pdr. (1)

Let V be the velocity acquired in falling from rest at infinity to a point distant a
from the centre of force O. Then integrating (1) from infinity to the point r=a,

we get
%4 a
j vdv = —J Pdr
0 0%
or %VZ =—[Pdr
or V:i=-2 fo:P dr, (Remember)



which gives the velocity from infinity at a distance a from the centre of force
while moving under the central acceleration P associated with the orbit.

7.8. Velocity in a Circle

The phrase ‘velocity in a circle” at any point of a central orbit means the velocity
necessary to describe a circle, passing thought that point and with centre at the
centre of force, while moving under the action of the pole. Let P be the centre of
force O as the pole. Let P be the central acceleration, directed towards O, at any
point P of the orbit where OP=r. Let v is the velocity in a circle at P. Then v is
the velocity at the point P of a particle which moves, under the same central
acceleration P, in a circle with centre at O. But for a circle with centre at the
pole O, the radius vector OP is also normal to the circle at P. Therefore the
central radial acceleration P

= the inward normal acceleration v? [p

ie. p=v? [/r [+ forthecircl,p=r7]

v? =1P (Remember)

Thus while moving under a central attractive acceleration P, the velocity V' in a
circle at a distance a from the centre of force is given by

V?=a. [P]r=a.
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7.9. Motion under central forces

1. Apse : An apse is a point on the central orbit at which the radius vector
from the centre of force to the point has a maximum or minimum value.

(Lucknow 2007, 10 ; Rohilkhand 07; Avadh 09)

2. Apsidal Distance : The length of the radius vector at an apse is called an

apsidal distance.
(Lucknow 2007, 10 ; Rohilkhand 07; Avadh 09)

3. Apsidal Angle : The angle between two consecutive apsidal distance is
called an apsidal angle.
(Lucknow 2007, 10 ; Rohilkhand 07; Avadh 09)

7.10. Given the Law of Force, to Find the Orbit

For solving such a problem we substitute he given expression for P in the
differential equation

d?u

ﬁ+u

P

)

h2

We know that referred to the centre of force as pole, the differential equation of
a central orbit is
d*u P

d9z T4 T e

where P is the central acceleration assumed to be attractive.

From the given equation of the orbit we can easily calculate u and d? u/d6?
and substituting their values in (1) we can determine P. Thus we find the law of
force. If the value of P is positive, the force is attractive and if the value of P is
negative, the force is repulsive.

Case . The equation of the orbit being given in the pedal form (p,r)
(Age 2007)

The differential equation of a central orbit in (p,7) form is

h%d
—L=p
p3dr

From the given equation of the orbit in (p,7) form, we can find out dp / dr and
then substituting its value in (2) we can determine P.



7.11. Solved example

Example. 1:- If the central orbit is 7™ = a"cosn6
a™u"cosnf =1
Taking log on both sides we get
aloga + nlogu + logn6 = log1
Differential this we get

ndu

= ntan or 2% = utanng
udg—nan Ordg—uann

Differentiating again, we get

TU_ a0 D 4 musectng
d@z_ ann 40 nusec n

= utan®n6 + nusec?’né
= u[tan®nB + nsec?*nb]

2
so that ZTZ +u = u[l + tan?n6 + nsec?n0]

= u[sec®nB + nsec?*néb]
=u(n+ sec’nb = a>™u?"*'(n+ 1)
— (TL + 1)a2nu2n+1

I tral orbit ¢ fo_du
n a central orbit, we ge ===

Therefore hf (n + Da*u?™*1  or

24,2 =
f — (TL + 1)h2a2nu2n+3

. __ (n+1)h2a2"
Le. f=—Fmm

Example. 2: If v; and v, are the linear velocities of a planet when it is
respectively nearest and farthest from the Sun, Prove that

1-ev,=0+e)v,
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Solution: The path of a planet is an ellipse with the Sun at its focus. Therefore
the velocity v of the planet at a distance r from the focus S

(the Sun) is givenby v? = pu G _ l)

a

Let v; and v, be the velocities of the planet at the points A and A’

which are nearest and farthest from the Sun at S, then A,
r=SA=CA-CS=a—-ae,v=1,

andat A, 7 =SA' =CS+CA =ae+a,v =",

Substituting these values in (1) , we get

V%=u(

a—ae a a(l—e) | a(l1-e)

2 1)_ {2—(1—e)}_u(1+e)
=p

V§=ll< : l)=u{2_(1+e)} u(l—e)

ae+a a a(l+e) a(l+e)
Dividi ¢ v_f _ (1+e)? vy _ 1te
ividing, we ge 7= (o o = 1e
or (1-e)v; =1 +e)vi

A

Nl

Example. 3:- Find the law of force towards the pole under which the curve

b?  2a . .
— = — — lis described
P r

UGMM-105/146 Solution:- The equation of the given central orbit is



2
=1 (1)

p2 r

(1) Is the pedal equation of an ellipse referred to the focus as pole differentiating
both sides of (1) with respect to ‘r’ we get

ZbZdP_ 2a hzdP_ a h?

a2 g b

_thP_ah2 1
T P3dr  b? r2

Thus P « riz 1.e. the acceleration varies inversely as the square of the distance

from the focus of the ellipse.

