Bachelor of Science

/'| | A 7 T W | \

aF e R o Linear Algebra
Linear Algebra
Block -1 Vector Spaces 3
Unit-1 Vector Spaces 5
Unit-2 D’ Alembert Principle 30
Unit-3 Basis, Dimension and Quotient Spaces 56
Unit—4 Dual Vector Space 91
Block -2 Matrix 105
Unit-5 Matrices 107
Unit-6 Rank of a Matrix 129
Unit-7 Determinants 150
Unit-8 Eigen vector and eigen space 164
Block - 3 Characteristic polynomial Inner product

Space Bilinear, quadratic forms 181
Unit-9 Characteristic polynomial of a matrix 183
Unit - 10 Inner Products space 197

Unit - 11 Bilinear, Quadratic & Hermitian Forms 220




UGMM-107: Linear Algebra

Unit 1:- Binary operations, Field, Examples: Q,R,C, Z, (p, a prime) of fields. Definition of
vector space, Some basic propertics of & vector space, Vector subspace , Subspace spanned
by a subsets with examples. Lincarly dependence and independence of a subset.Finite
dimengional vector spaces,

Unit 2:- Basis of a vector gpace, Dimengion of a vector space, finite dimensional vector space,
linear sum and direct sum of subspaces, Quotient spaces.

Unit 3:- Linear transformations:- Definition exampleg and some properties, Linear transformations
and Isomorphism of vector spaces, Null space and range space. Rank and Nullity of a
linear transformations, Fundamental theorem of vector space homomorphism, Rank-
Nullity theorem, Non singular, Invertible trangformations.

Unit 4:- Hom (V, W) as a vector space, dual space V' of a vector space V, Dual basis of a vector
space with examples, Transpose of a linear transformations. Annihilator of a subset of a
vector space, Rank of transpose of a linear transformations.

Unit 5:- Matrix representation of a linear transformations, equality, Algebra of matrices,
Multiplication of matrices. Vector space of all m x n matrices over a field. Ring of all n-
squar¢ matrices. Invertible matrices (or Non-singular matrix), Transpose of matrix,
Equivalent matrices, Similar Matrices, and Orthogonal matrices.

Unit 6:- Rank of a matrix, Row rank and columm rank of a matrix, Elementary matrices,
elementary row and column operations of a matrix , elementary matrices, Noermal form of
a mafrix, Echelon form of matrix, Inverse of 4 non gingular matrix, Determinantal rank of
a matrix. Non homogeneous and homogenesous linear equations,

Unit 7:- Determinant of a square matrix, Cofactor of an element of a determinant, Properties of a
determinant, minor of an element of a determinant, Evaluation of a determinant. Laplace
expansion of a determinant. Preduct of two determinants( all statements without proof)

Unit 8:- Adjoint of a n- square matrix. Inverse of a matrix of a non-singular matrix by using
adjoint of the matrix. Characteristic roots or Eigen values of a linear transformation and
Eigen vector and Eigen space.

Unit 9:- Characteristic polynomial of a matrix, Diagonalization of a matrix, Caley - Hamilton
theorem. Inverse of a mairix of a non singular matrix by Caley — Hamilton theorem.
Characteristic polynomial of a linear transformation, Minimal polynomial, Hermitian
Matrix, characteristic roots of a complex [Hermitian matrix.

Unit 10:- Inner product space: Definition and examples of inner product, length of a vector,
Cauchy Schwarz inequality, distance between two vectors, angle between two vectors,
Orthogonel and ortho normal sets.

Unit 11:- Bilinear, quadratfic and Hermitian forms, bilinear form on a vector space V. Quadratic
forms, matrix of quadratic form, normal form or canonical form.



Bachelor of Science

/'| | A 7 T W | \

Uttar Pradesh hi Tond :
T o - ooy Linear Algebra

BLOCK
Unit-1 Vector Spaces 5
Unit-2 D’ Alembert Principle 3o
Unit-3 Basis, Dimension and Quotient Spaces 56
Unit—4 Dual Vector Space %1

UGMM-107/3



UGMM - 107
Course Design Committee

Prof. Ashutosh Gupta, Chalrman
School of Computer and Information Scence, UPRTOU, Prayagraj

Prof. Sudhir Srivastav Member
Dept. of Mathematics, DDU Gorakhpur University, Gorakhpur

Prof. P. K. Singh Member
Dept. of Mathematics, Allahabad Ulversity, Prayagra|

Prof. Mona Khare Member
Dept. of Mathematics, Allahabad Uiversity, Prayagraj

Dr. A. K. Pandey Member
Assoclate Professor, ECC Prayagraj

Dr. Vikas Singh Member
Academic Consultant, UPRTOU, Prayagraj

Dr. 5. S. Tripathi Member
Academic Consultant, UPRTOU, Prayagraj

Course Preparation Committee

Dr. Kamran Alam Khan Author {Unlt-1-3)
Assistant Professor (Dept. of Mathematlcs),

Ram Lubhai Sahani Govt. Mahila Degree College,

Pllibhit

Dr. Ashok Kumar Pandey Author [Unit 4 - 9)
Associate Professor,

E.C.C, Prayagraj

Dr. 8. S. Tripathl Editor [Unk1-9)
Academic Consultznt

School of Sclence, UPRTOU, Prayagraj

Prof. Ashutosh Gupta

Director, School of Computer and Information Science,

UPRTOU, Prayagral

© UPRTOU , Prayagra] - 2021

© UGMM - 107 Uner Algebra

ISBN :

Reprint — 2021 - 100 Copy

All Rights are reserved. No Part of this work may reproducad in any form, by mimeograpn or
any other means, without permission in writing from the Uttar pradesh Rajarshi Tandon Open
University.

Printed and Published by Pro. {Dr.) Arun Kumar Gupta Registrar, Uttar Pradesh Rajarshi
Tandon Open Unlversity, 2021

Printed By. — M/s K.C.Printing & Allied Works, Panchwati, Mathura -281003.
UGMM-107/4



Unit-1: VECTOR SPACES

Structure

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14

Introduction

Objectives

Binary operations

Fields

Vector spaces

Some basic properties of a vector space
Illustrative examples

Vector subspaces

Linear Span and subspace spanned by a subset
Linearly dependence and independence
Ilustrative examples

Summary

Terminal questions

Further readings

UGMM-107/5



UGMM-107/6

1.1 Introduction

In pure Mathematics we study abstract structures, forms and their
properties. The algebraic structures such as groups, rings, fields and vector
spaces are studied in abstract algebra. Linear algebra is that part of abstract
algebra which deals with the systems of linear equations, matrices,
determinants, vector spaces and linear trangformations, Linear algebra finds
applications almost everywhere- geometry, analysis, number theory, game
theory, Markov chains, graph theory operations research, cryptography,
computer science {e.g. data science, machine learning, computer graphics,
image processing etc), physics {(e.g. quantum mechanics, electrical netwerks
etc), statistics, engineering, genetics, economics, sociology ete,

Let us have a look at the historical development of linear algebra. Leibnitz
invented the notion of determinant in 1693 while working on linear systems of
equations, Cramer presented the sohition (known as Cramer’s rule) for linear
systems as ratios of determinants in 1750, The great mathematician Carl
Friedrich Gauss developed his elimination method in 1811 without using the
notation of matrices explicitly. He also worked with linear transformations by
implicitly introducing matrices. James Joseph Sylvester contributed greatly to
the theory of determinants and he coined the term “matrix” in 1848 which was
the latin word for “womb’. Arthur Cayley developed the matrix algebra in two
papers (in 1850 and 1858) and defined matrix multiplication, inverse of a
square matrix and proved the important Cayley—Hamilton theorem. The idea of
extension of the notion of three-dimensional space to higher dimensional
spaces was developed independently by Cayley, Hamilton and Grassmann,
Hamilton developed an algebra for his system of quaternions. The
mathematician Hermann Grassmann is credited for developing most of the core
concepts of lincar algebra such as linear dependence, spanning set, basis,
dimension etc. He did not formalize the notion of a vector space; however this
idea was implicit in his work Die Ausdehmumgsiehre (Theory of Extension,
1844). The modern definition of vector space that we use today was given by
Peano in 1888.

In this unit, we shall study the basic concepts of linear algebra such as
vector spaces, subspaces, the subspaces spanned by a subset and linear
dependence and independence.

1.2 Objectives

After reading this unit, you should be able to:
¢ Understand the definition of a2 binary operation and a field



Define a vector space and subspace

Discuss various properties of a vector space

Define linear span and subspace spanned by a subset
Describe linearly dependent and independent sets

1.3 Binary operation

Let us consider the following observations-

(1} The result of addition of two natural numbers is also a natural number.
For example, 59 € Nand54+9=14€ N
Therefore wehavea + b e N foralla, b EN

(2} The product of any two real numbers is also a real number, ie.
a-beRforalla, P ER

(3) Let M be a set of all 2 X 2 matrices having their ¢lements as integers.
Then the addition of any two such matrices produces the same kind of matrix.

For example, if A, B € M suchthat A = [g _32] and B = [_‘}4 g],then

mata+B =[5 F|+[° 3|=[; ] em

Thus we see that sometimes for every pair of elements a, b of a given set 5,
the application of operations like addition and multiplication yields a unigue
element of the same set S, This operation is then called a binary operation, Let
us give its formal definition-

Definition: Let § be a non-empty set, A binary operation « on § is a
function * : § X § — S such that to each ordered pair (a, &) € 5 there exists a
unique element ¢ € S such that » (a, b) = c. We write a = b for « (a, b).

Thus a binary operation is a rule by which we can associate any two elements
a, b of 5 with a unique clement ¢ = @ * b of 5. A binary operationon a set § is
also called a composition in S.

There are examples of binary operations other than usual addition and
multiplication. For example
(1} Suppose QF is the set of all positive rational numbers. For a,b € @7,
define » such that a+b = ab/2, Then you can verify yourself that » is a
binary operation on 1.
(2} Let @(S) be the power set of any set S, Then the operations U and N are
binary operations on (5), since

AUB e p(S),andAnB € p(S) YA, B € p(S)

UGMM-107/7
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Definition: Let § be a non-empty set and * be a binary operation on §, A

subset H of § is said to be closed under the binary operation #, if a + b € H for

alla,b EH,

Definition: A binary operation “+’ on a non-cmpty set G is associative if
ax{bxc)=(axh)xcloralla b cel

and is commutative ifa»bh =bxa foralla, b € &.

For example, the usual addition *+’ is associative as well as commutative
onZ ieatb+ec)=(@+b)+c andat+b=b+a forall a,b,cEZ,
However subtraction is neither associative nor commutative on Z.
ie. a—(b—c)+(a—b)—canda—b+b—aforab,ceZ

A set with one or more operations (unary, binary or other) obeying a
particular collection of axioms is termed as ‘algebraic structure’. For
example, groupoids, semigroups, monocids, groups, rings, ficlds and vector
spaces are all algebraic structures.

Our main objective in this unit is to explore the vector spaces and related
concepts which are central to linear algebra. For that purpose we need some
bagic knowledge of the algebraic structures-groups, rings and fields. So let us
begin with the definition of a group
Definition: A group is an ordered pair (G,*) where G is a nonempty set and
‘** i3 a binary operation on (r satisfying the following axioms:
1. asbeGforalla,bEG (Closure Property)
2. ax(bxc)y=(a*b)*choralla b,c €5 (Associative Law)
3. There exists an clement e € & called an identity element such that
a*xe=g=e«aforallac G (Existence of Identlty)
4. For each a € & there exists an element b € Gealled an inverse of *a” such
that
a*b = e = b » a and we write b = a~! (Existence of Inverse)

If the set G is finite then the group (G,*) is called a finite group, otherwisc we
call it an infinite group. The number of elements in a finite group is called the
order of the group. An infinite group is said to be of infinite order.

The gronp whose only element is the identity e will be denoted by {e}. It is
called the trivial group.

Definition: A group (&,») is said to be abelian (or commutative) if the binary
operation ‘«’ ig commutative, ie. a*b=bxaforalla, b €G.

For example, the set of all integers Z forms an abelian group with respect to

addition;

()a+beZforalabel

@a+btc)=(@+b)+chrallabcel

(3) We also notice that the set Z has a special element ‘0’ such that
a+0=a=0+4+a VaeZ



Hence O is the identity element.

(4} To each a € Z, there is an element —a € Z such that
a+(—a)=0=(-a)+a

S)a+b=b+aforalla beZ

Thetefore (Z,+) is an abelian group. You can check for yoursell

that (@, +),(R,+) and (C,+4) are all infinite abelian groups with e =

Oanda™! = —a.

Now we are in pogition to define an important algebraic structure, called

‘Field’.

1.4 Fields

Definition A ficld (F, +, -) is an algebraic structure consisting of a non-
empty set F with at least two clements and two binary operations ‘+’ and “°,
called addition and multiplication respectively, such that the following axioms
are satisfied:
(Bat+beFralabeF
(Da++e)=(a+b)+choralabceF
(3at+b=~b+aforallgbeF
(4) There is an element 0 € F called zero such that
a+t0=a=0+aforalla€EF.
(5) For each a € F, there exists —a € F such that
a+{—a)=0=(-a)+a
(6)a-bEF foralla,beF
(N(a-b)-c=a-(b-c)foralla,b,c€EF
(8)a'b=bhb-aforalla,beF
{(9) There exists 1 € F called urity such that
l-a=a=a-1 forallaeF
(10} Every nonzero clement of F is invertible, i.e. for each a( 0) € F, there
exists a~! € Fsuchthata-a=1=qa1:a
(I Forallg, b,ceF, a(b+c)=ab+a'c
and{a+b)'c=a'c+b'c

Therefore, we can say that (F, +, -) is a field, if
() (F, +) is an abelian group.

(ii) All the non-zere elements of F form an abelian group with respect to
multiplication.

(iii} The distributive laws hold:
a-(b+c)=a-b+a-cand{a+db)'c=a-c+b-cforalla,bceEF

UGMM-107/9
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Instead of saying that (F, +, ) is a field, we simply say that F is a field with

the understanding that therc is no confusion regarding the binary compositions
‘+' and ‘’. We denote @ + (—b) bya — b and a - b by ab.

The fields of rational numbers, real numbers and complex numbers:

Each of Q (set of all rational numbers), R (set of all real numbers) and C (3et
of all complex numbers) forms a field under the usual operations of addition
and multiplication, ie. (Q, + +),(R, +, +) and (€, +, ) arc ficlds. Here we
shall discuss the field of complex numbers only. You can easily verify the field
axioms for @ and R.

We have
C={zz=a+ibabecR}
Let us define addition and multiplication of complex numbers as follows:
Letz, = a, + ib, and z; = a; + ib;. Then
2 +2; = (a, +az) +i(b, + by)
and z,z, = (@,a; — by by) + i(ayb; + azhy)
Then we make the following observations:
(1)zy+2z,€Ciorallz,z; EC
Dz +(Ztz)=(z+2)+zforallz,2,7, EC
3z +2z, =2+ 2 forallz,z; €EC
(4) There is an element ) = 0 + {0 € € such that
z+0=z=0+zforallzeC
(5) For each z = a + ib € C, there exists —z = (—a) + i{—b) € C such that
z+(-2)=0=(-2)+z
(6) zyz; ECilorallz,,z; €T
(7) 21(2223) = (2122)2, for all 2, 2,,2; €C
(8) zy2;, = 2,27, forallz,,z; EC
(%) we have 1 = 1 + i® € € such that
zZl=z=1zforallzeC
(10) Let z = a + ib # 0. Then both a and b cannot be zero simultaneously. If
w = ¢ + id is the multiplicative inverse of z, then
zw=1

=@+ib)(c+id)=1

= (ac—bd)+ilad +bd) =1+ 0

=ac—bhd=1ad+bd=10
Solving these equations, we get
. a _ —b
T af +b? "ddaz+bz
Since a? + b? # 0, hence one of ¢ and d is a non-zero real number. Thus

22 € Cis the multiplicative inverse of z = a + .

(11} For all z,, z,, z; € T, we have
z,(z; + 23) = 2,2; + 7,2,

c

w=



and (21 + 22)23 =223 + ZaZg
Therefore (€, +, ) is a ficld.

The ficld of integers modulo p (p, a prime number):

Let a and b be any two integers and n be a fixed integer, we define a
compogition on the set of integers Z called addition module n ( +,) as
follows-

at+y,b=r, 0<r<n
Where r is the least non-negative remainder when a + b is divided by n.
For example, 3454 = 2, since 2 is the remainder (non-negative) when 3 + 4
ie. 7 is divided by 5. You can check for yourself that
iy atzb=a+b(modn)
(i) ifa = b(modn), then a+,¢ = b+,c.

Similarly we can define mmltiplication modulo n ( X,,). Let @ and b be any
two integers and n be a fixed integer. The composition on the set of integers Z
called muliiplication module n ( X,;) is defined as follows-

For any two integers a and b and a fixed integer n,

aXpab=r, 0<r<n
Where r is the least non-negative remainder when ab is divided by n.
For example, 7 X3 4 = 1, gince 1 i3 the remainder (non-negative) when 7 X 4
ie. 28 is divided by 3. Obviously we have a X, b = ab (med n}. Also if
a=b(modn),thenaX,c=h X, ¢.

Let Z, = (0,1,....,p — 1}, where p is a prime number. Then we can show
that (Z,,, +5,X,) 18 a field called the fleld of integers modulo p.

(1)Leta,b € Z, thena+,b =a+ b (modp) € E,.
(2)Leta,b,c € Z,,.Then
a+ty(b+pc) = aty(b +c) 2s b+yc = b + ¢ (mod p)
= [a + (b + c)]{mod p)}
= [{a + b) + c]{mod p}
= (a+ b)+,c
= (a+,,b)+pc
(3) There exists 0 € Z,, such that a+,0 =a =0+,a Va€Z,
(4) Let a € Z,,. If a = 0, then it is the additive inverse of itself. Let a # 0.
Then p — a € Z, is the additive inverse of @ € Z,, as
@p-a)+,a=0=a+,(p—a)
(5)Leta,b € Z,. Then
a+p,b =a+ b (modp) = b+,a
(6) Let a,b € L,. If any one of @ and b arc zero or both are zero, then
@ Xp b =0 € Z,. Suppose a # 0,b # 0. Then p is neither a divisor of ¢ nora
divisor of b. Therefore p t ab. Hence the remainder cannot be zero when ab is
dividedbypie. ifaXy,b=rthenl <=r<p-—-1Thusax, b€ Z,

UGMM-107/11
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(7) For all @, b, ¢ € Z,,we have,
a X, (b Xy €) = ax, (be) ,since b X, ¢ = be (mod p)
= a(bc) (mod p)
= (ab)c (mod p)
= (ab} Xpc
=(a X, b) Xy
() Wehave 1€ Z, suchthat 1 X, a =a=aX, 1foralla € Z,.
(9 If0 + a € Z,, then by closure property a X, i € Z,, for all { € Z,. Also
ifj=aXpiFaXyjflorijeZy, forifa x,i=aX,j, then ai — aj is
divigible by p, i.e. p|a{i — f). Which is not possible, since p cannot divide (i —
PDasecitheri—f<p fori>f,or j=i<p forf>1i Also pt{a. Hence all
the productsa X, i E Z,, i € Z,, are distinct elements of Z,,. Therefore there
exists [ = k € Z; such that @ X, k =1, ie. k is the multiplicative inverse of a.
(10) Forall a,b € Z,we have,
@ Xp b = ab (mod p)
= ba (med p)
=hbXya
(11) Leta, b,c € Z,.Then
aXy (btpc}=ax,(b+c) asb+yc=b+c(modp)
= a(b + ¢)(mod p)
= ab + ac (mod p)
= ab+yac
=aXybtpaxpc
Similarly, you can show that (a+,b) X, ¢ = & X, c4pb Xy €
Therefore (Z,,, +p, Xp) is a field This is an example of 2 finite field.

1.5 Vector Spaces

In your previous classes, you were introduced to vectors in three dimensions
and you are also familiar with the following properties:
(1) Let V be the set of all vectors in three dimensional Enclidean Space. Then
the vectors in V' can be added and V forms an abelian group with respect to this
addition + (say):

(i) If & and b are any two vectors in three dimensional Euclidean space

R, thend + b is also a vectorinR?, ie. d+bEVioralld b eV

(a+(@B+&)=(@+b)+& foralld b eV

(iii) There exists mull vector O suchthatd + 0 =2 =0+a foralldeV

(iv) For each & € V, there exists —d € V such that

d+(-d)=0=(-d)+d



Ma+b=b+a foraldbeV
(2} The multiplication of a vector by any real number produces another vector,
ie. if € B, then A4 is also a vector in R3. For example, 28, (5/9)4, ... etc are
all vectors. Hence AER, €V =2 Ad eV
(3} Foralld, b€ Vand,y € R, we have
@ A(G+h)=ad+1b
(ii)(A+ p)d = Ad + ud
(it) (4 = A(ud)
(ivild=4d
These properties are not restricted to vectors in three dimensional Euclidean
space only. There are many mathematical objects which follow these
propertics. For example, the complex numbers, the polynomials over a ficld F,
convergent real sequences and many others follow similar properties. Sc¢ we
can generalize this concept to obtain an abstract structure called a ‘vector
space’. We have the following definition:
Definition Let V be a non-empty set, whose elements are referred to as vectors
and (F,+, *) be a ficld, whose clements are referred to as scalars. Then V is
said to be a vector space over the field F if the following properties are
satisfied :
1.There exists a binary operation @: ¥V XV — V, defined by (o, f) — a @ 8,
called vector addition such that (V,€3) is an abelian group, that is,
adpeViorala eV,
(iaDBRY)=(eDp) Dy foralleg,f,yeV;
(iaBp=Ga foralla,f €V,
(iv} There is a unique vector O € V, called the zero vector, such that
a@0=a=0@aforallaeV;
(v) For each vector @ € V there is a unique vector —a € V such that
a@(-a)=0=(-a}Bea
2. There exists an operation (:F XV — V, defined by (g,a) —wa®a
called scalar mmltiplication, thatis,c € F,a €V =2>a(DacV
3. For all vectors «, § € V and for all scalars a, b € F, we have
N1Qa=a
(i) (ab) Qa=a®Q G Oa)
({[{Ha@Qe@df=Qa)® (a®p)
M@+ Ca=@Oa)@ b Oa)
The word “vector’ should not be confused with the concept of “vector as a
directed scgment’ which you have studied in geometry amd mechanics. Here
we uge it in a much broader sense.
Here it must be noted that the addition in *a + b’ is the addition of scalars, ie.
the addition in the field F. Similarly the nmltiplication in ab represents the
multiplication in F.

UGMM-147/13
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Note: For the sake of convenience, in fiiture, we shall use the notation ‘x + §’
for ‘a @ B’ and the notation ‘aa’ for ‘a (O a’. With these simplified notations,
the definition of a vector space may be given as follows-
A vector space consists of a non-empty set V and a field F such that the
following properties are satisfied:
(1) There exists a binary operation + on V, called vector addition such that
(V,+) is an abelian group, i.c.

ae+peViorallapeV,;

(a+B+y)=(@+8)+y foralapB,yeV;

((i)e+f=F+a foralla,FEV;

(iv) There is a unique vector 0 € V, called the zero vector, such that

a+0=a=0+aforallaeV;
(v) For each vector @ € ¥ there is a unique vector —a € V such that
a+{—a)=0=(-a)tc
2. There exists an cperation called scalar multiplication which associates each
a2 € Fand a € V to a unique element g in V, ie.
aceEF,aceV=aacV

3. For all vectors &, # € V and for all scalars a, b € F, we have

Dle=a

(ii) (ab)a = a(ba)

(i) a(x + B) = aa + af

() (a + b)a = ax + ba

1.6 Some basic properties of a vector space

Proposition Let IV be a vector space over a field F. Then
()0a=0foralla eV
(2) a0 =0Oforalla € F
B3 (-1)a=—a forallaeV
4) (—a)a =a({—a) =—(aa) foralla€ F,a eV
(5)Ifax = 0, then eithera = 0 ora = 0
Proof: (10 EF,aceV=0acV
Hence 0 + Oa = D«
= 0+0a=(0+0)a
= 0+0a=0a+0z
= 0 =10a ,byright cancellation law in the group (V,+)
(2) we have a0 € V, hence
0+ a0 =al
= 0+a0=a(0+0)
= 0+a0=al+al
= 0 =a0 ,byright cancellation law in the group (V, +)
(3) From (1), we have
OCax=0foralle eV



1+ (-D]az=0forallza eV

le+(—a=0foralacV
a+(—1a=0foralla eV
(—lla=—aforallaeV

111l

(4) we have
Qe =0forallecV
= [a+(—a)]la=0 forallaeF,a eV
= aa+t(—a)a=0fcrallaeF,acV
= (—a)a=—(aez) forallaeF,acV

Ao a0 =0=alea+(—a)] =0 forallae F,a €V
= ae+a(—a)=0forallaceF,a eV
= a(—a)=—(aa) foralla€e FLa €V
Therefore we have (—a)a = a(—a) = —(aa) foralla e F,a €V
(5) We have aa = 0. Suppose a # 0. Then there exists a~* € F such that
aal=1=ala
ag = 0= a{aa) = a10
= (e la)z =0
= 1la=0
=a=0
Hence if ace = 0,theneithere =0 ora = 0.

1.7 INlustrative examples

Example 1.7.1 (The n-tuple space or Afflne n-space over F) Let F be a
field, and let
V=F"={{x,x3,..,X0): X1, X2, ., Xy € F}
Where n is a fixed integer > 1. Two elements (xy,x;,...,%,) and
(%1, ¥2, s ¥p) of V are said to be equal if and only if x; =y, for each i =
1,2,...,n. Then V is a vector space over F under vector addition and scalar
multiplication given by
(x‘.l.l Xz "'an) + (J".I.ryZJ ----}'n) = (xi tyuXe ¥z unXqt yu)
a(xy, Xz, .., Xy ) = (%, 0%, ..., A%y )
Let & = (x4, X3, ..., Xp), B = (31, ¥2, s ¥u), and y = {24, Z5, ..., Z,}. Then
Ma+f=(x+y.22+V, . Xngt Y ) EVasx; +y EFVX, Yy EF.
2@+ 8 +y =0y + 31, %2+ Y2, s %0 + Yn) + (21, 22, .., 25}
= (g + 1) + 20, (x5 + ¥2) + 22, o, (X0 + ¥0) + 20)

Since addition is associative in F, hence (x; + y;) + z; = x; + (y; + z)) for all
i =1.2,..,n. Therefore
@+ +y =[x+ 0y + 20 %3+ 2 + 22}, o, Xy + (3 +2,))

= (Xu Xz X} + 01+ 2uY2 + 22 Yo + Zn)

=a+(B+y)
(3) Since x; + y; = ¥y + x; for alli = 1,2, ..., n, hence
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« + 18 = (xl + ¥, Xzt Y2, 0%y +yn)
= +x,¥2 + x5 00, Yn + 200
=f+a

(4) The zero vector here is the n-tuple 0 = (0,0, ....,0) as

a+0=(x,x5..,x,) +(00,...,0)
=0, +0,x;+0,...,x, + 0)
= (X, X3, s Xp)
=

Similarly, 0t =«

(5) The additive inverse of &= (x;,%;,..,%,) is the vector —a =

(—x4, —%x3, ., — X)) 88

(—a)+a=(—x3,—%z, 00— X )} + (X1, X5 00, X))
= (—x3 + %y, = %3 + X3, ey — Xy + X))
=(0,0,....00)=0

Similarly, & + (—a) = 0.

Thus (V, +) is an abelian group.

(6) We have aa = a(x,,x,, ..., x,) = [ax,, ax,, ...,ax,) €V, as ax,, ax,, ..

«e.; 0X5 are all elements of F.

(7) For all vectors a, § € V and for all scalars a, b € F, we have
) la=1(x, x5, ..., x) = (Lxy, 1x5, ..., 1x) = (2, X5, ., Xn) =@
(i) (abda = ((ab)x;, (ab)xy, ..., (ab)x,)

= (albx,),albxy), .., albx,))
= a(bx,, bxy, ..., bx,) = alba)
(iif) el + ) = alxy + 31,22 + Y2, s X + Y)
= (eCxs + y1), a(x2 + ¥3), ..., a(xn + )
= (ax, + ay,,ax; + ays, ..., ax, + ay,)
= (axiv axy, ..., axn) .2 (ay'll LAYy =-» ﬂy"_)
=aa+ aff
(V) (e + b)a =(a+ b)(x;, %3, ..., Xn)
= ((a + B)xy, (a + D)xy, ... (a + b)x,)
= (ax, + bx,, ax, + bx,, ..., ax, + bx;)
= (ax,, ax;, .., ax,) + (bxy, bxy, .., bx;)
=ga + b

Thus V(= F™) is a vector space over the ficld F. When F = R, the vector
space R" is called Euclidean n-space.

Example 1.7.2 (The space of functions) Let F be any field and let X be any
non-empty set. Let V be the set of all the functions from X into F,. For f,g € V,
define the sum f + g by

(Ff+a)(x)=f(x)+g(x) vxeX
and for ¢ € F, define cf by



(cf)x)=cf(x) VxeX
Then you can check that V' satisfies all the properties of a vector space over F.
We shall denote this vector space by Fx(FF).

Example 1.7.3 (The space of matrices) Let F be any field and M,,,,,(F) be
the set of all m X n matrices with entries from F. Let c€F and A B €

M 5 (F) such that A = [a;;] and B = [b;;]. Define

A+ B = [ay] +[by] = [ay + by]
and cd = C[ﬂg}] = [Cﬂ.gj]
Then M, (F) is a vector space over the field F.

Example 1.7.4 (The space of polynomial functions) Let F be any field and
let ¥ be the sct of all pelynomial functions in one variable with cocfficients
belonging te F. Let f, g € V such that

fX)=ap+ax+ .....+a,x™
and g(x) = by + byx + .....+b x"
where a;, b; € F for all {, j. Define the sum f + g by

(F +9)) = F@) + g(0) = ) (n + b)x*
k
Where @, = 0 ifk > m and by, = 0 if k > n. Also defines cf by

(N =cf(x) = "Z ax' = zcasx‘
i=0 i=0
Then V is a vector space over the field F.

Example 1.7.5 (The space of real sequences) Let V be the set of all real
sequences, Le. ¥V = {{x,}: x, € R} . Then V is a vector space over R under the
following operations
() + {¥) = {20 + 9)
a(xn) = {dxn)

1.8 Vector subspaces

Definition: Let V be a vector space over the field F. A vector subspace W of
V is any non-empty subset W c V which is itself a vector space over F with
the operations of vector addition and scalar mmultiplication on V.

Example 1.8.1 (a) If V iz any vector space, then V is a subspace of V itself.
(b) The subset {0} of a vector space V consisting of the zero vector of V is a
subspace of V called the zere subspace of V.

How will you check whether a given subset W of a vector space VV is a
subspace of ¥? The answer is the following criterion-
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Theorem 1 A non-empty subset W of a vector space V is a subspace of IV if

and only if for each pair of vectors e, f# in W and each pair of scalars a, b in F,

the vector a + bf is again in W, i.e.
abhbEFandafeW=aa+bfecW

Proof: If part First suppose that W is a non-empty subset of a vector space ¥

such that ac + b € W foralla,b € F and forall a, 8 € W,

Since W = @, there is a vector @ € W, taking @ = —1 and b = 1, we have
(-et+aceW,ic.0 e W.

Now let « € W and a € F. Taking £ = 0 in the given condition, we have
ae+0EW oraceW

In particular, if we take ¢ = —1, wehave (—1)a E W,ie. —a € W.

Also if o, f € W, taking a = 1, b = 1 in the given condition, we have

lat+t1BEWora+BeW

Since W = V, the commutativity and associativity of vector addition, and the

properties of scalar mmbtiplication will hold in W. Thus the remaining

properties of vector space also hold in W, ie. W is a subspace of V.

Only if part Suppose W is a subspace of V. Leta,b €E Fand o, f# € W. Then
aEF,eEW=aacW

and bEF,FEW=bRfEW
Nowaac e W, bBEW = aa+bfeEW.

Example 1.8.2 Euclidean 3-space R® is a vector space over the field R. Then
W = {(x,y,0):x,y € R} is a vector subspace of k3.
Leta,f € W suchthat a = (x,, %, 0) and £ = (x5, 72, 0). Leta, b € R.
Now aa + bf = a(x,, v, 0} + b(x5, ¥, 0)

= (axl, a1, 0) + (bxm by, 0)

= (ax, + bxy, ay, + by, 0)
Since ax, + bx; € R, ay, + by, € R, hence (ax, + bx,, ay, + by,, D EW.
Thus a,b € F and &, 8 € W = aa + bff € W. Therefore W is a subspace of
I3,

Theorem 2 The intersection of two subspaces of a vector space V is also a
subspace of V.
Proof: Let W, and W;be any two subspaces of a vector space V. Then 0 € W)
and 0 € W5, Therefore € W, N W, , Hence W, N W, is a non-empty subset of
V.ieta,bEFanda, B EW,NW,. Then g, f €W, and &, § € W;. Since W)
and W, are subspaces of V, hence
abeEFada,fEW, = aa+bfeW;

and e, beEFanda,fEW, = anxt+ bW,
Nowaae+ b e W, ax+bfEW, = aa+bf €W, nW,.
Thereforea,b E Fanda, FEW, NW; = aa + b e W, N W,



However the union of twe subspaces may not be a subspace of vector space.
For example, consider two subspaces W, = {{x,00}:x € R} and W, =
{(0,y,0):y € R} of R3. Suppose @ = (1,0,0) e W; and 8 = (0,3,0) € W..
Then g, F e W, UW,. Now a+ £ =(1,0,0)+(0,3,0) = (1,3.0) ¢ W, U W,.
Hence W; UW, is not a subspace of R3. The next theorem tells you the
situation in which W, U W, is a subspace.

Theorem 3 The union of two subspaces of a vector space V is a subspace if
and only if one is contained in the other,

Proof: Let W, and W,be any two subspaces of a vector space V. First suppose
that either W, c W, or W, c W), Then W; UW, = W, or W,, In either case,
W, U W, is a subspace of V.

Conversely, suppose that W; U W, is a subspace of V. To prove that cither
W, c W, or W, c W, suppose on the contrary that W, ¢ W, and W, & W;.
W, W, = 3a e W, suchthata ¢ W,

W eW, =3 eEW,suchthat g ¢ W,

Nowa EW, fEW, =afeEW,UW,
= o+ f € W) UW,, since W, UW, is a subspace
=at+feEWorat+feW,
Since @« € W, and W,is a subspace, hence if a + 8 € Wy, then (a +8)—a €
W, ie. f € W,. Hence we get a contradiction as 8 € W, .
Also 8 € W, and W, is a subspace, hence if a+ f € W, then (a+ B)— B €
W5, ie. ¢ € W,. Again we get a contradiction as a &€ W,.
Hence either W, € W, or W, € W,

1.9 Linear Span and Subspace spanned by a subset

Definition: Let V be a vector space over a field F. A vector & in V i8 said to be
a finite linear combination of vectors &, &3, ...., &, in V if there exist scalars
€1y €2, v, € € F such that

n
&=+ + vt oty = Z iy
=1

Definition Let ¥ be a vector space over a field F and let S be any non-empty
subset of V.The set L{S)} of all finite linear combinations of elements of § is
called the linear spam of 5, i.c.

Tt
L(S) = lz Q. Gy, 83y 0y By € Ft @1, ®2; s By € S]

i=1

Obviously the elements of L(S) are all vectors. Now we shall show that L(S) is
a subspace of V.
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Theorem 4 The linear span L(S) is a subspace of the vector space V.

Proof: Let a,bEF and a, £ € L(S) such that e =X} oy, and B =
2m1 BiB;. Where @y, .., @i byy o, by € Fo g, 00y 0, By, o B € S. We have

n m

ac + bf = ﬂz 2,y + bzbjﬁi

i=1 j=1

= Z“: alae) + i b(8))

=1 =

- i(aa;)a; + i(bbj)ﬁi
=

i=1
= a finite linear combination of @’s and #'s
= aa + bp € L(S)
Thus L(S) i3 a subspace of V.
Subspace spanned by a subset

Suppose V is a vector space over a field F and § < V. A vector subspace W of
V is said to be spanned or generated by § if W is the smallest subspace of ¥
containing S. In such a case, we write W = {S).

Theorem 5 Let V be a vector space over a field F and § ¢ V., Then L(S) =
{5).

Proof: Let « € 5. Then we can write o = 1a. Therefore a € L{S). Hence
S < L(S). Now suppose that W is any subspace of V containing §.Since W is
closed under vector addition and scalar multiplication, each linear combination
of elements of § must belong to W, i.e. L(S) € W. Hence every subspace of ¥V
containing S also contains L(S). Thus L(S) is the smallest subspace of V

containing S, i.e. L(S) = (5}.

1.10 Linearly dependence and independence

Definition Let V be a vector space over a field F. A subset {a,,..., a,} of V is
said to be linealrly dependent if there exist scalarsa,, ..., a,, not all of which
are 0, such that

a0y +a,a; + -+ a,a, =0
The set {ex,, ..., &} of vectors in V is said to be linearly independent if it is
not linearly dependent, that is,



n

Za;a, =0=g,=0frall<i<n

=1
The terminolegy used here is quite common and makes sense. We usually use
the phrase “o depends (linearly) on £ to describe the relation “a = ¢f”. 8o if
the vector « is linearly dependent on vectors a,, ..., ay,, there must exist scalars
@y, ., Apsuch that

a=aqu + apip + o+ dpdy
or(—e+ a2, +axa, + -+ a,a, =0

In light of above definition, we can say that the set a,, ..., a,, & is linearly
dependent.
For example, consider the vectors (3,—5,—8), (9,—2,1),(2,1,3) in R, We see
that

(3,-5,—8)=1(9,-2,1) + (-3)(2,1,3)
Hence we can say that (3,—5,—8) is linearly dependent on
(9,—2,1} and (2,1,3). Also since

(9,-2,1) =1(3,-5,-8) + 3(2,1,.3)

and (2,1,3) = (%) 0.2 +(- %) (3,~5,-8)

Therefore the vector (9,—2,1) is linearly dependent on (3,—5,—8) and
(2,1,3). Also the vector (2,1,3) is linearly dependent on (9,—2,1) and
(3,—5, —8). We can also write
1(3,—5,-8) + (—1}{(9,—2,1) + 3(2,1,3) = (0,0,0) = 0
Thus the vectors (3, —5, —8), (9,—2,1), (2,1,3) are linearly dependent.
What about the set {(1,0,0), (0,1,0), (0,0,1)} of vectors in R3? Is it possible to
express anyone of them as a linear combination of remaining two vectors?
Suppose there exist a4, @5, @3 € R such that
a,(1,0,0) + 2,(0,1,0) + a3(0,0,1) = (0,00} =0
Then this gives
(a., 0,0} + (0, a3, 0) + (0,0,a;) = (0,0,0)
or (ﬂ-l, a2, ﬂ-ﬂ) = (0,0,0)
=>a=0a,=0a;=0
Thus none of the vectors can be written as a linear combination of other two
vectors, i.e. the vectors (1,0,0}, (0,1,0) and (0,0,1) are linearly independent,
Here you notice one more thing that any set of vectors is either linearly
dependent or linearly independent. It cannot be both linearly dependent and
linearly independent.
Definition An infinite subset of a vector space V' is said to be linearly
independent if every finite subset of S is linearly independent.
Let us discuss some clementary results concerning linearly dependent and
independent vectors.
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Theorem 6 Any subset of & vector space containing a zero vector is linearly
dependent.
Proof; Let V be a vector space over a field F. Let (a,, ..., @, } be a subset of ¥
such that @; = 0. Then

Oay, + 0z + 4+ 1a;+ 4+ 0, =0
Since the scalar coefficient of &; is not zero, hence the set {m,,...,@,} is
linearly dependent.

Theorem 7 (1) A subset of a vector space contaming a single non-zero vector is
linearly independent.
(ii) Every superset of a linearly dependent set of vectors is linearly dependent.
(iii) Every subset of a linearly independent set is linearly independent.
Proof: Let V be a vector space over a field F.
(D Let § = {&} c V¥ such that & # 0. Then for a € F, we have
ax=0=>a=10
Hence the set § = {a} is ineatly independent.
(i) Let 5 = {«, ..., &, } be a lincarly dependent subset of V. Then there exist
scalars @4, ..., @y € F not all zero such that
Ay + @z + o tae, =0 ... (1)

Suppose T 2 § such that T = (&, ., &p, V1, o0 YVi ). We can rewrite (1) as

8 o Ao, F 0+ -+ 0y, =0
Since all a;’s are not zero, hence the set T is linearly dependent.
(iif) Let T be a linearly independent subset of V. Suppose §  T. We have to
show that § is also linearly independent.
On the contrary, assume that § is linearly dependent. Then by (ii) the superset
T of § is also linearly dependent. This contradicts the assumption that T is
linearly independent. Hence § must be linearly independent.

Theorem 8 Let V be a vector space over a field F. Then the set {«;, ..., .} of
vectors is linearly dependent if and only if some vector from the set can be
written as a lincar combination of remaining vectors.
Proof: First suppose that the set {a;, ..., &, } is linearly dependent. Then there
exists scalars a4, ..., @y, not all are 0, such that
a1y + a2, + -+ a,a, =0

Hence there exists @; # 0 for some 1 < { < n. We can write

q & + Ay + -+ a8+ -+ apt, =0

or ;@ = — (Z a,aj)
J=i

v mal (za,u,)

J=+t



or &= Z(—a,“aj)a;
Jmi
Therefore «; is a linear combination of the remaining elements of the set
{zq, ..., 05}
Conversely, suppose that there exists some vector @; among &y, ..., &, which
can be expressed as a Linear combination of rest of the vectors, i.e.
o = Z Cyity
j#i
Then we have
€10 + €0 + -+ 6y 8 + (1) + @iy + A, = 0
L

urz oy =0, whereg = -1
f=1

Therefore the set {ay, ..., &y} is linearly dependent.

1.11 Ilustrative examples

Example 1.11.1 From example 1.7.2 we know that the set of all the functions
from X into F is a vector space over the field F and is denoted by Fy (F). Let
€([a, P]) be the set of all real valued continuous functions on [a, b]. Then
C(la, b]) © Figp(R). Also you can verify that C€([a,b]) is itself a vector
space over R under the following operations defined in Fp,p;(R). Thus
C([a, b]) is a vector subspace of F, ;) (R).

Example 1.11,.2 We know that the set M, (R} of all m X n matrices with
entries from R is the vector space over R with respect to the operation of
addition of matrices and scalar multiplication of matrices defined in example
1.7.3. Let Spxn(R) be the set of all n X n symmetric real matrices. Then
S.xn(R) i8 a subspace of the vector space M..,(R) of all square nxn
matrices (verify it).

Example 1.11.3 Let V = {{x, }: x, € R} and W be the set of all convergent
real sequences. We know that ¥ is a vector space over R under the operation
given in exarmple 1.7.5 and W < V. You can verify that W is itself a vector
space over R under the operations defined in V. Therefore W is a subspace of
V.

Example 1.11.4 Let V be a vector space over a field F and y € V. Let
W ={cy:c € F}

Letax = cy, 8 = dy € W for some c,d € F. Then fora, b € F we have
aa + b = alcy) + b(dy)
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= (ac)y + (bd)y
=(ac+bd)y e W,sinceac+bd € F.
Hence W is a subspace of V.,

Now we congider an interesting situation, Suppose if we take V=R%, F =R
and y = (p, q) then

W={ty:tc R} ={{(tp,tq):t € R}

Geometrically, for some t € R, (fp, tq) represents a point on the line joining

the otigin and the point (p,q) in 2, Thus the subspace W represents the line

through the origin and the point (p, ¢) in R?. You can also check that W is the

smallest subspace containing the poit (p,g). We <can write
W =Ry = L({y}) =<{y} >

Example 1.11.5 Let W © R¥such that
W = {(a, b, ¢): a, b, c are rational numbers}
Then W is not a subspace of R3. Why?

Example 1.11.6 Let W ={(a,b,c):a,b,c € Rsuchthata+b+c =10}
Then obviously (0,0,0) € W. Hence W is a non-empty set. Let &, £ € W such
that ¢ = (ait b1: C]_) and 18 - (ﬂz. bZJ CZ)- Then

I'11+b1+C1 =U‘,az+b2+f.'2 =0
Fora,b € R, we have aa + bf = a(a,, by, c;} + b{a,, by, c;)

= ﬂ(ﬁl, bir cl) + b(ambb c2)
= (aa,, aby, ac,) + (ba,, bb,, becy)
= (aa, + ba,,ab, + bb,,ac, + bc,)
= (x,y,z) s BAY
Now x +y + z = (aa, + bay) + (ab, + bb;) + (ac, + becy)
=ala, + b, + c,) + bla; + b, + c3)
=q0+ b0 =0
Hence aa + bf € W. Therefore W is a subspace of R®.

Example 1.11.7 Let V be a vector space over a field F and §,T € V. Then
NSST=L(S)c L(T)

(WLSUT) =L(S)+ LT

Solution (i) Let ay,...,a; €S. Then a = aya, + aaz + - + ayz, € L(S)
fora,,..,a, EF.Since S € T, hence a,, ..., &, € T. Therefore a € L(T).

ie. L(S) c L(T).

(ii) Let & € L{S) + L(T). Then there exist a € L(S) and # € L(T) such that



d=a+f
Hence for some @, ..., &, € S and §,, ..., iy € T, we have
a = a0, + a0z + -+ apay,
and B=5bpr+ byt by foy
Where a,, ..., 8y, By, .., By EF.
Now @y, ..., &g, By, - s iy €S UT and hence
g0y + a0, + o+ apgay 5 o+ by B ELSUT)
= a+BELSVUT)
= 8§EL(SUT)
=LY +LTYCSL(SUT)
Now supposc y € L(S UT). Then
¥ = linear combination of finite number of elements of SU T
=» ¥ = linear combination of some finite number of elements of §
+linear combination of some finite number of elements of T
=y e L(S)+ L(T)
= LEUN S LS + LT
Therefore L(S U T) = L(S) + L(T).

Example 1.11.8 Show that the subset {{1,1,—1),(2,—3,5),(—2,1,4)} of R? is
linearly independent.
Solation: Let a, b, ¢ € [R such that
a{1,1,-1) + b(2,-3,5) + c(-2,1,4) = (0,0,0}

= (a, a,—a) + (2b, —3b, 5b) + (—2c, ¢, 4c) = {0,0,0)

= (a+2b—2c,a—3b+c,—a+ 5k + 4c) = (0,0,0)

=a+2b—2c=0,a—3b+c=0,—a+5h+4c=10
Solving these equations, wehavea = 0,b=0,c = 0.
Hence the given subset {{1,1,—1),(2,—3,5),(-2,1,4)} of R* is linearly
independent.