Example. 4:- If w be the angular velocity of a planet at the nearer end of the
major axis, prove that its period is

milery

Solution:- For the motion of a planet in a central orbit there is no transversal
component of the acceleration. Thus

1d ( ) d9> _ 0
rdt\' dt)
integrating it, we get
deo
r? e h(constant) (1)

Here r = a — ae, since the planet is at the nearer end of the major axis.
Therefore, from (1) we get

(a—ae)>w=h (2)
Further, h? = ”sz
2 1-— 2
M) aa-ey )

a
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from (2) and (3), we get

a*(1—e)*w? = u(1 — e?)

2

or u=a3(1—e)31+e

_2ma® _ 2m {1+e}

therefore, =52 = wAlies

Example. 5:- Show that the velocity of a planet at any point of its orbit is the
same as it would hare been if it had fallen to that point from rest at a distance
from the Sun equal to the length of major axis.

Solution:- We know that the velocity at a planet at any point of its orbit is

2_(2 1)
vERG TS

Further, If the particle falls to the Sun under inverse square law from a distance
2a to the distance r ( measured from the Sun ), then the equation of motion is

given by

d?x U

de? x?
Multiplying both sides by 2 Z—f and then integrating, we get

dx\* r 11"
had :—zf Mo dx =2 H
(dt) ) /xz ﬂxm

a

vi=u-2) @

r o a
When v, is the velocity at the point distant r from the Sun
from (1) and (2) we get

V=

Example. 6 : A4 particle moves with a central acceleration which varies

inversely as the cube of the distance. If it be projected from the origin with a
velocity which is V2 times the velocity for a circle of radius a, show that
equation to its path is r cos (8/ V2) = a.

(Kanpur 2007 ; Rohilkhand 10; Purvanchal 08)



Solution:- Here the central acceleration varies inversely as the cube of the

distance

, U .
i.e P =—=uu3 wherepuisaconstant.

r3
If V is the velocity for a circle of radius @, then

2

U
7=[P]r=a=5

or V =V(u/a?).
the velocity of projection viV2V = V(2u/a?).

The differential equation of the path is

B2 d’u|] P pu®
Yder| T T e TH
Multiplying both side by 2(du/d6) and integrating, we have

du
v? =h2[u2+<@) l=uu2+A.

where A4 is a constant.
. ) 1 du
But initial whenr = ai.e.,u = —,— = 0 (at an apse),
a db
and v = v, =V(2u/a?)
from (1), we have
2U 1 U
=[] =+
h? =2uand A = u/a?.

Substituting the values of h? and 4 in (1), we have

du\” u
Zulu2+<ﬁ) l=uu2+g

dun? 1 X " 1 — a?u?
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du
—_— = — g2
or \/Zade V(1 — a?u?)

ﬁ_ a du
V2 V(1 - a2u?)

or

Intergrating, (8/v2) + B = sin~!(aw), where B is a Constant.

But initially, whenu =—-,6 = 0.

S

1
B: '_11:— .
Sin ZT[

(£> + 11'[ = 1sin‘l(au)

V2) T2 T2
=7 =sinfyme (35)
or au—r—sm 21'[ \/?

0
or a=rcos|—=|,
@

whichis the required equation of the path.

7.12. Summary

Definition of central force and central orbit and A particle moves in a plane with
an acceleration which is always directed to a fixed point O in the plane to obtain
the differential equation of the path is described and elliptic orbits, angular,
momentum and areal velocity are discussed and Kepler’s law of motion and
some important geometrical properties of in ellipse are also discussed. Example
to be done with the help of LHL and RHL are also provided for better
understanding.

7.13. Terminal Question

Q. 1. A particle describes a circle pole on its circumference, under a force P to
the pole. Find the law of force.

.2. A particle describes the curve r = asinn® under a force P to the pole. Find
the law of force.



Q.3. A particle moves with a central acceleration 5 1t is projected with

(distance)
velocity V at a distance R. Show that its path is rectangular hyperbola if the
angle of projection is

Q.4. If the velocity of the earth at any point of its orbit, assumed to be circular,
were increased by about one-half, prove that it would describe a parabola about
the Sun as focus.

Q. 5. find the law of force towards the pole under which the following curves

are described.

() au = e™

(i) r = qefcote
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