Example 1.11.8 Show that the subset {(—1,2,1), (3,0,—1),(-5,4,3)} of R® is
linearly dependent.
Solution: Let a, b, ¢ € IR such that
a(—1,2,1} + b(3,0,—1) + ¢(—5,4,3} = (0,0,0)
=> (—a,2a,a) + (3b,0,—b) + (—=5¢,4¢, 3¢) = (0,0,0)

=(—a+3b—5c2a+0b+4c,a— b+ 3c) = (0,0,0)

= —a+30=5c=02a+0b+4c=0,a—-bh+3c=0
The second equation gives @ = —2c. The first and third equations become

2c+3b—5¢c=02and —2c—b+3c=0

Each of these equations is equivalent to b — ¢ = 0. This equation is satisfied
by many non-zere real values. Hence the gystem of equations has non-zero
solution. For example a = —2, b = 1,¢ = 1 is one such solution. Therefore the
given the subset {(—1,2,1), (3,0,—1),(—5,4,3)} of R? is linearly dependent.
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Example 1.11.9 Consider the vector space Fg(R) of all the functions from R
into R. Let f, g, h € Fg(R) such that f(x) = e?*, g(x) = x%,h(x) = x for all
x € R. Show that the set {f, g, h} is linearly independent.
Solution: Let @, b, ¢ € R such that
af +bg+ch=10

= af (x) + bg(x) + ch(x) = 0(x) forallx e R

= qe*+hx*+cx=0forallxER
Taking x = 0,1,2 we have

ae'"+b0+c0=0,ae2+b+c=0,ae*+4b+2c=0

Solving these equations, we geta =0, = 0,c = 0.
This shows that the given st {f, g, h} is lincarly independent.

1.12 Summary

We conchide with summarizing what we have covered in this unit.
(1) We have defined binary operation, group and field with examples.

(2) We have discussed some special fields, i.e. Q,R,C, Z, (p, a prime),
(3) We have defined vector space with examples and discussed its propertics.

(4) Let ¥V be a vector space over the field F. A vector subspace W of V is any
non-empty subset W < V which is itself a vector space over F with the
operations of vector addition and scalar multiplication on V.

(5) A non-empty subsct W of a vector space V ig a subspace of ¥ if and only if
for each pair of vectors &, 8 in W and each pair of scalars 4, b in F, the vector
ax+ bf isagainin W,ic. abeEFanda,FEW =an +bf EW.

(6) The intersection of two subspaces of a vector space V is also a subspace of
V

(7) The union of two subspaces of a vector space V is a subspace if and only if
one is contained in the other.

(8) Let V be a vector space over a field F and let S be any non-empty subset of
V.The set L(S) of all finite linear combinations of elements of § is called the
linear span of S, ie.

n
L(S) = {Z ;0 0y, @ s 8n EF, 0, 05, 0, 8, € 5‘}
=1

(9) The linear span L(S) is a subspace of the vector space V.,



(10} A vector subspace W of V is said to be spanned or generated by § if W is
the smallest subgpace of ¥ containing §. In such a case, we write W = (5},

(11} Let V be a vector space over a field F and § V. Then L(S) = {5}.

(12) Let V be a vector space over a field F. A subset {@,, ..., @, } of V is said to
be linealrly dependent if there exist scalarsa,, ..., a,, not all of which are 0,
such that
Gy +azaz; ++a,a, =0
The set {a;, ..., &, } of vectors in V is said to be linearly independent if it is
not linearly dependent, that is,
L]

Zaiat =0=g;,=0foralll<i<n

=1
(13} An infinite subset of a vector space V is said to be linearly independent
if every finite subset of § is linearly independent.

(14) Any subset of a vector space containing a zero vector is linearly
dependent.

(15) A subset of a vector space containing a single non-zero vector is linearly
independent.

(16) Every superset of a linearly dependent set of vectors is linearly dependent.
(17} Every subset of a linearly independent set is lincarly independent.
(18) Let V be a vector space over a field F. Then the set {a,, ..., &, } of vectors

is linearly dependent if and only if some vector from the set can be written as a
linear combination of remaining vectors.

1.13 Terminal questions

(1} Show that a field X is a vector space over any subfield F of K.

(2} Let F[x] denote the set of all polynomials in an indeterminate x over a field
F. Show that F[x] is a vector space over the field F with respect te addition of
two polynomials as addition of vectors and the product of a polynomial by an
element of F as scalar multiplication.

(3) Show that the set of all convergent real sequences is a vector space over the
field of real numbers,

(4) Let (xy, %), (%2, %) € B? and ¢ € R, Define

(. 91) + (x2.72) = (3 + 22,9 + ¥3)
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clxy, y,) = (cx,,0)
Is B2 a vector space over R under these operations?  [Ans: No]

(5) Show that the set € of complex numbers is a vector space over R under the
following operations
x+i)+ut+ivy=(+u)+ily+v)
a(x+iy) = ax + iay
forall (x+iy),(u+iv)eECanda e,

(6) Show that a non-empty subset W of a vector space V is a subspace of V if
and only if for each pair of vectors &, £ in W and each scalar a in F, the vector
ax+ PisagaininW,iec. aeEFanda BEW =aa+ S EW.

(7) Show that W = {(a, 2b, 3¢): a, b,c € R} is a subspace of B3,

(8) Let W = {A € M,,,(R): det(A) = 0}. Is W a subspace of My, (R)?

[Ans: No]
(9) Prove that arbitrary intersection of subspaces of a vector space is a
subspace.

(10) Prove that (i) S is a subspace of a vector space V & L{S) = §

(i) L(L(S)) = L(S)
(11) Show that the vectors (1,1,1), (0,1,1) and (0,1, —1) generate R3.

(12) Is the vector (2,—5,3) in the subspace of R? spanned by the vectors
(1r _3J2)l (ZJ _41 _1)1 (IJ _517)? [AHS: Nﬂ]

(13) Show that the subset {e,, e, ..., e} of the vector space R® is linearly
independent. Where e; = (1,0,...,0),&; = (0,1, ...,0}, ..., 8q = (0,0, ..., 1).

(14) Show that the subset {(1,3,2),(1,-7,—8),(2,1,—1)} of R® is linearly
dependent.

(15) If o, 8,y arc lincarly independent vectors of a vector space ¥V over the
subfield F of the complex mumbers, then prove that a+ 8,8 +y,¥y + o are
also linearly independent.

(16) Let @ = (1 + £, 2i) and 8 = (1,14 i). Show that & and 8 are linearly
independent in the vector space €2 over the field R and linearly dependent in
the vector space €2 over the field C,



1.14 Further readings
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2.1 Introduction

Consider the vector space ¥ of all the vectors {directed segments) in three
dimensional Euclidean space, Let § = {1, §,k} C V be the set of unit vectors
along coordinate axes. Then the set § will be linearly independent as

at+bf+cﬁ=0=>a=[],b= 0,c=0
Also we see that every vector & € Vcan be expressed as a linearly combination
of§,f and k, i.e. there exist a,, @,, a3 € R such that

d=a,i + a,f +azk

Hence L(S)=V. Thus § is a linearly independent subset of ¥V which
generates V. Such a subset is called a basis of the vector space. The interesting
thing about a basis is that you can create the entire space by its vectors. In this
unit, we shall discuss the concept of bagis in details. We shall see how to
characterize a basis for a given vector space. Some vector spaces are generated
by their finite subsets. Such spaces are called finite dimensional. We shall sce
that there always exists a basis for each finite dimensional vector space and any
two bases have the same number of elements, This facilitates the definition of
dimengion of a finitely generated vector space as the number of elements in
any of its basis. Some other concepts such as coordinates, lincar sum and direct
sum of subspaces and quotient spaces will be discussed.

2.2 Objectives

Afler reading thig unit, you should be able to:

¢ Define the basis of a vector space;

» Characterize the basis as a minimal gencrating set and as a maximal lincarly
independent subset of the given vector space;

¢ Discuss various properties of bases;

¢ Dectermine whether a given subset of a vector space is a basis of the vector
space or not;

» Construct a basis of a finite-dimensional vector space;

¢ Determine the dimensions of subspaces;

¢ Define coordinates, linear sum and direct sum of subspaces and quotient
spaces

» Determine the dimengions of the sum of two subspaces, intersection of two
subspaces and quotient spaces

2.3 Basis and Dimension

2.3.1 Basis of a vector space
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As we have seen that there exist some linearly independent subsets for a given
vector space which generate the entire vector space. Such subsets are called
bases of the given space. Let us give a formal definition of this concept:

Definition Let V be a vector space over a field F. A subset § of V is said to be
a basis of V if § is linearly independent and spans the space V, i.e. L(S) = V.

Example 2.3.1 The vectors e, = (1,0, ...,0),e, = (0,1, ....,0), ...,
e, = (0,0, ...,1) form a basis of R™.
Let a4, ..., 2, € R such that
a.e t+ae; + 2+ a,e,=0
= a,(1,0,...,0) + a5{0,1, ...,0) + -+ a, (0,0, ...,1) = (0,0, ... ,0)
= {a,, ..., ap) = (0,0, ...,0)
= =0,..,a,=10
Hence the vectors are linearly independent,
Also if @ € R™ such that & = (c,, ..., c,) then
® = 18y + Cz83 + -+ Cpy
Therefore the vectors ey, ..., e, generate B® Hence {ey,...,e,} is a basig of
R™. This is called the standard basis of R™.

Example 2.3.2 Let M, (R) be the vector space of all square n X n matrices

with real entries. Let Eyy € My, (R) such that Ej; = [“m] where
_[Lifp=iq=]

“N‘{u, ifp#ig+j

Then the set {E;;: 1 < i,j < n} forms a basis of My, (R).

Example 2.3.3 Let F be any field and let V be the vector space of all
polynomial functions in one variable with coefficients belonging to F. Then the
infinite set {1, x, ..., x¥, ...} is a basis for V.

2.3.2 Finite dimensional vector spaces

Definition A vector space V is called finite dimensional or finitely generated
if it is the zero space {0}, or if there exists a finite subset S of VV which spans V',
Le. L(S)=V.

Theorem 1 There exists a basis for every finite dimensional vector space.

Proof Suppose V is a finite dimensional vector space over a field F and § is the
finite subset of ¥ generating it, ie. L(S) = V. Let

§ = {ay, a3 . 0z}



If S i8 linearly independent there is nothing to prove, i.e. the subset S will form
a bagis of V. If' § is linearly dependent then there exist scalars a,, ..., @y, not all
of which are 0, such that

Aoy F a0t + -+ apd, =0
Let & be the largest integer such that a; # 0. Hence ay,, = 0,....,a, = 0.
Thus we have

Oty + dptt, + -+ Qg =0

Here k = 2. For if k = 1, we have a, &, = 0. Since o, # 0, this gives @, = 0.
This is a contradiction. Therefore 2 < k < n. Now we can write

gy = —(a@; + @y + -+ Gy Fx_4)
or @ = —ay (ay@; + apay + - + Agoy Ag—y)
or @ = (—ax"la)a; + (—a " tay)ay + o+ (—a "l ag g a4
= byay + by@y + v+ byg gy Where by = —a; 'ay

ie. ay is a linear combination of its predecessors. If we omit this vector ay
from S, the subset {@, @3, - ., Tx—1, Tx 1, -, Xy} also generates V. For if
a € V, then there exists scalars ¢y, .., ¢, such that
Q= Cyty + Catty + - + Cutty

= cyty + - + cpbyay + oo + Byoq @p—q) + -+ @ty

= A linear combination of vectors &y, ..., @x_1, T y1, -5 By
If the subset {ay, @3, ..., Xx_1, Agy1, -, Ay} i8 linearly independent, then it will
form a basis of V. Otherwise we may contimie this process of omitting vectors
until we get a linearly independent subset of § which generates V. Thus we get
a subset {f, B2, ..., BmF C § which is linearly independent and spans ¥, ie.
we get a basis of V.
Remark In light of above theorem we can say that any finite spanning set in a
vector space containg g basis.

Theorem 2 {(Characterization of a Basis) Let V be a vector space over a field
F. Let B be a non-empty subset of V. Then the following conditions on B are
equivalent:

(i) B is a basis for V.

(ii) Every eclement of V' can be uniquely expressed as a linear combination of
elements of B

(iii} B is a minimal generating set, i.e. B spans V but any proper subset of B
docs not span V.

(iv) B is maximal linearly independent, i.e. B is linearly independent but any
proper superset of B is not linearly independent.

Proof: ({) = (II} Assume (i). Then B is a linearly independent subset of V
such that L{B) = V. Let0 # a € V and
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X =0 + Gty + o+ any =5 B+ 88+ -+ by ......{1)
Where a,, @3, ..., @&, € B are distinct and §,, 53, ..., B € B are distinct. Also
a;’s and by’s are nonzerc scalars. The sets {a,, @y, ..., @, } and {8, B3, ..., B}
cannot be disjoint, for otherwise (1) implies

@ + az@z + -+ Qg + (~b)fy + -+ (—bp)frn =0
This makes B lincarly dependent and hence not possible. Suppose
{ety, @z, e g} N By Bas oo, B} = {0t 0ty )
Then after rearranging the terms, we can write
{ay, @z, o @} = {@, gy s Qs Fiy s ey, )
and {ﬁl, ﬁz, e rﬂm} = [a,-_i, LS IERTTRRY 4 ﬁlt+1’ ey ﬁim}
Hence (1) can be written as
(ah - bﬁ)“ﬁ ++ (al'k - ‘bi.t)aik T+ iy Ty, T+ A,
+(_bft+1)ﬂll:+1 + -t (_bim)ﬁim =0
Now B is a basis, ie. B is linearly independent, therefore we must have
n=m=kand a; = f; foreachr, ie. @; = §; for all j. Therefore we have
(@, = by, )y, + -+ (@, — by ), = 0
After rearrangement we can write
(ay, = b)ay + -+ (a, — b )a, =0
Since the B ig linearly independent, hence we have
@y = By, ey @y = by

Hence (i) = (ii).

(it) = (itl) Suppose (ii) holds. Obviously B spans V as any a € V can be
uniquely expressed as a linear combination of clements of B. Assume that (iii)
does not holds, i.e. B is not a minimal generating set. Then there is a proper
subset B’ of B such that L(B)=V. Let oa€B—5. Then

X =& + At + -+ a o,
Where ay, s, ...., @, are distinct elements of B'and a;’s are nonzero scalars.
NowBR' c B = ua,,a,, ..., &, € B. Also since ¢ € B, hence we can write
a=1la

Thus we get two distinct representations of o, This contradicts (ii). Hence (iii)
must hold, i.e. (ii) = (iii).

{tit) = (i) Suppose (iii) holds. Then B mmst be lincarly independent, for
otherwise there exist distinct elements oy, @3, ..., &, € B and nonzero scalars
, 4y, ...., 4y € F such that

a1y + a8 + -+ a,a, =0
There will be no loss of generality if we assume @, # 0. Hence we can write
ay = (—ayag)ay + -+ (—ay " ay)a,

=> @, is a linear combination of the elements of B — { &, }
=Bcl(B—{a))

Since L(B) =V, therefore we have L(B — { @;}) = V. This contradicts (jii).
Hence B is lincarly independent.



Now suppose that $ O B. Let 0 # & € 5 — B. Since L{B) =V, hence there
exist distinct elements ¥4, ¥3, ...., ¥x € B and nonzero scalars ¢y, ¢5, ....,c € F
such that
a=6yt-t&Gkh

= la+(—c)rn+ -+ (—crlya =0
Therefore S is linearly dependent. Hence B is maximal linearly independent.
(iv) = (D) Suppose (iv) helds. Then B must generate V, for if not, there is a
vector &« € V — B that is not a linear combination of the elements of B, ie.
a & L(B). Therefore BV {x} is linearly independent superset of B. This
contradicts (iv). Hence B generates V. Thus B is a linearly independent set
generating V, i.c. B is a basis for V.

Theorem 3 If a basis of a vector space V contains n clements, then any linearly
independent subset of ¥V containg no more than n elements,

Proof: Let B = {a,, a3, ..., @, } be a basis of a vector space V containing n
elements. Suppose § = {1, fz, ----, B} be any subsget of ¥ such that m > n,
Since B is a basis of V, hence L(B)} = V. Therefore for any 8; € 5 there exist

scalars @, @3}, w1, @gy € F such that

n

By = Z oy
i=1
Now for any by, by, ..., By, € F, we have

ibfﬁf - i by ( y ﬂuﬂt)
j=1 1

=1 =

n L]
3 (et
=1 j=1

Therefore XL, b;B; = 0 whenever X, j=1aijb_,-)ai = 0. Since a;’s are
linearly independent, hence

T m m
Z Zaubj a1=0=)Zaubj=ﬂfor15iSn
=1 \ =1 =

So we have n equations in m variables by, b,, ...., by,. Since m > n, hence the

system of equations will have a non-trivial solution, ie. there exist scalars
by, b, ...., by, not all zero such that

m
Y by=0
=

Consequently, the set § = {8, £, ...., £} i8 linearly dependent.
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Corollary If V is a finite dimensional vector space over a field F, then any two
bases of V contain same mymber of elements.

Proof: Let {a,, &3, ...., &y} and {8, B3, ...., Bm} be any two bases of V. Since
the vectors £, f,. ...., By are linearly independent, hence by Thecrem 3 we
have m <n. Similarly {8,855, ....,8m} is a basis and ay, a3, ..., @, are
linearly independent, hence we have n < m. Therefore we have m = n.

Remark A vector space V is finite-dimengional if it is the zero space, or if ¥V
has a finite basis. All other vector spaces are called infinite-dimensional. Now
we are in position to define the dimension of a finite dimensional vector space.

2.3.3 Dimension of a vector space

Definition The dimension of a non-zero finite-dimensional vector space V is
the mumber of elements in a basis for V. The dimension of the zero space is
Zero.

Thus if a vector space V has a basis consisting of n vectors, we say that V is n-
dimengional and we write dimV =n.

For example, the vector space R® has dimension n. The subspace W; of R®
given by W, = {(xy, ..., xp): %4, ..., X, € Rsuch thatx, + -+« + x,, = O}has
dimension n—1 as the set
{1,-1,...,0),(1,0,—1,...,0),....,(1,0,....,0,—1)} is a basis of W;.

Can you guess the dimension of the following subspace of R™?

W, ={(x1, ... X3): Xy, ..., Xn € Rsuch thatx, = - = x,, = 0}
foranyfixedm,l1<m<n
The dimension of W; is n — m (why?).

Remark: In view of Theorem 3, we can say that if V is a finite-dimensional
vector space such that dim V = n, then any linearly independent subset of ¥V
contains no more than n elements, i.e. any subset of IV which contains more
than n vectors is linearly dependent.

Theorem 4 Let V be a finite-dimensional vector space such that dimV = n.
Then any linearly independent set of n-vectors in V' forms a basis for V.

Proof Suppose V is a finite-dimensional vector space such that dim V' = n, i.c.
the number of elements in any of the bases of V is n. Let S = {ay, &3, ..., Xy }
be a lincarly independent set. Assume a € V. Then by theorem 3, the set
(a0, 2., x5, ..., 8,} is linearly dependent. Therefore there exist scalars
ay, A1, ..., Ap, not all of which are 0, such that



Ao + A&y + a; + v+ a0, =0 .....(2)
Now ay # 0. For if a; = 0, then (2) gives
Q18 + Aty + -+, @, =0
Since ¢’s are linearly independent, we have @, = 0,2, =0,....,a,, = 0. This
contradicts the fact that not all of the scalars a,, a,, ..., a,are zero.
Hence from (2), we have
a = —ag" (ay@; + ayct; + - + Anty)

or a=(—ayla)a + (—ag 7 a;)ap + - + (—aptag)ay,

or a=ba,+ b+ -+ b,a, where b; = —a, " 1q;
Therefore the set S generates the vector space V, i.e. L(S) = V.
Thus 5 is a lincarly independent st generating V. Hence S is a basis of V.

Theorem § Let W be a subspace of a finite-dimensional vector space I/. Then
every linearly independent subset of W can be extended to a basis of W.

Proof: Let $ = {a,, &5, ...., &} be a linearly independent subset of W. Let
dimV = n. Then any linearly independent subset of ¥V camnot contain more
than n elements. Hence any linearly independent subset of W containing $
cannot have more than n clements.
If 5 generates W, then § is the required basis of W. Suppose § does not span
W. Let fi;, € W such that 8, & L(S). If we adjoin §, to the set S, then the set
5, =5U{s) ={a,a,....0n F1} is also linearly independent subset of W.
Since if
4y + Gatty + '+ Aty + biﬁl =0 .... (3)
Then by = 0. For if b, # ©, then (3) gives
B = (b tar)ey + (—by T ag)ay + o+ (—by lam ),
= By € L(S)
This contradicts our assumption that 8, & L(S). Hence b, = 0. Therefore (3)
becomes
18y + a0+ +apay, =0
=a =0a;=0,...,an =0 a5 § is linearly independent.
Thus a, =0,8;, =0,...,8,;, =0,y =0. Hence the set §; is linearly
independent. If 5, generates W, it will be a basis of W. If L(S,) # W, then
there exists vector f, € W such that f§, € L(5;). Then proceeding as above, we
can show that the set §; =5, U{B;} = {ay, a7, ..., &, B1. B2} is linearly
independent. Continning the process, we will have a linearly independent set
St = (@1, @y e G B B s )
such that L(S;) = W, where m + k < n. Therefore 5, is the required extended
linearly independent set which forms a basis of W.
Corollary 1. If V is a finite dimensional vector space over a field F, then every
not-empty linearly independent set of vectors is a part of a basis of V.
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Corollary 2. Let W be a proper subspace of a finite-dimensional vector space
V. Then W is finite-dimengional and dim W < dim V.

Theorem 6 Let W be a subspace of a finite-dimensional vector space V. Then
every generating set § of W contains a basis of W, ie. if L{S) =W then §
containg a basis of W.

Proof Suppose 5, is the maximal linearly independent subset of S. We shall
show that S, is a basis of W. Let & € §. If @ € §,, then @ = 1a € L(5,).

Also if & & S, then the set §; U {a) is linearly dependent (as 5, is the maximal
linearly independent subset of S). Hence There exists a finite linearly
dependent subset {ay, @3, ...., @y, &} of 5, U{a}. There must exists some
vector in S; U {a} which can be written as a linear combination of preceding
vectors. Since @y, &5, ..., &y, are linearly independent vectors of Sy, hence we
have a =a o, + a0y + -+ ap,, for somec scalars a,,a;,..q,, Lc
a € L(S;). Thus § € L({5,).

Now S © L(S,) = L(S) = L(L(SD))
= L(S) € L(5,) as L{L(S,)) = L(5y)
=W CL(S) asL(S) =W
=W=L(5) asS, S W

Since S, is linearly independent, hence S, is a basis of W.

Corollary If W is a subspace of a finite-dimensional vector space V such that
dim W = m, then any generating set with m vectors forms a basis of W.

Theorem 7 Let W, and W; be any two subspaces of a finite-dimensional
vector space V such that W, € W; . Then dim W, < dim W;. Also dim W, =
dim W, if and only if W = W5,

Proof: Let B be a basis of Wy. Since W) € W,, hence B is a linearly
independent subset of W,. Now B can be extended to a basis of W5, Therefore
dim W, < dim W,.

If W, = Wy, then obviously dim W, = dim W,.

Conversely, suppose dim W, = dim W, = k (say). If B is a bagis of Wy, then
L(B) = W,. Since W; € W,, hence B is a linearly independent subset of W,
containing k vectors. Therefore B is a basis of Ws. Hence we have L(B) = W,
and so W, = L(B) = W,. Thus dim W; = dim W, if and only if W; = W,.

Corollary If dim V = n, then V itself is the only subspace of V' of dimension
n.



2.4 Coordinates

Consider a vector & = (2,3,—5) in the space R3. Obviocusly

(2,3,-5) = 2(1,0,0) + 3(0,1,0} + (—=5){(0,0,1)
In general, a vector & = (x4, ..., ;) € R® can be expressed as a unique linear
combination of vectors in standard basis {ey, ..., ,} in the following way

a=xe +x8;,+ - +x8,

Thus the i*® coordinate x; of a is the coefficient of g; in above linear
combination. So we can define a coordinate system in R® with respect to the
standard basis {e,,..,e;}. To generalize this concept to any n-dimensional
vector space, we need the following definition.

Definition Let V¥ be a finite-dimensional vector space over a field F. An
ordered basis for V is a finite sequence of vectors which is independent and

generates V.
If @y, @3, u. ., &y, is such finite sequence, then we say that (@, @5, ..., &, } i8 an
ordered basis for V.

Let & € V. Suppose, if possible, that
@ =x00q + 200+ ~+xa,and a =y + ¥ + o+ Yy
Where x’s and y¥’s are scalars. Then we have
Xy + Xty + v+ Xy, = Y10y + Yalls + 0+ Y tty,
=& -yl + G —ylag+ -+ (g — Wlay, =0
Since «y, e, ..., &y, are linearly independent, hence

Hence for € V' , there exists a unique n-tuple (x;, ..., X,,) of scalars such that

i)
o= inﬂi

i=1

We may assume Xx; as functions defined on V. The functions x;: ¥ — F are
called coordinate functions with respect to the given ordered basis and x;(a) is
called the £*# coordinate of a relative to the ordered basis {a,, @3, ..., &,}.
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If (x;, ..., ) i8 the n-tuple of coordinates of & € V with respect to an ordered
basis B = {a;, a5, ...., &, }, then the coordinate matrix of a relative to the
ordered basis B is defined as follows

X1
[e]p =[E ]
Xn

This notation is helpful when we change the basis and obtain the corresponding
coordinates. We shall discuss it in details in the next unit.

2.5 Mlustrative Examples

Example 2.5.1 Show that the vectors {(1,0,—1),(1,2,1), (0, —3,2)} forms a
basis for R3.
Solution : Let a,b, c € K. Then
a(1,0,—1) + 5(1,2,1) + ¢(0,0,1) = (0,0,0)
= (a+ b+ 0c,0a+ 2b+ 0c,—a + b + ¢} = (0,0,0)
=a+b+0c=0, Oa+2b+0c=0, —a+b+c=90
=a=0b=0,c=0
Hence the given vectors are linearly independent. Since dimR3 = 3, hence any
set with three linearly independent vectors will form a basis of R3, Therefore
{(1,0,-1),(1,2,1),{0, —3,2)} forms a basis for R3.

Example 2.5.2 Determine whether or not the vectors (1,1,2), (1,2,5), and
(5,3,4) form a basis for R3.
Solution Let a, b, ¢ € R. Then
a{1,1,2) + b(1,2,5) + ¢(5,3,4) = (0,0,0)
= (a+ b+ 5c,a+ 2b+ 3¢,2a+ 5b + 4¢) = (0,0,0)
=a+b+5% =0 a+2b+3c=0, 2a+5b+4c=0
The coeflicient matrix is
1 1 :]
1 2 3
2 5

1 1 5
1 2 3
2 5 4
Since the coefficient matrix is singular, the system of equations will have a
nonzero solution. Therefore the given vectors are linearly dependent.

A=

Now

Example 2.5.3 Show that the set {1, x, x%, ..., x™} is a basis of the vector space
B, of all polynomials in x of degree at most n over the field of real numbers.
Solution Let S = {1, x, x2, ..., x™}. Let @y, &4, .. 2, € R such that



ol + a,x + ax? + -+ + a,x™ = 0 (zero polynomial)
= gl +ayx +ax?++a,x"=01+0x+0x%+ ...+ 0x"
By the definition of equality of two polynomials, we have
ay=0,8,=0,..0, =0
Hence the set § is linearly independent subsct of ;.
Obviously if & € B,, then there exists ¢, ¢3,.. ¢, € R such that
x=col+c x4+ + cpx™
Thus 3 spans B,. Therefore § is a basis of B,.

Example 2.54 If {, B, ¥} is & basis of R3, show that the set {fa + 8,8 +¥.¥ +
a} is also a basis of R3.
Solution Let § = {z + 8,8 + y,¥ + a}. Since dimR3 = 3, hence any linearly
independent subset of R? with three vectors will form a basis of R?, Hence in
order to prove that the set S is a basis of R?, we simply show that the set S is
linearly independent.
Let o, b,c € R. Then
ale+ )+ +yY)+cly+a)=0

={at+tc)a+(at+tP)p+{b+c)y=0
Since {a, 8,7} is a basis of R3, the vectors &, 8, ¥ are linearly independent.
Hence we have a4+ c=0,a + b = 0,5 + ¢ = 0. Solving these equations we
get a=0,b=0,c=0, ie the vectors a+ 8, £+y, ¥y +a are linearly
independent and therefore form a basis of R3.

Example 2.5.5 Let W = {(x,y,2) € R®: x = y}. Show that dimW = 2.
Solution We Iknow that the standard basis of R3® consists of wvectors
(1,0,0),{(0,1,0) and (0,0,1). Suppose o= (x,y,z} €EW. Then x=1.
Thercfore
a = {x,x,z} = x(1,0,0) + x(0,1,0) + z(0,0,1)
= x(1,1,0) + z(0,0,1)
Therefore the set {(1,1,0), (0,0,1)} generates W. Also we see that fora, b € R,
we have
a(1,1,0) + £(0,0,1) = (0,0,0)

= {a,a,b) = (0,0,0)

=a=0,b=0
Thus the set {(1,1,0),(0,0,1)} is a lincarly independent subset of W which
generates W, i.e. {(1,1,0), (0,0,1)} is a basis of W. Hence dimW = 2.

Example 2.5.6 Prove that the set {(1,2), (4,3)} is a basis of R2.
Solution Let &, = (1,2) and a; = (4,3). Then for a,, a; € R, we have
oy + da, =0
= a,(1,2) + a,(4,3) = (0,0)
= (a, + 4a,,2a, + 3a;) = (0,0)
=a, +4a, =02a, + 30, =0
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= =0a,=0
ie. the set {(1,2), (4,3)} is linearly independent.
Now suppose (p,q) € R2.If for a,b € [, we have
(p,q) = a(1,2) + b{4,3)

Then
{p.q) = (a + 4b, 2a + 3b)
=p=a+4bg=2a+3b
49— 3p 2p—q
a= = b= 3

Hence
4q —3p 2p—yg

@9 =—5— 12 +=5—(43)

Thus every vector in R? can be expressed as a linear combination of (1,2) and
(4,3), ie. {(1,2), (4,3)). Therefore {(1,2},(4,3)} is a basis of RZ.

Example 2.5.7 Expand the linearly independent subset {{3,4,0)} of R? to a
basis of R3.

Solution In constructing a basis for R3, we shall follow the proof of Theorem
5. Let § ={(3,4,0)}. Then L(S) = {k(3,4,0):k € R}. Let & € R? such that
x & L(S). Obviously a # (3k,4k,0) for any k€ R, We may take o =
(1,2,3). Then the set §; =SU{(1,2,3)) = ((3.40),(1,2,3)} is a linearly
independent subset of B3, Now

L(S) ={r(340) +k(1,23):h,k € R} ={{(3h + k,4h + 2k, 3k): h,k € R}

If we take h = 1,k = 1, then (4,6,3) € L(S,). Now we require § € R3, such
that 8 € L(S;). Obviously B = (4,6,0) & L(S,). Therefore theget S =5, U
{(4,6,0)} = {(3,4,0),(1,2,3),(4,6,0)} is a lincarly independent subset of R*.
Now dim R® = 3, hence S, is & basis of R3.

Here you will notice that we have other choices for the vectors & and £ as well.
Therefore, we can extend {(3,4,0)} in many ways to obtain different bases of
R3.

Example 2.5.8 Find the coordinates of the vector (2,1, —6) of R® with respect
to the ordered basis {(1,1,2), (3,—1,0),(2,0,—1)}
Solution Let (p, g, 7) be the cootdinates of (2,1, —6) with respect to the given
basis. Then
(2,1, -6) = p(1,1,2) + g(3,—1,0) + r(2,0,—1)
=(2,1,-6)=(p+3q+2r,p—q2p—7)
=p+3g+2r=2,p—qg=12p—r=—6
=p=-7/8,q=-15/8,r=17/4
Therefore the coordinates of (2,1, —6) with respect to the given basis are
(-=7/8,-15/8,17/4).



2.6 Linear Sum and Direct sum of Subspaces

We can define addition of subsets of a vector space. Suppose 54,53, ., 8, ate
some subsets of a vector space V defined over a field F. Then by §; + 8, +
++++ §,, we mean the set of all sums ay + a2, + -+ a,, of vectors a4 €5,
o €8, ..,8, € S5y

Definition If Wy, W,, ...,W,, are subspaces of a vector space V, then their
Imear sum W, + W, + ...+ W, is defined as the set

m
[Zak:aiewl,az EWz,...,amEPKn]
=1
For example, the linear sum of subspaces W; = {{x,y,0) € R*:x,y € R} and
W, ={(0,y,2z) e R:y,z € R}is R?, ie. W; + W, = R3,
Sinceay to EW, +tW, > a, eWj,a; EW,

=a ERa ERIasW, cR3and W, c B3

= ay + a, € R?
Thus W; + W, € R3. Also if @ = (&, b, ¢) € R3, then we can write

a=(abc)=(ab/2,0)+(0,b/2,0)eW;+ W,

Hence R? € W, + W;. Therefore W, + W, = R3.
Here you will notice that if ey + a, € W, + W,, then a; € Wy, a;, EW, and
therefore oy, a; EW; UW,. So we must have some relation involving
Wi + W, and W, UW,. Theorem 9 explores this relationship further, First we
shall show that the linear sumn of two subspaces is also a subspace.

Theorem 8 Let W; and W, be any two subspaces of a vector space V. Then
W + W, is also a subspace of V.
Proof Lleta, fEW, -+ W, and g, bEF. Thena=a, +ta, and B =, + 8,
where ay, 8, € Wiand a,, 8, € W,. Since W, and W, are subspaces, hence
a, B eEWabeEF=an, +bBEW)
and
@uf EWL,a,bEF = aa; + bl EW;
Therefore aa + bf = ala, + ay) + b{(B, + B2)
= (aa, + bf,) + (aa; + bB;) EW, + WL
Hence W; + W; is a subspace of V,

Theorem 9 Let W, and W, be any two subspaces of a vector space V. Then we
hﬂVﬂ“’l -+ WZ =L(W1 UWz)

Proof Let ¢ € W, + W,, Then a = @, + @, where o, € Wyand a, € W5,
Hence oy, 00, € W, U W, Now
a=a, +a,=1a, +1la; € L(W, UW,)
ie. aeEW,+W,=>acl(W,UuW,)
Therefore Wy + W, € L(W, UW,).

UGMM-147/43



UGMM-107/44

Now suppose that @ € L(W; UW,). Then & is a linear combination of
elements of W) UW,, ie. linear combination of some elements of W, and
some elements of W,.Assume that £, 8;, ..., 5 € Wiand y,,7%,, ..., ¥ E W5
suich  that a=hpf+ -+t ++on¥n for SOme
by,..by,cy, ..., € F. Obviously b+ -+ b €W, and ¢,y + -+
Cm Y € W, and thercfore & € Wy + W,. Thus L(W, UW,) € W, + W, and
so we have W, + W, = L(W, UW,).

Naote: L{(W; U W;) © W, + I, is also obvious from the fact that W, + W, isa
subspace containing W, UW, (since W) C W, + W, W, C W, + W,) and
L{W, U W,) is the smallest subspace containing W; U W;.

So we have seen that W, + W, is a subspace generated by W U W, and that
an glement of W) + W; can be written as a sum of an element of W) and an
element of W,. Also we have seen that if W, = {(x,y,0) € R3:x,y € R} and
W, = {(0,y,2) € R: y,z € R}, then W; + W, = R3. Suppose (2,3,4) € R,
Then (2,3,4)=(2,3/2,00+ (0,3/2, ) e W, + W,

Also we can write
234) =210+ 024 eW, + W,
(234)=(2,-10)+(044) eW; + W,

and so on.

Here you see that the sum ig not unique and there are many ways to express
a €W, + W, as a sum & = @, + &, where ay € Wyand @, € W,. However
in some cases you will find uniqueness in the expressione = a, + az. For
example, if we take W, = {(0,0,z) € R®:z € R}, then W, + W, = R? and
every (a, b, c) € R? can be uniquely expressed as

(a,b,c)=(a,b,0)+(00,c)eW, + W;

This sum W + Wj is then called the direct sum of the subspaces W; and W,
and is denoted by W, €& W5 . Hence we have the following definition:

Definition Let W), W, ..., W, be the subspaces of a vector space V. Then the
sum W; + W, + ...+ W, is said to be direct if any vector in the sum can be
expressed in a unique way as @, taz+ ...ty with oy EWy,a; €
Wo, ..., &y € W,,. We denote the direct sum of subspaces Wy, W,, ..., W, as
W, DW, S O Wy

Theorem 10 Let W, and W, be any two subspaces of a vector space V. Then
the following statements are equivalent:

(i} The sum W; + W; of subspaces W, and W, is direct,
(i) Wy n W; = {6}



(i) If 0 == ¢ € W, and 0 = 8 € W, then & and £ are linearly independent,
(iifaeW,and B EW, suchthata + 8 =0,thena=0and £ = 0.

Proof (I3 = (i) Supposc the sum W, + W, of subspaces W; and W, is
direct. Leta e Wy NW,. Thena € W, and a € W,.

Nowa=a+0eEW, + W, wherea e W, and 0 E W,
Alsog=0+acW,+W,where 0 e W, and ¢ € W,

Since W, + W, is direct, hence o cannot be written in two different ways as a
sum of elements of Wi and W,. Therefore we mmust have @ = 0. Thus W; n
WS {0} Also 0EW, and OEW, =0 W, NW,, ic. {0} C W, NW,.
Therefore Wi N W, = {0].

(ii) = (iii) Suppose Wy NW, ={0}. LetO €W, and 0 = 8 € W, and
a,hbeEF, Then an+bf=0=aax=—hf. Now aa €W, and —bf e W,,
therefore ae = —bf € Wy N W,, Hence az = 0 and b8 = 0, Since & # 0 and
B # 0,hence a = 0, = (. Thus o and f# are linearly independent.

(iii) = (iv) Supposea € Wy and f €W, suchthat « + # = 0. Then & and
8 arc linearly dependent. By (iii), if a0 and £ 0, then a and 8 arc
linearly independent. Therefore we must have a = 0 and 8 = 0.

(iv) = (i) Suppose ¢ € W, + W; such that ¢ = a, + a; = B, + i, where
@y, By € Wyand ap, B, € W,. This gives (a; — f1) + (@ — 2) = 0. By (iv),
Wehﬂ‘mﬂ-l—ﬁl =uaﬂdﬂz—ﬁz =0,i.e. &y =ﬁ1,ﬂz =ﬁz.Hmethes|lm
W1 + w: ofsubspms W1 and Wz is direct.

Definition Let W be a subspace of a vector space V. Then a subspace W' is
said to be a complement of W f W QW' = V.

For example, W ={(x,y,0) e R¥:x,y € R} is a complement of W' =
{(0,0,2) e R*:z € R}, since W & W' = R3.

Clearly, if W' is a complement of W, then W is a complement of W’'. Then we
say that W and W' are complementary subspaces.

Definition Let W, be a complement of W, and @z € V. Let @ = &4 + @, such
that &, € W, and &; € W, Then &, is called the projection of & into W, along
W,

Obviously, if @, is the projection of e into W; along W5, then @ — &, is the
projection of e into W, along W .
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For example, Let V = R2. Then W, = {(x, 0) € R?: x € R} is a complement of
W, = {(x,¥) € R%: x = y)}. The projection of (1,—1)} € R? into W; along W,
i8 (2,0} since (1,—1) = (2,0) + (-1, -1).

Here you will notice that & = a; + &; cxists and unique. Therefore the
projection of & into W; along W, is well defined.

Theorem 11 Let W, and W, be any two finite-dimensional subspaces of a
vector space V. Then

Proof Let dim (W, nW;) =k and S = {a,, az,...., @} be a basis of Wy n
W,. Then $ is a linearly independent subset of W, as well as W,. Therefore §
can be extended to a basis {ay, @3, e, i, B, B2s v o2 Brn} Of Wiy, Similarly §
can be extended to a basis {@y, @z e, @ Vi Var wes ¥l of We. Hence
dmW,=kt+manddimW, =k +n.
Now the set S = {ay, &, .-, Xy By Bzs e e s Prns Yo ¥zo o Y} gENETAtes the
subspace W, + W5, since if ¢ € W) + W5, then
@ = an ¢lement of W, +an element of W,

= A linear combination of vectors @y, @3, w. ., &g, f1, f2r e o,

+ A linear combination of vectors &y, &z, ..., &g, ¥1, ¥2s =2 ¥
= A linear combination of vectors
R, Xg; vee ey Ty ﬁllﬁm nan Hﬁ’ml | £ 00 ¢ TEURTY %

Also the set §’ is linearly independent. For suppose
k

Z e + i BBy + Zﬂ: ¥ =0 e (4)
=

1=1 r=1
Where a;, b;, ¢ € F forall i, j,r. Then

k m n
Za:a: +ijﬁ = —Zcr?r
E r=1

i=1 j=1
Since ¥, a;a, + Xy by € Wyand — X7, ¢,¥, € W, therefore

n
=Y an eWinW;
r=1

1 k
- Z Cr¥r = Z da
r=1 =1
k n
=>Zd!a; +Zc,:y,. =0

i=1 =1
Since the vectors &y, &z, ..., &k, V1, Vas -2 ¥ 10TM 2 bagis of W, hence we
havec, =0,c;=0,...c, =0; dy =0, ...,dp = 0.
From (4), we have

Hence we can write



k m
Zﬂgﬂﬁ +ijﬂj =0
i=1 i=1

Also the vectors ay, @y, ...., @y, By, £5, -..., By form a basis of W, and therefore

G=0a,=0,..9=0b=0.,>b,=0
Thus the set S’ is linearly independent and therefore forms a basis of W, + W5.

L dm(W,+Wo)=k+mtn
=dmW,+ W) +dim(WynW)=(k+m+n)+k
=(k+m)+{k+n)
= dim W, + dimW,

Corollary If the sum W) + W, of subspaces Wj; and W, is direct, then
W, N W, = {0}. Therefore dim (W; N W;) = 0 and hence

dim (W, § W) = dim W; + dimW,

2.7 Quotient Space

In the section 2.6 we have defined the linear sum of subsets of a given vector
space V.IFACV and BV, thenwe define A+ B={a+ b:a €A b € B}
Suppose A = {a} is a singleton. Then we have

{a} + B={a+ b:b ERB}

We write & + B for {&¢} + B. The sct @ + B is called a translate of B. If we
take B as a subspace of V, then we get special sets called cosets. So we have
the following definition:

Definition Let ¥V be a vector space over a field 7 and W be a subspace of V.
Then a coset of W in V is a subset a+W of V defined as
atW.={at+y:ycw}

For example, consider the subspace W = {(x,y,0) € R*:x,y € R} of R3. Let
a=(ab,c) € R3, Then
a+W={(a+x,b+y,c)eR%x,yeR}
={(x',¥',c) e R3:x",y' € R}

Now W represents xy-plane and & + W or (g, b,¢) + W 1epresents the plane
parallel to xy-plane through & = (a, b, ¢).
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Interestingly, we can add any two cosets to obtain a new coset. Also we can
multiply a coset by a scalar. These two new operations defined on the
collection of cosets facilitate the construction of a new type of vector space
called a quotient space. Before defining a quotient space let us first discuss
some properties of cosets.

Theorem 12 Let W be a subspace of a vector space V. Then for o, § € V, we
have

DeewWeat+tW=W
a+W=F+Wea—BeW
(iii) Either e + W =2+ Wor{a+WIn (B + W) =8,

Proof (i) Let a e W. Ify€a+W, then y =a+ u for some 4 € W. Since
ueeEW hencey=at+ueEW. Thusa+ W o W.

Nowif e W, thenS=a+(f—a)ca+Wasd—ageW.ThusWCa+
W. Thisgivesa + W =W

Conversely, suppose that &« + W = W. Since 0 € W, hence
ca+0€a+W=W
=acW

(i) Wehavea =a+0cEa+W

Thereforea+tW =8+ W =Saef+W
=g=§+yforsomeyeW
=y=a—BEW

Thsa+tW=F+W=a—-FcW

Conversely, supposc that a — B EW. Let S €a+W. Then § =a +y for
some ¥y € W. Now

§=8+[(a—B)+vl
Buta—fEW,yEW= (a—B)+yYEW
=8§=F+[(a—fF)+ylep+W
ThusSEa+W =6€f+W,ic.a+WS B+ W.

Similarly, we can show that 8 + W C @ + W. Thereforea + W =8 + W.



(iii} Suppose that (& + W) n (# + W) # @. Then there existsd € V such that
Sea+W and § € § + W. Hence there exists yEW such that § = a +y.
Also there exists u € W such that § =8+ u. Thus §=a+y=§8+4, ie.
a—f=p—yEW Hemce by (ii), wehavea+ W=§+W.m

Now we are in position to define the addition (vector addition) of two cosets
and the multiplication (scalar multiplication) of a coset by a scalar. Suppose
V /W denotes the collection of all cosets of W in ¥, L.e.

ViW={a+W:aeV}
Letaz+W,B8 +W € V/W and ¢ € F. Define
(c+W)+B+W)=(a+8)+W
cla+W)=(ca)+ W

Since different vectors in ¥ can produce same coset of W in I/, a natural
question arises. Are the vector addition and scalar nmbtiplication well defined?
In other words, if e+ W=a'+W and g+W =54+ W, do we have
a+W)+(F+W)=({('+W)+({@E'+W) andc(z+ W) =cla’' + W) ?

The answer is yes. Let us sec how.
a+W=a+W=a—-a' €W
and B+W=g'+W=2p-8'€W
Nowa—a ' eW,B—-B eW=(@—-a)+(B-F)eW
={a+f)—-(a'+YeEW
= (a@+f+W=(+8)+W
={a+W)+E+W)=('+W)+ (@ +W)
Therefore the vector addition is well defined in V /W.
NowceFa—a ceW=cla—a’)eW
=ce—ca' EW
=cx+W=ca'+ W
= cla+W)=cle'+ W)
Hence the scalar multiplication is also well defined in V/W.
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In the next theorem, you will observe how V /W forms a vector space over the
field F with these two operations, i.e. vector addition and scalar multiplication
defined above.

Theorem 13 Let W be a subspace of a vector space ¥V over a field F. Let V/W
denote the set of all distinct cosets of W in V. Then V /W is a vector space over
F with the vector addition and scalar multiplication defined as follows

a+W+E+W)=(a+8)+W
adclea+W)=(ca) + W
Where a + W, 8+ WeV/Wandc € F.

Proof We have already proved that the operations of vector addition and scalar
multiplication are well-defined.

(DLetae+W,8 + W € V/W, then
@+W+E+W) =@+ +W
Sinceaq, FeEV=>a+fcV,hence(a+B)+WEV/W
(2)Leta+W,8 + W,y + W € V/W. Since we have
a+(B+y)=(a+p)+yforala,gyeV
Therefore
(e+W)+[B+W)+F+W)l=(a+W)+[(B+7r)+W]

=[a+@+P]+W

=[la+B+W]+{+W)
=@+ W)+@+W)]+ G+ W)
Hence the associativity of addition on V /W is proved.

=
= =[(a+8)+y]+W
=
=

(3) Since 0 €V, hence 0+ W € V/W. Now 0 € W, therefore 0+ W =W,
You will obgerve that W acts as the zero (identity element) of ¥ /W. For any
a+ W € V/W, we have

W+@+wW)=0+W)+(a+W)=0+a)+W=a+W

Algo
(a+W)+W=(@+W)+0+W)=(a+0)+W=a+W



(4) Now a €V = —a €V, such that ¢ + (—a) = 0 = (—a) + a. Thus for
every @ + W € V/W, we have (—a) + W € V/W such that

(a+W)+[(-a)+W]l=[a+(-a)] +W=0+W=W

and
[(—a)+ W]+ (a+W)=[(-a)+al + W=0+W=W

Hence the additive inverse of a + W is (—a) + W.
(5} Since V is a vector space, hence
ca+f=pf+aforala B eV
Foranya + W,8 + W € V/W, we have
e+W)+E+W)=(c+p)+W

=Ft+a)+W
=E@+W)+(@+w)

Thus V /W is an abelian group under the addition defined above.

(6) Now for c € F and a € V, we have ¢ € V. Therefore for any ¢ € F and
a+WeV/W,wehave cla+ W) ={ca) + WeEV/W

(T} Foranya,bE Fanda + W, + W € V/W, we have
@ alla+W) + @+ W) =alle +5)+W]
=ala+ )+ W
=(az+af) +W
=(aa+ W) + (af + W)
=a{a+ W) +alg+W)
@+ba+W)=(@a+bla+W
={aax+ ba)+W
=(ae+ W)+ (ba+ W)
=ala + W) + b{a + W)
(iiy(ab) (e + W) = (ab)a+ W
= a(ba) + W = a[(ba + W)] = a[b{a + W)]
iVi(ea+W)=La)+W=a+W

UGMM-107/51



UGMM-107/52

Thus Then V/W is a vector space over F. This vector space is called the
quotient space of V by W,

Let us now obtain the dimension of quotient space V/W.

Theorem 14 Let W be a subspace of a finite-dimensional vector space V over
a field F, Then dim¥V/W = dim ¥V — dim W.

Proof Let dimW =k. Then any basis of W has k& clements. Let
{ay, a5, ..., 2} be a basis of W. We can extend this to a basis of V. Let
{a, a3, ., 8%, B, B2, .-, B} be 8 basis of V. Then dimV =k +m.
ThereforedmV —dimW =k4+m—-k=m.

We claim that {8, +W.8, + W, ...., B, + W} is a basis of V/W. To prove
that {8, + W, B; + W, ..., B + W) generates V/W, consider a + W € V/W.
Then o € V and we can write

=yt + -+ @ty + b By + -+ by
=a+W= (@ + -+ aa +bf ++ bpffn)+W
= a+ W = [(ayay + 4 aear) + W1+ [(B481 + + + Bynfim) + W]
Now a,a, + - + ax@; € W. Hence (ayay + -+ apa) + W = W.
et W =W (BB + ot bnfm) + W]
=(bibr+ -+ baBm)+ W
=by (B + W)+t by (B + W)

Thus every element of V/W can be written as a linear combination of the
vectors By + W. A + W, ....Bn + W.

To show that the wvectors FH+W,5+W,....fh+W are lincarly
independent, let ¢4, £, ..., Gy € F. Then

6B+ W)+t B+ WI=W
= (f1 + W)+ + (b + W) =W
=ttt W=W
= b+t emBnEW

Since {ay, &3, ..., X3} is a basis of W, hence we can express ¢;8; + * + cfim
as a linear combination of vectors @, &y, ..., @, 1e. there exist scalars
dd,dz, ""rdk € F such that

Cify + ot emByy = dyay + -+ dpay



= Cyfy + -+ OB = dyy = = i@y = 0

Now {a;, &3, ..., &, B1. Bz: o Bin) 13 8 basis of V, hence ¢; =0, ....,¢, = 0,
d, =0,...,dy = 0. Thus

B+ W)+t em(BrntW)=W=¢=0,...,c, =0

Hence the set {8, + W,8, + W, ..., B, + W} is linearly independent. Thus
B+ W, B+ W,...,Bn+W} forms a basis of V/W and we have
dimV/W = m. Hence dimV/W =dim V — dim W.

2,8 Nlustrative Examples

Example 2.8.1 Let W, = {(x,y,0) e R3:x,y e R} and W, ={(0,y,2) €
R3:y, z € R} be the subspaces of R?. Find the dimension of W, N W
Solation We know that the set {(1,0,0), (0,1,0)} is a basis of W, and the set
{{0,1,0), (0,0,1)} i3 a basis of W5. Hence dim W; = 2 and dim W, = 2, Now
W, + W, = R, therefore dim (W, + W,) = dim R* = 3.
From Theorem 11, we have
dim (W, NW,) = dim W, + dimW, — dim (W, + W,)
=24+2-3=1
Example 2.8.2 Let W = {(x, 0,0} € R*:x € R}. Find the dimension of R3/W.
Solution We have dimR3/W = dimR?® — dim W. Since dimR®* =3 and
dimW = 1. Hence dimR} /W =3 —-1=2.
Example 2,83 Let W, ={(x,y,2) ER:x =y =1z} and W; ={(0,y,2) €
R3: v, z € R} be the subspaces of R*. Show that W, & W, = R3,
Solution Let (x, ¥,2) € R3. Then we can write
(9.2 =0@Exx)+0,y—x,z—x)
Since (x,x,x) €W, and (0,y — x,z — x) € W,, hence W, + W, = R3.
Now W, N W, = {0). Therefore, by theorem 10, we have W, @ W, = R5.
Example 2.8.4 Let V be a vector space over a field F. Find V/V and V /{0}
Solution we have V/V = {a + V:a € V}. By theorem 12 (i), we have
gEVeSa+V=V
Hence V/V =V,
NewV/0l={a+{0)acV]li={a:acV}=V.

Example 2.8.5 Let P be the vector space of all real polynomials in x and

W = {f € P: £(0) = 0}. Find P/W.

Solution we have P/W = {f + W: f € PL. If f € P, then we can write
fxX)=ay+ax+ .....+ax®,q; ER

Suppose g(x) = @3 + ... +a,x". Then g(0) = O and hence g E W.

Thus we have f = a; + g and UGMM-107/53
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FAW=(ao+g)+W=ag,+(g+W)=a,+W
Hence P/W = {a, + W:a, € R).

2.9 Summary

In this unit we have covered the following concepts

(1) We have defined and studied the concept of a basis for a vector space.

(2) We have proved various results concerning the characterization of a basis,
existence of a basis and construction of a basis.

(3) We have defined the concept of dimension for a vector space and proved
results for finite-dimensional vector spaces.

(4) We have defined and discussed the concept of coordinates. We also defined
linear sum and direct sum of subspaces.

(5) We have defined and discussed the concept of cosets and & quotient space.

2.10. Terminal questions

(1) Show that the set S = {(1,0), (i, 0), (0,1), (0, )} is a basis of C2(R).
(2) Show that the set § = {(1,2,1},(2,1,0), (1,—1,2)} is a basis of R3.

(3) Let My, ,(R) be the vector space of all square 2 X 2 matrices with real
entrics. Show that the set.5'={[; g],[g (1}]:[3 2][‘; g } forms a basis
of Myxa(IR).

(4) Show that the dimension of the space Q(vZ,v3) over Q is 4.

[HINT: @(v2,v3) = {a + bVZ + c¥3 + dv2v3:a,b,¢,d € Q}]
(5) Prove that the space R over @ is infinite dimensional.

6) Let W be a subspace of R* gspamned by the vectors
(1,-2,5,-3),(2,3,1, —4) and (3,8, —3,—5). Show that dim W = 2.

(7) Let M., (R) be the vector space of all square n X n matrices with real
entries. Let W) and W; be the subspaces of symmetric and skew-symmetric
matrices respectively, Show that M,,,.,.(R) = W, & W,.

(8) Find the coordinates of the vector (3 + 44, 6,3 + 71) in €3(C) with respect
to the ordered basis {(1,0,0), (1,1,0),(1,1,1)} . [Ans: (3 — 2i,—3 — i, 3 + 7i)]

(9) W 1is a subspace of a vector space V, the union of all the cosets of W In V
s V.



(10} Let P,, be the vector space of all real polynomials in x with degree less
than or equal to n. Find Py /P,. [Ans: {gsx? + Py: a3 € R}]

2.11 Further readings
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3.1 Introduction

In thig unit, we are are going to introduce a Concept this establishes a
relationship between two given vector spaces defines over the same field.
You are already familiar with the concept of group homomorphism. Here we
translate this idea to the vector spaces and define linear transformations as the
homomorphism of vector spaces.

By a transformation of a variable x .We mean a function f witch yiclds
a hew variable y such that ¥ = f(x). If the variables x and y are related to
each other by some linear relations, then the transformations are called linear.

To illustrate the concept further, Consider two Vatiables X and Y in [R2
. These two variables may be thought of as ordered pairs of real mumbers, i-e.
X=(xy x,),Y = y1,¥2) Sometimes the matrix representation is helpful so we

takeXandYasX=[;:]Y=[;:]

Sometimes the two vectors X and Y in Euclidean plane R? are Connected by
the following linear relations.

2, H4x; =y
3xy — 5x; =y,

In matrix form, we can write

| i ] [ AN eRR— (1)
where A=[§ _4' 5]

Equation (1) gives a transformation which moves the point X to a point Y in
R2, Since the relationship is linear, This is a linear transformation. we may
Consider it as & mapping T: B2 = R2given by.

T(X)=AXvX € R?
suppose we have two pointsX; and Xzin R? Such that

X = [%] And X, = [g] , then

o= [+ (3=}
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Therefore T(X; + X;) = A(X; + X;) = [g _45] [;] = [—12

Also we have T(X,) = AX, = [i _45] [;] = ED]

7
re=ax=[; S][]=[4]
Now T(X;)} + T(X3) = 1‘;] + [_45] - [-:lfz

Thus we see that
T(X; + X2) =T(X,) + T(X;)

Also if'we take C=2, then CX, = 2[;] = [ﬂ
~ T(CX,) = A(CX,) = E _45] [i] = [_Zf

And CT(X1)=2[E;]= _21"4

Hence T{(CX,) = CT(X,)
So we see that such transformations satisfying the following propertics

T(X, + X;) = T(X,) + T(X;)
and T(CX} = CT(X}

Therefore the linear transformations preserve the operation of addition and
multiplication by scalar. We can generalize this idea to ambition vector space
sand think of linear transformations as mappings between vector spaces
defined over the same fields which preserve vector addition and scalar
multiplication. In this unit, we shall study linear Transformation in details
and discuss related Concepts such as null space, range, rank and mullity.

3.2 Objectives

After reading this unit, you will be able to

s define a linear transformation.
» disuses various properties of vector spaces.
¢ define null-space, range, rank and nullity for a given linear
transformation.
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¢ define isomorphism of vector spaces and prone the fundamental
theorem of vector space homomorphism.
s disuses invertible and non-gingular transformations

3.3 Linear Transformations

Defimition :- Let V and W be any two vector spaces over the find F. Then
a lincar transformation from V into W is a mapping T: V — W Such thit

I. T{xc+8)=T{c)}+T(f)
O T{€«}=CT(x)

forall,feVAndallCEF.
These two conditions may be combined into a single condition
f.e. T(ax+af)=aT(x) +bT{B) . e e v veeee e o (2)
foralle, FEVAndall C EF.
A linear transformation from V to itself is called a lincar operator on V.

We have already seen that the mapping T: R — R? given by (1) is an
example of linear transformation.

You can verify yourself that the identity transformation.

iV VGivenby () =xvxe Visa
linear transformation.
Also the map 0: V » W defined by 0(x) = 0(e W)

is a linear trangformation. This is called the Zero transformation or mill
transformation.

Let us discuss some more examples of linear transformations, in order to
understand this concept better.

3.4 Tlustrative Examples

Example 3.4.1 : Show that the mapping 7: R? - RZDefined by
T(a,b,c})=(a,b)

is a linear transformation of R? onto R?
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Solution : Let «, § € R? such that
@ ={a,, by, ¢, )and
B = (ayb,c;).suppose a,b,€,R,  then
ac +bf = alarb161) + b{az, bs,2)
(aay ab, ac,) + (ba, bb, bcy)
(aay + bay abs, + bby,ac; + bey)
NowT(x) ={a.by), T {(B) = (azbz)and
T (a x +bB) = (aa, + ba, ab,+bb,)
= (aay, ab,) + (ba,bb,)
= a(ay, by) + b(azb,)
= aT(«) + bT(B)
Thus T is & lincar transformation. Since for every (a, b) € RZ,
there exists (2, b,0) € R® suchthat T(a,b,0) = (a,b),

hence the mapping T is onto R2, There fore T is a linear
transformation of R?® onto R?

Example 3.4.2 :  Prove that rotation Rg of the Euclidean plane by an
angle @ about the origin is a linear operator on R2

Solution : Let (x,y) be the coordinates of a point P with respect to a
rectangular Cartesion coordinate system with origin at O. Suppose the plane
is rotated about the origin by an angle @ in counter clock-wise direction .let
the point P(x, y)move to the point Q(§, n)given by

§=xcos0 —ysing
n=xsinf + ycosé
The rotationRg may be considered as a mapping Ry: given by
Ro(x,y) =(§,m)

= (xcosf@ —ysinf,xsinf + ycosd)



To show that R, is a linear operator on let

(x1, Y1), (%2, ¥2) € RZ ._Then for a,b €..,we have

Rg (a(xLyl) + b(x; yz)) = Rg(ax, + bxz ay, + by;)

= ((ax, + bxz) cos @ — (ay, + by;) sin 8, (ax, + bx;) sin 6 + {ay; + by;) cos6)

(a(x, cos® — y, sin8) + b(x, cos @ — y, sin @), a(x, sin 8 + y; cos 8)
+ b(x; sin @ + y, cos 8))

=a(x, cos8 —y, 8In6,x,,8in 6 + y,,c080) + b(x, cosd —
yzsinf,x;sin @ + y; cos )

=a Ry (xi_yl) + bRy (xzyz)
Thus we see that the rotation is a linear operation on R?

Note- Here you will notice that in matrix form, we have
% (5]) =2 = (e “cosel ]
or Rg(X) = AX

Where A = ‘:;’Ifg ‘:i’;g] and X = [;]

we have already discussed a similar transformation in the section 3.1 and we
know that such type of transformations are lmear transformations. The matrix
A given above is called the rotation matrix.

Example 3.4.3 You can verify for yourself that the conjugation map
T:C > C givenby T{Z) = Z,vz € C is a linear operator

Example 3.4.4 Let F be a ficld and let ¥ be the space of polynomial
functions F defined from F into F.

Let f € V Such that f(x)ay + a; +.......Tax™
where ag @y .. - a, €F
Let D:V = V be a mapping given by

(DH(x) = ay + 2a;x +...... tna,x™1
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Then you can verify that D is a linear transformation from V into V.
This transformation is called the differentiation transformation. All you have
to do is to show that

D{f+g9)=Df +Dg
and D (cf) = c¢D(f)

forall f,geVandaliCEF

Example 3.4.5 Now we give an important example from matrices. let F
be a field. For any positive entegers ... m and n, let F™*™ denote the set of all
mxn matrices over F and A € F»*?

Define a mapping T: F**1 —» F™*lpy
T(X) = AX..v xe€ F™!
Now from the theory of matrices we know that
ACX 1Y) = AX + AY and ACAX) = c(AX)
ForanyX,Ye F*'gndanyCEF
ThereforeT(X +Y)=TX)+ T(¥)
And T(CX) = CT(X)

ie. T is a linear transformation from F**lintg F™*1

Exa.mple 3.4.6 Let us generalize the mapping given in example 3.4.1
Consider the mapping T: R™ — R"(m =, n)defined by

Then you can verify that T is a linear transformation called the natural
projection of R™intoR™

3.5 Properties of linear Transformations

Theorem 3.5.1 let T : ¥V = W be a linear transformation.

I. then T(0y) = Oy Wheer Oy and Oyare the zero
vectore in Vand W respectively.
O T7T{(—x)—T{x),vxeV
m T{a—p)=T(a)—T{#)..va, eV



IV. TRELaa] = XaT()
Where «;,00,..,EVanda, 2, a, €F
Proof:—(1)Let a € V.Then T(a) € W.we have
T(x) + Oy = T{a)
=T(a+ 0p)
= T(a@)+T(0y)
& T{a) + Oy = T(a)+T(0y)
Oy = T(0y), by cancellation property for additoon
(2} We have
T(Oy) = Oy
= T[a + (—a)]=0y
=T{a) + T(—a) = Oy
Conseaguently T(—a) = -T(«)
(3} Mechave
Te—B)=T)+T-B)...{ra—f=a+ (—5)}
=T(a) + [-T{8)] .. By (2)
=T(a)-T(8)

we prove the result by induction onn

For n = 1, the result is obvicusly true. Suppose that the result holds for
(n=kie.

now
r k g k
T Z x| = z ay T(u;) . (3)
Li=1 . =1

nowT Z aa;| =T [Z a:a; + ﬂk+1“k+1]

/4
=T [Z @ity | + T{x+1Qk+1)
=1

k
D" 80T @) + Gyus Taxy Jusing (3)
=1

k+1

= Z a7 (a;)

i=1
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Hence the result holds for also. Therefore by mathematical induction, the
result is trove for alls.

Theorem 3.5.2 let ¥ be a finite dimensional vector space over the field F. let
B = {ex,,0¢,, ... o, }be an ordered basis for V. Let W be a vector space over
the same ficld F. Then for any sequence of n vectors £, 5 ..... Br
in Wihere exist a unique linear transformation T: ¥V — W Such that T{a,) =

B =1

Proof- Let oc€ V then there exists unique set of scalars @,, &3 ... ... . @y, SUch
that.

x=ﬂ1,xz+ ...... +anﬁn

DefineT:V —» W Such that
T(a)=a1fi; + ..Gnfy
This mapping is well defined. For if a, SV such that
@ =ay Xy +....8,%, B =by, X +....hpoty,
then o= =>a; G+ ........ + a, oty,== b, ot;+ -+ b, o,
= (@1=b)ay + -+ (an = bp)atn = 0,

S —bh=0uay—b, =0

T g =003 w e &, arelinears Indepurit

To show that T is unique, suppose T' is a linear transformation from V to W
such that Trtﬂi) = ﬂl

thenT'(x) = T'(a, o .. ... + a, o0}

SoThatT' =T

If V and W are any two given vector spaces defined over the same field field
F, We cam define a number of mappings from V into W. Theerem 3.5.2 is



helpful in constructing linear mappings from V' into W. Here we notice that
any such linear mapping is completely determined by its action on the given
ordered basis of V.

Te illustrate it further, Suppese we arc in retested in finding a linear
transformation

T:R? — R? such that T(1,0,0) = (1,0,—1)
T(0,1,0) = (1,2,2)and T{0,0,1) = (0,0,0).

Here we have taken {{1,0,0), (0,1,0, (0,0,1)}
the ordered basis forR? and £, = (1,0,1), 8, = (1.2,2)and B; = (0,0,0).
to find an explicit expression for T,
let aeR? such that & = (a, b, c).then
a = a(1,0,0) + £(0,1,0) + ¢(0,0,1)
T{«) = T[a(1,0,0) + bT(0,1,0) + €{0,0,1)]
= aT(1,0,0) + #T(0,1,0) + £T(0,0,1)
= a(1,0,—-1) + b(1,2,2) + ¢(0,0,0)
{a+b,2b,2bh—a)
We also have the following observation:

Theorem 3.5.3 -Let § and T be two linear transformations from V into W Let
(2 S— 7Y

basisof V.if S(ay) = T(ay)fori=1,2,....nthenS{a) = T{a)ve ev

Proof- Let ael. Then a can be uniquely expressed as a linear combination of
the vectors ay, a3 ... ... &y,. Hence there exist scalars oy, 4y +.. ... ... &, such
that.

a=aa; + - dpyly
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Hence if § and T agree on the basis of V, these linear transformation will be
the same.

Now me introduce some important subspaces related to linear
transformations.

3.6 NULL SPACE AND RANGE OF A LINER
TRANSFORMATION

Let T:V — W be a linear transformation. Suppose we are interested in those
elements of ¥ which are mapped onto the zeroG,, of W . So we have the
subset N (T) of V such that

N(T) ={acV:T(a) = 0,}
You can verify that N{T) is indeed a subspace of V.

We have T(0,) = 0,50 that N(T) is non-empty Let a,8 € N(T)and a,b €
F,thenT(e) = 0,and T(B) =0,

Now T'(aa + Bf) = aT(a) + bT(8) = ac,, + bo, =0,
aa + bBeN(T)
Therefore N(T') is a subspace of V. So me have the following definition.

Definition - Let V and W be any two vector spaces over a field F and let
T-V-W be a linear transformation. The subspace {aev:T(a) =
0, }.called the null space of T {or kemel of T). It is denoted by ker (7). The
dimension of the null space is called the nullity of T'.

Also there is another important Subspace assonated with the linear
transformation T:V — W. We call it the renge of T. If me collect the images
of the elements of V under T, me get a susset R(7T) as

R(T) ={T(a) € W: aeV}

Since 0, € V,hence T(0,) = 0,
€ R(T).Thus R(T)is non — empty.let £, B2
ER(Manda,bEF,

By definition, there exist
a,, &, €V suchthat §, = T(e«)and §, = T{a)

now aff, + bf, = aT(a,) + bT{a,)



T{a o+ boy) € R(T),Sinceaoct=aoc,+ b o,V
Hence R(T) is a subspace of W,
So we have the following definition .

Definition- Let : ¥V = W  be a lincar transformation from V into W, then the
subspace {T(x) € W:a € V}is called the range of T. The dimension of the
range of T is Called the rank of T. Noew we prove an important result called
the rack- nullity theorem or the Sylvester law.

3.7 Rank- Nullity theorem (Sylvester law)

Theorem 3.7 Let T be a linear transformation of a finite dimensional vector
space V into a vector a vector space W, both defined over a field F. Then

rank (T) + nudlity(T) = dim V

Proof - Suppose nullity (T = K and (&, @; + -~ ... ... @) & basis of ker (T)
We can extend this linearly independent set to form a basis of V.

let{a,aq + ... .. [ I PP
be a basid of V.ThendimV =n

The vectors T'(ec, ) ... T{e,,) belong to the range R(T)ofT. Hence if § €
R(T), then there exists aEV such that § = T(a)

Nowa =a,0q + + .. ... an,i, for somea, ..a, €EF.
LB =Tz 1+ .. ... Ay By + O By + *0 e e By Op)
=ayT () + - o o T (@) + Qg T(@r1) + - + 25T (ty)

Hence the vectors T(@g,4), ... T(atn)
span thernge of T.We show
that {T (@x1), ... T(@y )}is indeed a basis of R (T).
To show that these vectors are linearly independent,

Let Cyyq ... Cn EF such that
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CenaT (@) + o+ CuT(ay) = 0,
= T (Cpp1Opqy + -+ Crtty) = 0,
Cr+1@k+1 + - + G, € ker(T).

There fore there exist scalars €, ... ... ... C; € FSuch that

are linearly indepensent,We
must have £, = 0, ... ... =00 =0 ... =0
i.e.the vectors T(ay ), .- .- T{a,)
are linearly independent and therefore form a basis of R(T).
srank (T)=dim R(M =n—-k
Hencerank (T} + nullity (T =n—k+k=n=dimV
3.8 Illustrative Examples

Example 3.8.1 Find the range, rank, mill space and nullity of the linear
transformation T: R% - R? given by T (x,y) = (x +y.x —y,¥)

Solution We know that the set{(1,0)(0,1)}
is a basis of R now

T(0,1)=(0+10-11)=(1,-1,1)

obviously the vectors T(1,0) T(0,1) span the range of T° therefore, the range of
T is subspace of R3 spanned by the vectors (1,1,0)and(1,-1,1). you can verify
that the vectors (1,1,0) and (1,-1,1) .You can verify that the vector (1,1,0) and
(1,-1,1) are linearly independent. Hence the set {(1,1,0), (1,—1,1)}orms a

basis for the range of T.
crank(T) =2

Let N(T)be the null space of T. Suppose



(x,¥) € N(T),then we have
T(x,y) = (0,0,0)
= (x+yx -3y = (0,00)
=2x+y=0x—-y=0y=0
5x=0,y=0
Hence N(T) = {{0,0)} i. e the zerospace of R?
~ Nullety (T) =0
Example 3.8.2 For the linear transformation T:R® —» R?

givenbyT(x,v,2) =(x +v,¥+2)

Show that (i)range (T) = R2(ii) rank (T) = 2 (iii) nullity (T) = 1

Solution: —The set {(1,0,0), (0,1,0), (0,0,1)}
is a basis of R
now T(1,0,0) = (1 + 0,0 + 0) = (1,0)
T(0,1,0)=(©+114+0)=(1,1)
T(0,0,1) = (0 + 0,0 + 1) = (0,1)
Hence the range of T is spanned
by the vectors (1,0)(1,1)(0,1)these vectors are linearly
dependent as (1,1} = (1,0) + (0,1)
Hence {(1,0), (0,1)}is the linearly
independent set generating range (T)
i.e.a basis of range (T).
(ii)and (ii):-Hence dim{range (T)} =2
Therefore dimrange (T) = dim = rank (T) = dimR?
Also range (T) < R?

& range (T)R?
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(iii) Let (x, y,Z)EN(T).ThenT (z,y,2) = (0,0).
Hence (x +y,y+2) = (0,0)
=x+y=0,y+z=0

So we have two homogeneous linear equations in three unknowns. Hence the system
of equations will have non-zero solutions.

Letz =k, theny=—z=—k
andx=-y=k
There’re the general solution for this system of equations is
x=ky=—kz=k.
AN ={(k,—k.k): k € R}
= {k(1,-1,1):k € R}
Hence the nullspace N(T)isa subspace
of R3spanned by the
vector (1,—1,1).Thus {(1,-1,1)}is
a basis of N(T)and
nullity (T) = dimN(T) =1
You can also deduce this resultant by using rank- nullity theorem
from rank — nulliy theorem, we have
nullity(T) = dimR3 —rank(T) =3-2=1
+ dimR? =3 &rank (T) =2

Example 3.8.3- Let V and W be any two vector spaces defined over a field F.
Let T:V= W be a linear transformation. then T is one-to-one if and only if

ker(T) = {0,).
Solution;- First suppose that T is one-to-one.
Let acker(T).Then

T(a) = Oy
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or T (@) = T(0,),Since T(0,) = 0
= =0, sinceT is one — to — one
* Ker(T} ={0,)
Conrersely, Suppose Ker(T) = {0,). Let a, BeV.
ThenT(a) =T(g) = T(a) -T{E) =0,
= T{z— ) =0,
=>a—f € ker(T)
Sa—Ff=0,
>a—f

Hence,T is one — to — one.

Example 3.8.4 In example 3.4.5 me have see that if F™® denotes

the set of all m X nmatrices over a field F and A € F™*"®,

then the mapping T: FP1 = P gipen by

T(X) = AX is a linear transformation. For example.

Consider T: R¥! — R® given by T(x) = AX where X = [;] and A

2 3
= [1 2] -Suppese we are interested
01

in finding the nullity and

rank of this transformation.

If x= [;] € ker(T), Then

0
T{X) = a]
0

R

>2x+3x=0x+2y=0,y=10
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=2x=0y=0

Hence Ker (T) = {[g]}

So That T is one — to — one and nullity (T) = 0.
By Theorem 3.7rank (T) = dimR**! — nullity(T)

=2—-0=2

3.9 Isomorphism of vector spaces

Definition: Let V and W be two vector spaces defined over a field F.
Then a linear trangformation T: ¥ — W is called an isomorphism of V onto W
if

i. T is one-one
ii. T is onto
In other words, a one-one linear transformation of V onto W is an
isomorphism of V onto W.
If such an isomorphism of V and W exists, we say that the space V is
isomorphism to the space W.
Suppose C(K)be the space of all complex numbers over the ficld of reals R.
Then you can verify that the mapping T:C = R? given by T{a+ib)~(g,b) is an
isomorphism.
Let o, feCsuchthat @ = a, + ib, B = az + ib,.
Then T(a) = T(8) = (a,, b,) = (azb,)
= @y = 8g, by, = b;
=ga, +ib,= a; X b,
a=pg
Hence T is one — one.
Also T is onto.if (a,b) € R?, Then there exists a = a, + ib,
€ CsuchthatT (a+ib) ={a,b).
To check whether T is a linear transformation, let
a=a, +ib,f=a,+ib, €ECanda, b € RThen
T(ax + bf) = Tlala, + ib,) + b{a, + th,)]
= T[{aa; + ba,) + i(ab, + bb,)]
= (aa, + baz, ab, + bb,)
= (aay, ab,) + (ba; + bb;)
= afa, + b)) + b(a; + b;)
= aT(a) + bT(H)



Thus T is an izomorphism of € onto R? Now we prove an important result
which shows that every n-dimensional vector space over the field F is
abstractly identical with ... F®

Theorem 3.9.1 Every n-dimensional vector space V over the field F is
isomorphic to the space ... F*

Proof:—LetV beann
— dimensional vector space over the field Fand let B
= {@&;, ... .. @y, }be an ordered basis of V.

Then every vevtora eV
can be uniquely expressed as.
Q= X1, 0 + s+ Xy
Wherex,, x5 + - ......+x, EF.
Obviousty the ordered n — tuple (X3, v w1 ea, X)) € F™,
So we can define amapping T:VF"
by T(a) = (X1, Xz, v 0. X5)
The mapping is well — defined as for given
a € V there exists uniqne n — tuple (x,, %7 . oo o . +%,,) € FPsuchthat
X=X, + e + xpanand f =y oy + o Yo
thenT (@) =T(8) = (x;, .- 2} = (¥4 .. W)
=Xy = Yy e e Xn =¥y
S X0+ X0y = Y0y e LY 0
=4

Also T is onto. for if (x; ...x5) € F*then there exists a = x,a; +
sss Xpty € V such that T{a) = (xq, ---Xp)

To show that T is a linear transformation,leta, F €V
such that a = x;, 04 + + + x, a0, and

B =wa + - ya,. Leta b €F,then
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aa + b = alx a; + - xp0,) + by ey + -+ ypa,)
= alax, + by )a;, + - + (ax, + by, ),
s Taa + bB) = (ax; + byy, ..., ax, + by,)
= a(xy .. xp) + b{yq, .. V)
= aT{a) + bT(E)
Therefore T is an isomorphism of V onto F?,i.e.V is isomorphic to F®.

It appears that an isomorphism must be a dimension preserving mapping The
following result confirms this fact.

Theorem 3.9.2. Two finite dimensional vector spaces over the same ficld arc
isomorphic if and only if they are of the same dimension.

Proof: Let V and W be two vector spaces over the same field F such that dim
V =dim W=n(gay ) suppose
{ay, .. 2z }and {By, ... B} are the bases of V and W respectively.

If a € V,then a can be uniquely expressed as
X =X10 + - Xply
where x,,...x, EF.
Let us define amappingT:V > W by
T(a) = %18 + -+ 2,8,
Obviously. The mapping is well-defined . We leave it to you as an exercise to
verify that T is indeed an isomorphism of V onto W .Thus V is orphic to W.
Conversely. Suppose that V is isomorphic to W and T is an isomorphism of V
onto W.
Let dimV =n and B = {e;, o, ... o, }
be a basis of V .Weclaim that {T(a,) ...T(a,)} i5 a basis
of W.
To show that {T(a,), ... T(a,)}is linearly indendpedet

let x,, ... x, BF such that

UGMM-107/74 x1T{ay) + - + xxT{a,) = Oy



2 Ty + - Xty = 0,
X0+ + xp 2, € ker(T)
since T is an isomorphism , it is one. Therefore
X0y + -+ Xy =0, { ker(T) = {0,}}
The vectors &y, ., &y are linearly independent, hance me have
x=0.x,=0
It remains to prove that the vectors T(a,), ... T{a,)
span the spane W.
Let BeW. Since T is onto W, hence there exists a € V such that
B =T()
Now o can be uniquely expresed as
=0+ Cpty
for some ¢y ... tn €EF
B =T(a)
=T{Cia +--cpixy)
= g, T(a,) + ey T(ap)
thus {T(oc;), ... T(0c,, }}is a basis of W and
dimW=n=V

Now we Characterize the isomorphism by the following important result.
Theorems 3.9.3 Let V and W be the fi.......see p20

I. Tisone-one
II. Tisonto
III. T is an isomorphism

Proof:- LetdimV = dim W = n.

(I) =(I7) Suppose T is one-one. Than ker (T) = {0}
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and therefore nullity (T) =dim{ker(T}} = 0.
by rank-nullity thrum we have
dim R(T) = dim V-millity (T) =n—0 =n
= dimR(T) = dimW

Since R (T) is a vector subspace of W, haves we must have R(T) = W. This
(ID) follows

(IT) = (111} Now suppose that T is onto. Then
dim R(T) = dim W=n

= nullity (T} = dimV —dimR{(T)=n—-n=10
consequently, ket (T}={0y , }i.e.T is one — one.

Hence t i3 a one-one linear trangformation from V onto W, i.e. T is an
isomorphism,

(IOI) = (I) Suppose that T is an isomorphism. Than obviously T is one-one ,
i.e. (1) holds.

This completes the proof (I = (1) = (D = ()

Remark:- Theorem 3.9.3 is false in case of infinite dimensional vector
spaces . Also the result fails when dim 'V # dimW.

3.10 Fundamental Theorem of vector space homomorphism

now we shall prove an important result which relates some quotient space to
the range of a linear transformation by means of homomorphism.

Theorem 3.10.1: Let V and W be vectorspacesoverafield Fand T:V - W
be a linear teansformation with kernl K. Then ¥/ = R(T).

Proofi- The quotient spoce Vf g consist of cosetsof K in¥.
since the kernel K is a subspace

of V,hence the quotient space”/ x iswell
— difined vector over the field F.

. V
UEMM.107/76 Let us define amap 8:¥ [, — R(T) by



f(a+K)=T(a).
You can verify that @ is a well-defined mapping.
Let @, EV suchthatx +K=F + K. . Thena—§ € k.
By the definition of kerns of T, We have
T(a—F) =0y
= T{a) —T(8) =0,
= T(x) =T(B)

>8a+K)=0F8+K)

Now we show that 8 is a linear transformation.
Leta+k,B+keV/y anda,b € F.Then

Blala + k) + b(f + k)] = @lalaa + k) + b(bf + k)]

= §[(aa + bk) + k]
= T(aa + bB)
= aT{a) + bT(B)
af(z + k) + b8 + k)

Thus & is a lincar transformation .

Nowker(8) = {a +k € V/,:6(a+k) =0,}

Since 8(a + k) = 0, => T(a) = 0,
=>a€k
=>a+k=k

hevecker(8) = {K},i.e.8 is one — one.

To show that 8 is onto, let T (a) € R(T).

Thena € V and thereforea + k € V/K

such that T{a) = (a + k).
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thus 8 is an isomorphism of V/y onto R(T)and havce

Vik=RD.

To ellustrate this theorem, Consider W = {(x,0,0):x € R}
we know that W is a subspace os R'. Now define a linear
transformation T:R® - R2by T (x,v,2) = (3,2).
obviously, kre(T) = (a € R¥: T(a) = (0,0)}
={(x.y.2) e R*:T(x,y.2) = (0,0)}

NowT (x,y,z) = (0,0)
=> (y,2z) = (0,0)
=>y=0,z=0
Lker(T) ={(x,00):x€R}=W
The map T is onto. For if {x,y) € R?,

Then there exist (0, x,y)} € R?, such that
T(,x,y) = (x.)

ThereforeT is a homorfhism fo R? onto R? with kernel W.

Hence by the fundamental thecrem of homoorphism ]P/w =[R2

The subspace Wof R .....P — 23
More generally, We have “n/nm =R* "foranyn>m.
You can also veeify that c"/cm =" ™foranynz=m.

Now we have an imporiant corollary to theorem 3.10.1
corollay: Let V be vector space over the field Fand A, B be
subspaces of v.

Then A+ Bfp A1, B,



wehave A+ B={a+b:a€AbE B}

A+E

Obvioueslya =a+0 €A+ B.Hencea + b ET‘

A+B
So we can define a mapping T: A - Tby

T{a) = a + B.This mapping is well — defined.

Now you can verify that this is a linear transformation.

Letx,y € F and a,,a; € A.

Then T(xa, + ya,) = (xa, + ya,)+ B
= x(a, + B) + y(a, + B)
= xT{a,) +y T(a,)
Sincea+b€A+B fora€EADb € B, hence
a+b+Be A+B/B
nowa+b+B8=(a+B)+(b+B)
={a+B)+B
=a+b
= T(a)
Hence foreverya+b+B € A+ B/B
me have a € AsuchthatT{a)=a+ b +B.
Thus T is onto.
Let us find the Kernelof T
So that me can apply Theonem 3.10.1.
Nowker (T) = {a € A:T(a) = B}
Note that the zero elementof A+ B/BisB.
* Ker(T)={a€Ad:a+5 =5}

Buta+B=B=>a€cB.
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Thusea €Aanda€B.l.e.a€ANB
~ker(T)SANB
Also if aeAn B,Thin acA and acB.
~a+B=~81
=>T{a) =R
Hence ANB < ker(T)

This ginesker(T) =ANB

A+RB
ThusT:A > B

= a + B is a linear trasformation of

given by T (a)

cl wlith kernel AN B.

A onto B

A+ B
Since T is onto, hence R(T) = 3

Therefore by theorem 3.10.1
wehave Af, o= A+B/B

3.11 Invertible and Non — Singular Transformations

You know from the basic set theory that if fis a one-one and onto mapping,
then a mapping f~1A — B exists such that

Let V and W be vector spaces overa fleld F .
Let T:V— W be a one — one and onto linear
transformation. Then T exists,.

Now the question is whether T~ is also a linear transformation. Let us
inverstigate.
Let By, B.ew and a, beF . Suppose

@, 0 EVsuchthatT™1(8,) = «, and



74 (%p ) = ﬁ/mz Then T(ey) = ; and T{az) = f;

Now af, + b, = aT{a,) + bT(a;)
= T(aa, + bay)
=> T~ 1(aB; + bB,) = an,y + ba;
aT~1(fyy + hT1(B,)

This shows that T~ W = V is a linear transformation.
Now TT1:W - W is the compositn of the transformations
TLW>VandT:V > W.

Let f € W.SinceT is onto, thereexistsa €V
such that B = T{a).Then by definitionof T™',We have T"1(8) = a.
Now (TT1)(8) = T[T~ (8)]
=T(a)
=g
=1(8)
~ TT™! = I(the idenctety transformation)

Also T7T:V - V is the composition of
the transformationsT:V > Wand T W - V.
You can verify for youeself that T™'T is
the edentity transformation
fromVontoV,ie
TiT=1
SFPt =iy
Hence we have the following definition:

DEFINITION: —Let V and W be vector spaces over the field F .
UGMM-107/81
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A linere transformation T:V - W is calied invertible If
there existsamapon Wand T"1:W > ¥
such that TT™? is the identity map on W
and T™IT is the identity maponV
Also T is invertible if and only if T is one-ong and onto.
Furthermore, T~1: W — V is also a linear transformation.

Now you will observe that one-one linear transformations have interesting
properties. In example 3.8.3,we see that a linear transformation T: V —
W is one — one if and only if ker(T) = (0,.}

In other words, if T{a) = 0, ,thena = 0,
We call such linear transformation non — singular.

So me have the following definition:

DEFINITION: Let V and W be vector spaces over the field F. A linear
transformation T: V — Wis called non-singular if

Ta)=0,=>a=0,
i.e.if the kernelof T is {0,}.
Obviiously, T is one — one if and if T is non — singnlar.
Now me prove that a non — singnlar linear

transformation preserves linear independence.

Theorem 3.11.1 Let V and W be vector spaces over the field F. Then a linear
transformation T: ¥V —» W is

non — singular if and only if T carries
each linearly indendent subset of V
V onto a linearly independent subset of W.
Proof:- First suppose that T is non-singular. Let § = {5 ... ¢, }

be a linearly independent subset of V.we shall show



that the vectors
T()s oo oee T, )are linearly independent.
Leta, ..a, € F such that

a; T(ay) + .. ... + a,T(a,)} =0,

Then T(a oy + - + apay) = 0,

Since T is non — singnlar, hence

A0+t anay =0y
=p»a=0,..a, =0 {~ a,..a, are linearly independet }
Thus the image of a linearly independent subaet of V under T
is linearly indepenedent.

Conversely, suppose that T carries every linearly independent
subset of V onto a linearly independent subset of W.
consider 1 =x< V where a + 0,.

Obviousy § is linearly independent. By our assumption, (T (a)}
must be a linearly independent subset of W.
Therefore T(x) # 0,
thus O, + ca €V =>T{a)+ 0,
LeTa)=0,=>a=0,
=> ker(T) = {0;}

Hance T is non — singulsr.

Now me prone an important result for finite
— dimensional vector spaces.

Theorem 3.11.2 Let V and W be finite-dimensional vector spaces over the
field F such that dim V= dim W. If T is a linear transformation from V into
W, the following are equivalent:

I. T is invertible
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II. T isnon-singular
III. R(TFW,ie. T isonto
Proof: (1) => (/I) The impInation is obvecous. If T is invertisle,
then T is one-one. Thus T is non-singular .
(I )=> ( IIT) Suppose that T is non-gingular,
Let {ay, ... @, } be a basis of V.
By Theoem 3,11.1, the set {T'(a,), ... T (@)} is a linearly independent
susset of W. Since dim V=dim W, hence dimW=n. Therefrre
{T(ay) . .. T (i, ) }forms a basis of W.
Let Bew.The for some a, ...a, € F,we have
B =a,T(a)) + - a,T(a,)
=T(aay + -+ apay)
Nowa,oq + -+ ayax, EV.Hence
B =T(a,a ++ +a,a,) € R(T)
Thus W = R(T),i.e.Tis onto.
(i1} => (I) Suppose that T is onto,i,e. W = R(T).
Let n = dimV = dimW.
since W = R(T), Hence rank (T) = n.
By rank — nullity theorem, we have
rank (T} + nulltty (T =n
=>»n+nullity(T) =n
=> nullity (T} =0
i.e.ker(T) ={0,}
Thus T is non — singular and hence one — one
and onto linear transformation Therefore T is invertible.
let us ellustrate this theorm with an example.
suppase T:R? - R? be a linear operator on R? given by T
(x, v, 2-(3x,x — y, 2x + ¥ + z)you can verify for yourself that T is
one-one . Therefore T is non-singular. By theorem 3.11.2, T must be
in vertible.
To find the rule for T™1,Let T(x,y.2) = (p,q.7).
Then T (p,q,7) = (x,v,2).
NowT (x,v.2) =(p,q.1r)}=> (Bx,x—y,2x+y+2) = (p.q.1).
=>3x=px—y=q4q2x+y+z=r1

*;1:=E =2_ Z=1r—pt+zZ
3Jy 3 ql p

Hence T~1(p,q.7) = (’3—”3—’ —-gr—p+gq)

3.12 . SUMMARY

In this unit, We have studied the following facts. ( 1) A linear transformation
form a vector space V over F to a vector space W over F is a function T: V- W
such that



T (az + bf)=aT(a)tbT(f)
foralle,peVandalia,beF
(2) IfT: V- W is a linear transformation, then

T (0,)=0
T(—a)=-T(a)Va cV
Tle—pB)=T(a) - T(EWa,BEV
TRL, ;] = X, a,T (&)
Wherea,,..a, EFanday,..a, EV

<HA~

(3} Let V be a finite dimensional vector space over the field F. Let B =

{a,, ... @, } be an ordered basis for V . Let W be a vector spuce over the same
field F. Then for any sequence of n vectors

BBz ... By in W, there exists a unique linear transformation

T:V o Wsuchthat T(ay) =8,i=1,..,n

(4y  Let T:V=> W be a linear transformation. the null space or kernel for T
is a subspace ker (T) of V given by

Ker(T)={a €V:T(a) = 0,}

(5} The range R{T) of a lincar transformation T:V— W iz a subspace of W
given by

R(T) ={T(a):z €V}

{(6)  The dimension of R(T) is called the rank of T and the dimension
of ker (T) is called the nullity of T, ie.

rank (T) = dAimR(T)
nullity (T) = dim ker(T)

(7} Let T be a linear transformation of a finite dimensional vector space V a
vector space W, both defined over a field F. Then

rank (T) + nullity (T) = dimV

(8) A linear transformation T:V— W is called an isomorphism if T is one-
one and onto. Then V and W are called isomorphic spaces and we write
V=W.

(%)  Every n-dimensional vector space V over the field F is isomorphic to
the space F®
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(10) Two finite dimensional vector spaces over the same field are isomorphic if
and only if they are of the same dimension.

(11) A linear transformation T:V— W is one-one if and only if ker{T)={0,}
(12) A linear transformation T:V— W is onto if and only if R{T)=W.

(13) let V and W be the finite-dimensional vector spaces over the same field
F. Let T:V— W be a liner tragngformation, then the following statements are
equiva;ent:

I. Tis one-one
II. Tisonto
III. T is an isomorphism.

(14) Let V and W be the vector spaces over a field F and T:V— W be a
linear transformation with kernel K . Then V/K=R(T).

(15) A linear transformation T:V— W is called invertible if then exists a
map T~1: W = V such that T~'T is the identity map on V and TT~? is that
identity map on W.

(16) IfT:V— W is invertible linear transformation, then T~1: W = V is also
a linear transformation

(17) T:V— W is invertible if and only if T is one-singular if T is one-one
and onto.

(18) A linear transformation T:V— W if T(a)=0,, => a =0,

ie. ker (T)={0,}

(19) A non-singular linear transformation T:V— W carries cach linearly
independent subset of V onto a linearly independent subset of W .

(20) Let V and W be finite-dimensional vector spaces over the field F such
that dim V=dim W. If T is & linear transformation from V onto W, the
following are equivalent;

I. Tisinvertible
. Tisnon—singular
O R({(T)=W,i.e.T is ontc



3.13 Terminal Questions

1. Show that the mapping
T:RZ - R3 given by T(x,y) =
(x,y,0) is a linear transformation .
2. Show that the function m,: R? » R?given
by m (Xq, - Xy 1, Xy - %)} = Xx
is a linear transformation.

This linear transformation is called the projection

(on the K* coordinate for K = 1, ...,n)
3. letT: R? - R2be defined by
T(x,y) = (x,—y)¥(x,y) € R?

show that T is a linear transformation.

[This is the reflection in the x — ax is ]
4. For a fixed vector (a,b,c) € R3, show that the mapping
T(x,v,2) =ax+ by +cz
is a linear transformation.
5. Show that the mapping T:R* - R%ginen
byT (x,y,2) = (3x—2y+2z,x—3y—22)
is a linear transformation fromR3intoR2.

6. Let W be a subspace of a vector space V over a find F.
v
Consider themap T:V = ;given by T (a) =« +w.

ThenT is called the quotient map or the natural map.
Show that T is a linear transformation.

7. LetM, (F) be the vector space of alln X n
matrices over the field Fand let Bbea fixednX n
matrix.Define T: M, (F) - M, (F) by
T(A) = AB —BA

Show that T is a linear operator on M, (F).
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8. Show that the following mapping are not linear

1. T:R?- R?defined by T (x,v,z) = (1x1,0)

2. T:R? - R¥defined by T (x,y) = (1 + x,7)

3, T:R2 > Rdefined by T (x,y) = xy
9. Let I. V = V be the edentity transformation.

Show that R{I) = V and ker.{(I) = {0}
10. Let T: R? > R be defined by
T(x,y,z2) =3x+y+ 2z
find R(T)and ker(T).

Ans: R(T) = R ker(T) = {(x,y,2) e R*: 3x + y + 2z = 0}
11. Let T: R® > R?® be the linear transformation defined by

Tx,v.2)=X+2y—z,y+z,x+y—22) find

1.  Abasisof R(T)
O null space (i. e.ker(T))
M. rank (T)and nullety (T)
[Ans: (1N(1,0,1),(2,1,1), D ker(T) = {(3k, =k, k): k € RYIII) rank (T)
= 2, nullety(T) = 1]

12.  LetT:R® — R%be difind by
T(x,y,2) =(x—vy+222x+y,—x— 2y +2z)
Find rank (T)and nullity (T).
[Ans: rank(T) = 2, nullity (T) = 1]
13.  find R(Tand ker(T) for the eperator T: B3 - R2 give by
Ty =(C+y+tzx+y+z,x+y+2)

Ans:R(T) = {(z, x,x) € R3: xR}
r(T) ={(x,y,2):x+y+ 2z =0}

14. Find the nullity of the map L: R? - R given

by L(x,y,z) = x + y + z [Ans: nullity(L) = 2]



15. let V be a vector space over a field F.Let Sand T
be linear operators frome Vto V. prove that

I. rank(ST) < min(rank(S), rank(T))
O nullity (ST) = max(uu!lity(.’i’), nul!ity(T))
16. Let T: R? — R3pe given by
Txy2z)=(x+y, 2z
Is T an isomorphism why, Define T3, If it exists.
[Ans: yes. T exists. T~ (x,v,2) = {(x + v, 7,2)]

17. Let V be the real vector space of all polyuomia

Let D:V = V be defined by
D{ay + agx + + ... ... anx™) = a, + -+ na,x™!
show that Disontobutnot1—1
18. let T: C = € be a linear operator given T(x,y) = (ax + By, yx + 8y)
where a,fB,v,8 are fixed elements of C ProvethatT is
invertible if and onlyif ad — By + 0

19. IfA is a linear transformation on a vector

spaceV suchthat A2—A+1=10

Prove that A is invertible.

20. Describe explicitly the linear transformation
T: B2 - R2 such that T (1,0) = (a, b)and
T(0,1) = (c,d)[Ans; T(x,y) = (ax + cy, bx + dy)]

21. Describe explicitly a linear transformation
T:R3 - R* Which has its range the subapace spanned
by the vector(1,2,0,—4),(2,0,—1,-3)

Ans: T(xl ¥: Z) = (I + Zyl sz =¥ —4x — 3?))
22, LetV be a finite dimenensional space and lei §
and T be linear operators onV.Show that

I rank (5T) = rank (T) — dim(R(T) n ker(s))
oM. nullity (ST} = nullity (T) + dim(R(T) n ker(S))

23. Using the fundamental theoram of
homomorphism, show that (™ = C"/cm forn=m
24, Let A and B be subspaces of a vector space V.

show that A+ B/B = A UGMM-107/39



25. Let A and B be subapaces of a vector space V.

Then for any subspace U of V containing W,SHOW THAT

TN«
Il
SR

26. Let T be a ltnear transformation fromR3into R? and let
5 be a linear transformation from R%inte R3prove that the
transformation (ST )is not in vertible
27.Let V and W be finite — dimeasional vector spaces over

the field F such that dimV
= dimW.If T is a linear transformation fromV into W, Prove

that the following are equiralent:

. Tisnon—singular
. Iff{a,,..a,}is abasis for W.
III. There ts some basts{a,, ...a,) for V such that {T(e,), ..., T(a, )}

is a basis for W.
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4.1. INTRODUCTION

This unit we introduce Hom(V, W) as a vector space, dual vector
space, dual basis of a vector space. We also define Transpose of a
linear transformation, Annihilator of a subset of a vector space and
rank of transpose of a linear transformation.

4.2. Objectives
After studying this unit we should be able to:

Define a Hom(V, W) as a vector space;

Define Dual vector space and dusl basis of a vector space
Define Transpose of a linear transformation
Annihilator of a subset of a vector space;

Rank of transpose of a linear transformation

4.3.Hom(V, W) as a vector space

Let V and W be two vector spaces over the same field F.

We consider the set Hom(V, W) = {T |T:V - W is a homomorphism}.
That is Hom(V, W) denotes the set of all homomorphism from ¥V - W,
Claim: Hom(V, W) is a vector space over the same field F.

Proof: We define addition in Hom(V,W) as if T; T, € Hom(V,W) then
T, 472:V = W be a map defined by (T, +T2)(x) =T, (x) + To(x) vx €V.

We define scalar multiplication on Hom(V, W) as if T; € Hom(V,W),a € F,
then a7, : ¥V — Whe a map given by (aT;)}(x} = aTy(x), ¥vx €V

We can easily check that (T +T;) and («T;)are linear maps and they are
homomorphism fom V-oW. Also, we can casily prove that
(Hom{V,W),+,.) is a vector space over the field F.

Theorem: If V and W be two finite dimensional vector spaces over the same
field F then dim(Hom(V,W)) = dimV. dimW

Proof: Let dimV = m, and dimW = n.

We can define mnlinear transformations from ¥V — W which will generate
Hom(V, W) and will be lincarly independent.

Let § = {%1,%z, e X} and 8 = {y, ¥z, e e »¥n} be bagses of V and W
respectively. Let T;nV > W be a map where i =1,23,...,m and j=



1,2,...,n defined by Tj(xy) = 8py, for k =1,2,3,...,m. Where 8z =
1Lift=kand 8§y =0,if i+ k. That is if i=k =1, =2 then Tj,(x,) =
Sy =y, adifi =1,k =2,j = 2then Ty, (xp) = 12y, = Gy; = 0.

Thus the image of (x,) are either 0 or the basis element of W.

We know that each map Tj; from the basis {x;} of IV to W will determine a
unique linear transformation from V o W. Also, these Ty limear
transformations are mn.

Now we want to show that these mn linear transformations are linearly
independent.

Letayy € Fwherei=123,...,mand f=1,2,....,n Now,

2 &y Ty = Ofzero linear transformation)
= Z @y Ty(xe) =0 = Z &jOuyy =9
L LJ
= zl'.,j akjﬁkkyj =0 =Ej qp;¥; = 0= qy; = 0 where £ = 1,2,3,....,m and

J=1.2,...,n [since,{ y;} is linearly independent]

This result is true for k¥ = 1,2,3, ..., m. Thus all the mn coeficients &ty; where
i=123, ... mandj=1,2,...,n are zeros.

Hence the set (T} is lincarly independent.
Now, we want to prove that Hom(V, W)is generated by {T;;}.
Let T € Hom(V, W) be given by

T(xg) = X]=y By yy wherek = 12,3,....,.m

Now, (T)-1ByTy)xs) = ZAZ Bybucyy) = ZiByyyy =Tlxx) for
k=123,....m

Thus it can be proved that v x € V, (E!J By TU)(;\:) = T(x).

Hence, T = X, ; By Ty

Thus, Hom(V, W)is generated by {T};}, which is the basis of Hom(V, W).
Henge, dim({Hom(V, W)) = mn = dtmV. dtmW

Definition: Let V, 7, W be vector spaces over the same ficld F.
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Let Ty:V > U and T,: I/ > W be linear maps. Then the composite map
T.0T,: ¥V — W is defined as the product T, T, of the two linear transformations
T, and T;. We can easily verified that the composite map T,o0T;:V - W is
also a Linear map.

Theorem: The set Hom(V, V) of all endomorphisms on a vector space V,is a
ring with respect to addition and multiplication of linear transformations given
as We define addition in Hom(V,W) as if Ty T, € Hom(V,W) then
T 475V > W be a map defined by (T, +7,)(x) =Ty (x} + To(x) vx EV
and Let T,:V - U and T5: ¥ & W be linear maps. Then the composite map
T,0T;:V — W is defined as the product T, T, of the two linear transformations
T, and T;. The ring has identity for multiplication and is not in general
commutative.

Note: The set Hom(V,V) of all endomorphisms on a vector space V, is a
vector space with respect to addition and scalar multiplication of linear
transformations given as We define addition in Hom(V,W) as if T\ T, €
Hom(V,W) then T;+T;:V > W be a map defined by (T,4T)(x) =
Ty () + T5(x) ¥x € V and We define scalar multiplication on Hom(V, W) es
if T, € Hom(V,W),a € F, then aT,:V — Whbe a map given by (aT,)}(x) =
aTy(x), vx EV.

Theorem: Let V,I/,W be finite dimensional vector spaces over the same
field F.

LetT:V = UJ and §: U = W be linear maps. Then the compoesite map ST:V =
W. Then (i). RankSTcan not exceed RankS or RankT and (i), NullityST =
NullityT.

Proof: (i). Since, the composite map ST: ¥V — W is a linear map.

Now, T(V) c U = S(T(V)) c (I} = ST(V) c 5(I"

Now, ST (V) and S(U) are both subspaces of W. So, dim(ST) V < dimS(U).
Therefore, RankST < RankS. Also, T(V) is a subspace of U/. Hence, the
restriction of § to T(V may be considered as a linear map §: (V) » W. We
have dimS(T(V)) < dimT (V)

Or, dim(ST)(V) < diémT (V). Hence, rRankST < RankT

(ii). Since, x E KerT =2 T(x) =0

= S(T(x)} = S(0) = 0= ST(x) = 0 = x € KerST.

Hence, KerT € KersST.

We know that KerST and KerT are subspaces of V.

Hence, KerT is a subspace of KerST.

dim (KerT) < dim (KerST)

So, NullityT < Nullity(ST)



Definition: A linear transformation A lincar transformation T: ¥V — U is said
to be singular if there exists a non- zero vector v € V¥ such that T(v) = 0. On
the other hand T(v) = (0) = v = 0. That is KerT = {0}, then T is called non-
singular. It means that T iz non- singular if and only if T is injective. Also, we
can say that a linear transformation T:V — I is non- singular if RenkT =
dimV

Check your progress

1. Determine all non- singular linear transformation T: R* = R3.

2. Prove that a linear map A linear transformation T: V — Uis non- singular if
and only if the image of a linearly independent set is linearly independent.

3.LetT:¥ — V and §5: V - V be lincar maps. Then the composite map
ST:V — V, where V is a finite dimensional vector space, S is non- singular.
Prove that Rank{ST) = Rank(TS) = RankT.

4. IfT,T; and T, are linear transformations on a vector space V such that
TT, =TT =IthenTisinvertibleand T =T, = 1.

5. IfV be an n — dimengional vector space, then a linear transformationT on IV
is invertible if and only if there exists a Linear transformation T; on V such that
(D). TTy =Tor(ii). T =1.

6. If T, and T, arc invertible linear transformations on a vector space V, then
prove that (i), T, T, is invertible and (7,7,)~1 = 7,717,712

(ii). B # O € F, BT, is invertible and (8T,)~ = 81T, .

1. Let T be a non- singular linear transformation on an n — dimensional
vector space V. If § = [x,, x5, ... .., X5, } be a basis of V.then prove that
§ ={T(x,), T(x5), e e, T(X)} 8 & basis of V.

2. If Ais a linear transformation on V, such that A2 — A + 1 = 0, then prove
that 4 is invertible.

3. If k be a non- zero scalar, show that the linear map T: V — U is singular if
and only if kT is singular.

Definition: Let V be a vector space over a field F. amap f: ¥V — F is said to
be a linear functional on V if for all x,y € V and va, # € F such that f(ax +

By) = af (x) + Bf (¥).

Note: The linear functional f on V is linear transformation from V to the one
dimensional vector space F over the field F,

Example:1. We define a map n: F* - F by f(x,, x5, ... ..., X5} = x; where
x; € F then mn;is a linear functional on F®.
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2.We define a map f:F" = F by f(xy,%5, oo, Xp) = X1 + @323 + ...+
@, X, where x; € Fand a,, a5, ... ..., &, scalars then f is a linear finctional on
Fr

4.4. Dual vector space: The set Hom(V, F) of all linear fimctional on V,
being a vector space over F. This vector space is called the dual vector space or
the conjugate vector space of V¥ and is denoted by V*.

Theorem: Let V be a finite dimensional vector space over Fwith a basis

5 ={eq €3 e m ,€n} then a map f: {e,, €, ... ... ,€n} — F can be extended to a
unique linear functional @ on V such that @(e;) = fe) fort = 1,23, ....,n.

4.5 (a). Dual basis of a vector space

Theorem: Let V be a finite dimensional vector space over Fwith a basis § =
{ey. €, ......, €, }. There exists a uniquely determined basis {e*;,e"5, .......€"3}
of its dual space V* such that e*;{(e;) = §;; for j = 1,2,3, ....,n. where &;; = 0
if¢ # f and & = 1 if ¢ = J. Thus dimV = dimV*.

Note: S’ = {e*y,e*5, ... .. ,e*n} is called the basis of the dual vector space V*.

Proof: We know that for each i= 1,2,3,....,n, there exists a unique
functional

e"p € V* such that e*;(e/)} = 8;; for j=1,23,....,n. where §;; =0 if i #j
and &;; =1 if i = j. We want to show that {e*),e°2, ., ey} is linearly
independent;

e’y + ae’, t+ .t aye’, =0, whereay EF

= (me*y + ae’, + ... + aye® Je;=0foreacht =123, ....n,
= (ae”1{e) + me’,(e) + ... + ane'n(e,) =0

= (a;e*;(e;) = 0V i [Since, e*;(g;) = 0 fori=j]

= q; = 0Vi[Since, e*;(g;) = 6;=1]

Hence the set {e*,, e*,, ... ... ,€*y} is linearly independent.

Now we want to show that V* is generated by {e*,, 2%, .......,2°,}

Let @ € V* such that @(e;) = B; foreachi=1,23,...,n, B, EF

Letx =a %y + a2 + ...+ @px, €V, @ € F. Thus,



B(x) = B(a %, + X + ot apx,)
= @, 0(x1) + @ @(x) + ... + @, 8(x,)

OI', ﬂ(x) = Eiﬂi + ﬂzﬂz + ...+ ﬂn_ﬁn ......... (1)

Now, e*;(x)=e";(ae + aze; + ..+ ape,) = aye*;(e)) + aze*;{e;) +
o+ @y e®i(ey)

Or, e*;{x) = q;e*i(e;) = a; foreachi =1,23,....,n,

Hence, from equation (1) we have

B(x) = pre*1(x) + Bre*2(x) + ... + Bne’n(x)

= B(x) = (fre°s + fre*z+ ot B )(X), VX EV

Hence, @ = (B1e*1 + F2e*2 + ...+ Bpe’,)

Thus @ is a linear combination of {e*,, €*3, w. ., €* 5} which generate V*.
Hence, {€*1, €2 wu ey €75 } 15 @ basis of V* which is called the dual of the basis
5={e,e5 .. ,€n} of V. Therefore, dimV = dimV*.

Note:1. Any vector x € V can be expressed as x = e;e*,(x) + e,e*,(x) +
o+ eqe, ().

2. Any linear functional @ € V*can be expressed as
B = Pley)e"y + B(ex)e’; + ..+ B{e,)e",-
4.5 (b). Second Dual Space:

The set Hom(V*,F) = {f|f:V* - F is a linear map }, is called the second
dual of V¥ and is denoted by V*".

Let x € V. we congider a map £:V* > F is given by 2(f) = f(x) EF,Vf €
Vﬁ

Claim: £ is a linear functional on V",

Let f,g €V* and a,8 €F then 2(af + fg) = (af +Bg)x) = af(x) +
Bg(x)

= a2(f) + f2(g). Thus £ € V*

Theorem: The set Hom(V*,F) = {f|f:V* = F isalinear map }, forms a
vector space over F with respect to addition and scalar multiplication given by:

Iff €V* and 2,9 € V**, then
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(2+ ) =N+ 9P =fR+f) = flx+y) = Z+¥(f)
Thatis (£+ §) = £ + ¥ Also,

a®(f) = af (x) = f(ax) = @(f)
That is % = &%, « € F.

Theorem: Let V be a finite dimensional vector space over a field F and V**
be its second dual then V = V™,

Proof: we consider a map T:V - V** defined by T(x) =2 where x €V, £ €
{e:}

Letx,y €Vand o, € F, then
T(ax + fy) = ax +fy = @ + fy = aT(x) + T().

Hence, T is a homomorphism. Now if x € kerT,then T(x) = £ = 0 {zero
linear functional on V* ). 8o, 2(f) = 0,¥vf e V*

Or, f(x)=0, VfeV* . Hence, x = 0. Thus, T(x) =0 =2 x=10

So, ker(T) = {0}. Hence, the map T is injective and therefore, it is surjective
also, Since, V ig finite dimensional. Thus T is an isomorphism and hence,
V=P,

Note: If {e;*} is a basis of ¥* the dual basis to the basis {e;} of V then {e;} can
be considered as a basis of 1V**, It is the dual basis of the basis {e;*} of V.

Example: Find the dual basis of the following basis of R3:
{e; = (1,-13),e; = (0,1,—1),e3 = (0.3,-2)}.

Solution; Suppose that required the dual basis be {e,*, e,* e;* }. These are
the linear functional on R? are given by

e,"(x,y,2) = a,x + axy + a3z
32*(1:.?: Z) = blx + bzy + b3z

e;"(x,3,2) = x + ey + 32, where @, b, ¢, ER are to be determined
which will make {e,", e;*, 5" } a basis of (R?)*

Now,1 = e,*(e,) = &,*(1,—1,3) = a; —a; + 3a;
0= ey*(e;) = e*(0,1,—-1)= @, —a,

0= 81-(83) = 31-('0,3, _2) = 3“2 = 2&3



Now, we solving these equations in a4, a,, a3, wegetay, = 1,2, = 0,a3, =0
Thus, e,*{(x,5.2) = ¢;x+a,y+azz=1.x+0.y+0.z=2x.
Similarly, we will get

&' (x,v,z)= bhix+byy+bsz=7x—2y—3z

Andes*(x,v,2) = cix+ eyt cz= —2x+y+z

Example: Find the dual basis of the basis set B = {z,,2z,} = {1 +i,1 — i}
for the vector space C(R).

Solution: Let z = x + iy € C.ifa, feR such that
x+iy=a(l+i)+01-1)
={az+p)+i(a—F)
Then solving these, we get
1 1
e=c(x+y)andf=-(x-y)
Let B* = {f,, f,} be the dual basis.then

ﬁ(zi) = 1: ﬁ(zz) =0

f2(z) =0and f,(z;) = 1 (1)
Thus f,(x + iy} = a fy(z;) + Bfi(z) ,using (1)
= 2(1) + 8(0)
=g =%(x+y) and f,(x + iy) = a f5(z,) + Bfa(2;) ,using (1)
= a(0} + B(1)
1
=p=5(x-y)

Hence the dual basis is {f,, f;}, where
1 1
Alxtiy)=5x+y)and fHlx+iy) =5(x—y)

Example: Find the dual basis of the basis {(1,0), (1,1)} ef the vector space
R?(R).
Solution: Let (a, b) € R2,1f a, 8 eR such that

(a,b) = a(1,0) + (1,1)

=(z+5.6)

Thena+f=aandf=biea=a—bandf ="~
Let
Let B* = {f,, f,} be the dual basis.then

ﬁ(zl) =1, ﬁ(22) =0
f(z)=0and f,(z;) =1 (L)
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Thus fi{(a, b) = a fi(z;) + Bf1(z;,) ,using (1)
= a(1) + B(0)
=a=(a—b) and f(a,b) =« f;(zz) + B2 (z;) ,using (1)
B=b

Hence the dual basis is {f;, f5} where fi(a,b) =a—band f;(a,b) =b

Example: The vectors o, = (1,1,1),¢; = (1,1 — Dand az = (1, —1,—1) froma
basis of V3. If {f,, f>, f3} is the dual basis and if & = {0,1,0), find £, (&), £(), fa(2)
Solution: As {f}, f5, f5) is a basis set of V3 (C), for & € V3(C), we have

&= by + a0, + daig

Where fi(a) = a,, f2{a) = az, fa(a) = a3
Now a = a;&; + a2z + aztg (1)
=(0,1,0) = a, (L11) + a5(1,1, 1) + as(1,—1,-1)

=(0,1,00 =a, +a; + 03,2, + a; — a3,a; — 0, — a3
Sy tatay=0at+tay—ag=LlLa —a—a3=0
1

1
o, =0,a; =il ===

Hence from (1), we get f,(a) =0, f;(a) =2.fs(@) = —;

4.6, Transpose of a linear transformation; Let V,W be two vector
spaces over the same field F.Let T:V — W be a linear transformation. Let
@: W — F be a linear functional on W, then @oT:V — F will be a linear map.
Since, composite of two linear maps is also linear.. Thus $oT is a linear
functional on V. Thus for all @ € W”* we get a unique element @oT € V* .
Hence, the linear transformation T: ¥V — W induces a map T¢: W* — V* given
by T*(@) = @oT € V* where § € W*.The map T*: W* - V* is also denoted
by T* which is linear. Forif 3,4 € W*,a,b € F, then
Tt {a® + ) = (ad + byp)oT = a{@oT) + b(PoT) = aT* (@) + BT (W)

The linear map map T*: W* — V* defined ag above is called the transpose of
the linear map T:V = W,

Theorem: Let T:V — W and S: W — Z be two linear transformations, then
(SoT)t = T*oS".

Proof: Since, T: ¥V - W and §: W — Z be two linear transformations then,
(50T):¥ — Z be a linear transformation. So, (SoT)%: Z* - V*.

Again, $4:Z* > W and T©: W* = V*, 50, T*0S5: Z2* > V*

From these we get (SoT)® and TSt are both linear maps from Z* - V*

Now we take, z'€2Z*, then (SoT)!(z*)=z'0(SoT) = (z"05)oT) =
St(z*) oT

w*oT, where w* = S%(z*) € W".



= TH(w*) = TH($*(2") ) = (T*05%) ()

Henge, (SoT)t = TtoS".

Theorem: Let T and § € Hom(V, W) and a € F, then
(DAT+8 =T+ 5t

(if). (aT)t = aT*t.

Theorem: If V be a finite dimensional vector space then the linear
transformation T:V — V is non- singular if and only if its transpose TE: V* -
V* is non- singular.

Proof: If T:V - V be a linear transformation and V be a finite dimensional
vector space, then (a) Rank(Tt) = Rank(T).

T is non- singular & Rank(T) = dim (V)

< Rank(Tt) = dim (V),
& Rank(T") = dim (V'*), (since dim(V) = dim (V*)

© THV* - V* is non- singular.

Example: Let @ be a linear functional on R? defined by #(x,y) = x — 2y.

Find the transpose of each of the linear transformation T: R —» R? given by :

(a).T(x,y) = (x,0),

B).T(x,y) = r.x + ),

(c).T(x, ¥) = (2x — 3y,5x + 2y).

Solution; (a). (T*(@)(x,¥) = 8(T(x,y}) = #(x,0) = x.

®). (TH@)(xy) = 8(T(x») = 8@z +y) =y —-2(x+y) = -2z -y
(). (TE(@)(x, ) = B(T(x, )} = 9(2x — 3y,5x + 2y)

= 2x—3y—2(5x+2y) = —8x—Ty.

4.7. Annihilators: Let V be a vector space over a field F, and S be a subset
of V. The annihilator of § is denoted by $¢ and defined by

'={@peV'|d(x)=0YxeES}
Remark: (1). 5° is a subset of V*.

(ii). Annihilstor of {0) is V"
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(iii). ¥? is the zero subspace of V*,

Theorem: : Let V be a vector space over a field F, and dim(V) =n. Let W
be a subspace of V then dimW + dimW?° = dimV =n.

Proof: Suppose dimW =r and let S = {x,,%5,.....,x,} be 8 basis of W
which can be cxtended to a basis of V say B = {x1, %5, ... ., Xr, Xrg1-+ Xn} be
a basis of V. Let B' = {%,°, %", v 0 2 % p1 " 0 %5") be 8 dual basis of V,
that is ic is a basis of V",

Claim: To show that D = {¥,4,".., x,*} is a basis of W”.

Now we comsider x;*(x;} = 8; =0, [Since, i #j,asi >7,j <r] where
i=r+1,r+2,..nandj=12,..1.

Again, if w= Xl_,x €W, then for i=r+1,r+2,..n, we have
W) = (X5, %) = Xl ax (x; ) =0YweW. Thus x*e€W®
fori=r+1,r+2,.n

Thus the set B’ = {x4*, X3%, .o o, X", Xpyg ™ o X5 "} € W and the set is linearly
independent, since it is subset of a basis of V™.

Now if @ € W?°, then @ € V" [Since, W? @ V" ]

So, @ can be expressed as @ = X7, @(x;)x;"

Since @ € W% 50, 8{x,) =0fori=12,..r.

Hence, @ = O(¢rs1)%rs1" + O(%riadXri2" + o+ B2,

Therefore, @ is generated by the set D = {x,,,".., x,;"} which iz a basis of W*
Thus dim(W?) = n—r =n —dim (W)

Hence, dimW + dimW*® = dimV =n.

4.8. Rank of transpose of a linear transformation:

Theorem: If 7:V = W be a linear transformation whete V and W are finite
dimensional, then rank(T) = rank(T*).

Proof: We want to firstly prove that ker(T®) = (T(V))° [amnihilator of
(V)]

NowTEW* sV, 0 eKer(TH & THB) =0 @80T =0
& @oT(x)=0€EF,VxeV



© B(T(x)) =0€ F,¥T(x) e T(V)

& poT € (TON)°

So, ker(Tt) = (T(V))".

Suppose dim(V) = n, dim(W) = m and rankT = dim{T(V)) =r

We have, dim(T(V))? = dimW — dim (T{V)) [since, T(V)is a subspace
of W1.

Hence, dim(T(V))° = dimW — dim(T(V)) =m —r

So, dim(T(V))° = dim(kerTt) = m —r

So, Nullity(TY =m —r

Now, Nuiltty(Tt) + Rank(Tt) = dimW"

So, Rank(T") = dimW* — Nullity(T*) =m — (m —r)} = r = rankT.
4.9. Summary :

After studying this unit we should be able to define Hom(V, W) as
a vector space, dual vector space, dual basis of a vector space. We
also define Transpose of a linear transformation, Annihilator of a
subset of a vector space and rank of transpose of a linear
transformation.

4,10 Terminal Questions and Answers

1. If 4 ={(2,1),(3,1)} be a basis of two dimensional vector space, find
the dual basis of A.

2. Let{e, = (1,0,0),e; = (0,1,0),e; = (0,0,1)}be the natural basis of
R3(R). Determine the dual basis.

3. IfB = ((1,1,1),(1,1,—1), (1, —1,1)} is a basis of ¥, (R), then find the
dual basis o B.

4. IfB = {(1,-2,3),(1,—1,1), (2, —4,7)} is a basis of ¥, (R), then find
the dual basis o B.

5. Define a non-zero linear function f on B® such thatifx; =
(1,1,1),x; = (1,1,—1) then[x,, f]l = [x,, f] = 0
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3.1. INTRODUCTION

Thig unit introduces matrices over number sets like gets of integers, rationals,
reals and complex numbers. We define matrix representation of a linear
transformation, equality of matrices, addition, subtraction and multiplication of
matrices , vector space of all m X n of matrices over a field , ring of n —
square matrices. We also define invertible matrix (non- singular matrix},
transpose of a matrix, equivalent matrices, similar matrices and orthogonal
mairices.

3.2. Objectives
After studying this unit we should be able to:

Define matrix representation of a linear transformation;
Equality of matrices;

Define sum, difference and product of matrices;
Vector space of all m X n of matrices over a field;
Ring of n — square matrices;

Invertible matrix (non- singular matrix);

Define Transpose of Matrices;

Equivalent matrices;

Similar matrices;

orthogonal matrices;

5.3. Matrix

In this block we shall deal with matrices, their algebra i.e. various ways of
combining and altering them to produce other matrices, and their role in the
solution of systems of linear equations, which will alse imvolve the concept of
determinant of so called squarc matrices. We shall also touch upon Beolean
matrices and some cperations and properties associated with them.

Definition: For positive integers m and n, an {mxn) matrix A stands for a
rectangular array,

(1)

of mn entities a;;, where 1< i < m, 1< j <n. Note that the matrix does not
represent a single value which could possibly be evaluated by some process.



The “entries™ ay may belong to any definite set S whose members can be
added, subtracted and nmiltiplied to obtain member of 8. For example § can be
Z, @, R, € which are standard notations for the number sets of all integer,
rational numbers, real mumbers and complex numbers, respectively. S can also
be the set of all polynomials in one or more varighles with the coefficients
coming from any of the above mentioned number sets.

Example:
-1 4 77. .

(1}). 18 a 2x3 matrix ‘over’ Z
| 2 5 -6
[0 -2

(2). |—3 10 |isa3 x 2 matrix over Z
| 6 6
(2/3 0

(3). 1 _E is a 2X2 matrix over
L 6

(4). [0, %,n’, 2,—1]isal X 5 matrix over R

(5). _4 :}21 ;f:,;—i:] is a 2X2 matrix over C

x

(6). 5-x° is a 3% 1 matrix with polynomial entries.
|14+ 2x+6x*

The matrix of (1) is denoted by A=la!-,-]where 1<i<m,1<j<n
If m = n the matrix is said to be a square matrix. The above matrix A has m
rows, (which are n-component vectors)

R; = [au, 82..v... 8] for i =1, 2, ... m and n columng, (which are m-
component vectors)
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%
C,=| “|forji=12,..,n

5.4. Matrix representation of a linear transformation:

Let V, U be two vector spaces over the same field F of dimensions
nand m respectively. LetS ={x,%5,....,%,} and § =
{91, ¥25 e e Vi } be ordered bases of V and U respectively. Let
T:V - U be a lincar transformation, then T(x;) €U for j=
1,2,3,....,n and hence can be expressed uniquely as a linear
combinations of elements of the basis {y;} of U as follows:

T(xq) = ayy +azyz +a5¥s + ot ¥
Or, T(x)) = X2 ayy forj=12,3,..,n
Where a;; € F are unique, i = 1,2,3,...,mand j = 1,2,3,...,n
Thus the linear transformation T:V — Udetermines an unique
ordered mn scalars ay; which may be arranged in the matrix form
as given

all alz ..... ah
azl aﬂ ooooo azn
[ TR, T— a,,

This matrix [a;;] is of order m X n and is called the matrix of the
linear map T:V — U relative to the ordered bases{x;} of V and

{3} of U.

Conversely given an matrix [a;;] is of order m X n over a field F
and two finite dimensional vector spaces V and U over F of
dimensions n and m and bases § = {xy,X3, ..., X%} and §' =
{y1,¥2; .- .-, ¥m} Tespectively, we can find a unique linear map
T:V — U whose matrix relative to the ordered bases{x;} of V and
{¥i} of U will be [a;;] as follows:

The linear map T:V = U defined by T(x;) = I a;y; for
j=123,..n



It can be extended over ¥ by linearity. T is called the linear map
associated with the matrix [a;;].

Remark: 1. The coordinates of T(x;) are the elements of the j*
column of the matrix of the linear transformationT. The matrix of a
linear map and the linear map associated with a matrix depend on
the choice and order of the bases of the vector spaces. If we change
any of the bases or their orders, we find the different matrices for
the same linear map.

2. For every T € Hom(V, U), there exists a unique m X n matrix
over F (relative to fixed ordered bases of V and U). Also,

conversely for every m X n matrix[a;;] over F, there exists a
unique linear map T: V = U whose matrix relative to fixed ordered
bases{x;} of V and {y;} of U will be [a;;].

Example: Let 0:V = U be the zero linear transformation, then the
matrix of this zero linear map relative to any ordered bases of

Vand Uis
e
[u 1..........0]

In which each entryis 0 € F. It is called Null matrix or zero matrix.

Example: Let I: V — V be the identity linear transformation on an
n — dimensional vector space V, then the matrix of this identity
linear map relative to any ordered basis § = {x,, x5, ... -.- yXn} of V
is

| i 0
LN 0
L]

[

In which ey =0,ifi#jand=1ifi=j is 0€F. It is called
identity matrix this matrix is denoted by I,,. L;is of ordered n and is
independent of the choice or ordered of the basis{x;}.

Example: Let T:V — V be the constant linear transformation on an
n— dimensional vector space V defined by T(x) =cx,Vx €
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V,c{s 0) € F then the matrix of this constant linear map relative to
any ordered basis § = {x1, X3, v v, Xp} of V i3

0c......0

In which a;; =0,ifi#jand=cifi=jis cEF. It is called
constant (scalar) matrix, this matrix is denoted by cl,. cl, is of
ordered n and is independent of the choice or ordered of the

basis{x;}.

Example: Let § = {xy,x;, ... ..., Xp} be a basis of V LetT:V = V be
the diagonal linear transformation on an n — dimensional vector
space V defined by T(x;) = A4x;,Vx; €S €V, 4;(# 0) € Fthen
the matrix of this diagonal linear map relative to any ordered
basis § = {x1,X3, . ., Xp} Of V is

Fi=]

In which ay; =0,ifi#jand =A;if i=j is A €F. It is called
diagonal matrix, this matrix is denoted by 4,I,. A;I, is of ordered n
and is independent of the choice or ordered of the basis{xj}.

Check your progress

1.Prove that the matrix of D where D = %

(A). relative to the basis § = {x%,x, 1}is

(B). relative to the basis § = (1,x, x?}is

cooc LINO
COm QR=Q
oMo QOO

2. (). Let T be the linear map on B3 defined by T (x, . 2) = (x.y,0). Find
the matrix of T relative to the usual basis of R.

(b). Find the matrix of T relative to the basis § = {(1,0,0), (0,1,0),(1,1,0)}
of R3.

3. Let T be the linear map on R? defined by



T(x,v,2z) = (a1 x + o,y + aaz, byx + by + byz, ¢y x + ¢y + €32).
Find the matrix of T relative to the usual basis of R3.
3.5. Equality of matrices:

Let V, U be two vector gpaces over the sgame field F of dimengions n and m
respectively. Let S = (x4, %3, .o, X } and ' = {34, ¥2, «ue o, ¥} be ordered
bases of V and U respectively, Let T:V —» U and S: ¥ — U be linear
transformations whose matrices with respect te above bases

be[ay;] and[by; ] respectively. Then

T=5 & [ay] = [by]
Since, T =5 & T(x)) = 5(x;)) & I a0 =T, byw
© ay = by, Viand vj & [ay] = [by]

Thatis If 4 = [a;]and B = [b;;] be two m x n matrices over a field F then
we can say that these two matrices are equal if [a;] = [by]

=a;= bij,Vi and Vj
5.6. Algebra of Matrix;

We define addition of two matrices of same size {order} m xn by entry wise
sum:

|:a11 ..... aln]+|:b11 ..... bln]=|:all+b11’ ..... a, +bln

4.1 +bml’ ..... a +bm

ml " Tmn ml mn

Inshmif"‘=[“g]v3=[”g],1si5m,1sjsn
then A+ B = [ar+ by]
Similarty A-B=[a;-bgl; 1 <i<m, 1 <j<m,

We may also multiply any matrix A over § by any member o, of S (scalars)

a[au ..... @, ]=[m11 S ]
a0 - B oy e R
The matrix O stands for a matrix of any size with each entry equal to zero, for

matrices with entries from any of the above mentioned number sets or sets of
polynomials. If A =[a;] we denete (- 1} A=[-a3] by— A.
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It may be easily verified by using the properties of addition, subtraction ete in
the mumber sets, that for any of the matrices A, B, C of same order and for

anya, B 8

A+BH)=(A+B)+C
A+B=B+A
A+0=0+A=A
A+(-A)=0=(-A)+A
ad(A+B)=aA+aB
(et+p)A=cA+PA

(@) A=a @A)
1LA=A

ol Ol

As expected, we denote the matrix A + (- B) by (A - B)

Example:

L2 % -1/, |-3 i -4 =[ -1 1 -5 ]
Bo2ox o gy 5 V3-1 2-7% z+42
as matrices over [R. (set of all reals).

ER
5 7 7
2EE -5|= 2 b as matrices over Q.
— 0
o _
5.7. Multiplication of matrices

Multiplication of matrices is not defined through multiplication of
corresponding entries nor it is defined in general for matrices of same order.

Suppose that A=[ax]; 1 €i<m, | £k<n AndB=[by]; 1<k< n, 1<j<p

be matrices of order m * n and n X p respectively. We define AB = [¢;;] of
orderm X P where Cu = E:=1 [ 'bk} = ﬂﬂ.b-u + ﬂubz} + ...+ ﬂ!“bnj

That is the typical (i, /) clement of the product of AB is the sum of the
products of elements of i** row of A with the corresponding elements of the
J column of B.



Note:1. For this multiplication the number of elements of i row of A =
the number of elements of f** column of B. Hence, the product AB can be
found only when mumber of cohimns of A = number of rows of B.

2. In general matrix of ST #+ matrix of T'S.

3. matrix of ST = (matrix of §). (matrixof T) #

(matrix of T). (matrix of §) = matrixof TS .e.i. AB # BA.
Hence, matrix multiplication is not commutative in general.

Let us denote the rows of A by Ry, Rs,.....Ry which are clearly n component
vectors e.g.

R {ap, ap, ....... 8) fori=1, 2, ....m. Similarly we denote the rows of B by

R, .....R,', which are r component vectors :
R, =(byy, ...... by (k=1,2,....n). We shall dencte the coloumn of A and B by
Ce(k=12,....0)and C, (=1,2, ... D ie.

ay b
c,=| i |amdc)=|:
a2y bm,

which are m and n component vectors respectively. Recall that the scalar or dot
product of two n conponent vectors

X= (X1, ceeee. Xo} 80d ¥ =(¥1, ...... ¥u} is defined as the scalar

xy=xwnt Xyt ... X¥

Il of x by [Ix]| = y2x =4[%* +%2 +..x2]  which is related to the length

We define the product of the above matrices A and B of orders m>n and nxr
respectively, as the mx r matrix AB given by.

Ry 'Ql Rl.Cz ..... EIC_;
4n=|B2-€1 R2.Cy o RyC,
R,,C Rm-gz ...... Rm-gr
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In other words if AB = D = [dy], then

dy=R;-C;=aubyagbyt......... +éuby for | €i<m, 1 <j<r
(Thumb rule: put the i** row of A on the j** column of B, multiply term by
term and add to obtain dj)
0 -1 43
1 05 -2 32 =
Example 1: Let 4= atg=|® 0 3
0 -4 6 2 1 4 0
2 -2 3

which are 2x4 and 43 matrices respectively. Thus the product AB will be the
2x3 matrix

1%0+.5% 6+(=2).1+3.2% 2, 1(-1}+.5 X0+ {-2)4 +3.2(-2),1 X v3 +.5%(=5) + (-2)0 + 3.2>
0% 0+(—4)6+6x1+ v2(2),0(— 1} + (D0 +6x 4+ v/ 2(=2),0(+/3) + (—4}(-5)+ 6{0) + V2 (3

_| 74 ~154 7.1+43
~18+242 24-22 204342

The above rule of matrix multiplication may seem weird and complicated but
actually it hag its roots in the composition of linear changes of variables (e.g. in
the change of coordinates of a point when the coordinate axis in a plane are
rotated about a line through the origin and perpendicular to the plane).
Consider the successive change of variables

X =ay,x +a,x,
X =y X +2,X,

o =]

ﬁ)l].ﬂ“rﬁd by x,l, = buxl, + blzxz,
Xy =byx +hy%;

o AT
b!l bﬂ x;-
then substituting for x/,x; in second pair of equations from the first, we may

express x; and x; in term of x; and xo:
TGMM-107/116



x = by (auxi+a12%) + bya (azixiHazpXs)

x = bzt (811 X1 + 212X2) + baz (B21X1+822%2)

or x{ = (bu1 811 + biz 821) Xy + (br1 a1z + bz az)xs
x; = {bz1 a1 +bz a31) x; + (ba1 812 + by ap)xs

-I:l] _ |:b11"11 +h,a, buay, +buazz:||:x1 :|
_I;I byay, +bpa, byay, +byay || x,

=-bu bu][au au][xl]
By Dn |8y 2n| 4

Note that everywhere in the above calculations, the products of matrices or of
matrices and column vectors {which are nothing but matrices with a single
column) are according to the rule for mubtiplications of matrices defined
earlier. So now it must be clear why matrix nmltiplication has been defined in
the above manner.

Also from the above discussion, the following facts are evident

1. If for matrices A and B, the product AB is defined, the reverse product
BA need not be defined. For, a product AB to be defined, the number of
columns of A must be equal to the number of rows of B. In the
example, considered earlier A was a 2 x 4 matrix and B was a 4x3
matrix. So AB was defined but as 3#2, BA will not be defined.

2. Infact both AB and BA are defined only when one is say of order mxn,
and the other is of order nxm. Even then the two matrices AB and BA
will be of order mxm and nxn respectively and so they canmot be same
if meEn.

3. Even if m = n, so that A, B, AB and BA are all of order nxn, these
products AB and BA are not equal in general E.g.

2 0 -
If A= and B = L2 then
31 3 0

_2 4] [4 2
AB = = = BA.
o el o

4. Since each of the number sets Z C Q C R € € are closed under the
arithmetic operations of addition, subtraction and multiplication, and
the precesses of addition, subtraction and mmltiplication of matrices
involve the above operations only on their entries, sum, difference and
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product of matrices over any of the above mumber sets is agein a matrix
over the same number set.

. It may be readily verified that for matrices A, B, C:

(i}  (AB)C=A(BC) whenever gither side in defined.

(i) A (B+C)=AB + AC whenever either side is defined.

(iii) (A+B)C = AC + BC same way.

(ivy (o A) B=a (AB}= A (oB). for matrices over any of the above
mumber sets S for every aeS and whenever either of the above
sides is defined.

. For each positive integer m the mxm matrix I, = [§y] 1 £4, j < m,

where 6;; = 1 or 0 according as i =j ot not is called the identity matrix
of size m. It satisfies I,A = A = Al, for every m>n matrix A.

. In order that A+B, AB and BA are all defined, clearly A and B should

be square matrices of the same size.

. Unlike as in the number systems, the products of two nonzero matrices

(even when they both are square matrices of same size) can be a zero
matrix 0. (cach of whosc cntrics are 0) c.gIf A = (g E)#—'O;B =

(o o) # 0w

o ollo 3o o

Example: A=[1 ~2 5]

IA—I 01 -2 5| [Ix1+0x0 1x{(-2)+0x3, 1x5+0x(-7)
¥ T Ox1+1x0  O(-2)+1x3, Ox5+1(-7)

0 1j0 3 -7

1x1+(=2).0+5x0, 1x0+(—2)x1+ 5x0, 1x 0+ (-2).0+5x1

=[0x1+3xﬂ+(—?)x0, 0x0+3x1+(-T)x0, 0x0+3x0+(—7)x1]

1 -2
s7_,
[03—7]

|



3.8. vector space of all m X n of matrices over a field: The set
M., of all m X n matrices over a field F is a vector space over F with respect
to addition and scalar multiplication of matrices as given below:

Let A = [ay], B = [by] and € = [¢;y] be m X n matrices. Then
(4 +B)+ € = ([ay] + [byD + [ey] = [(ayy + byy) + ¢y

= [ay + by + e1p)] = [yl + ([by] + [ey]) = A+ (B +C).

Hence, matrix addition is associative.

Also, A+ B = [ay] + [by] = [ay + by] = [by + ay] = [by] + [ay] =B +
A.

Hence, matrix addition is commutative.

There is & unique m X 7 matrix O,,n € My such that 4 + 0 = [ay] + Opu =
[as; + 0] = [a;] = 4.

Hence, null matrix 0., is the identity for the matrix addition.

There is a unique m X n matrix —A = —[a;;| € My, such that A+ —4 =
[ay] + —[ay] = [ay + —ay] = [0] = 0.

Hence, the matrix —4 = —[ay;] = [-ay] is the additive inverse of the matrix
A=ay]

Thus the pair (M,,,, +) is an abelian group.
Now, we define scalar multiplication as follows:

Let @ € F,A = [ay] € My, then @4 = afay] = [aay] which satisfied the
following conditions.

(@). a(A + B) = al[a;] + [b;]) = alay +by] = [a(ay; + by)]
= [aay + aby] = [aay] + [aby] = alay] + alby] = a4 +aB.

(b). (a+B)A = (a+Bay] = [(a+ Bay] = [aay + Bay] =
[Hd;j] + [ﬁﬂ.”]

= afay] + Blay] = ad + BA.
(). a(BA) = e{fla;]) = a([Ba;;]) = [«(Bay;)]
= [afla] = (aB)[ay;] = (aB)A.
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(d). 1.A= 1. [ﬂu] = [l.ﬂ-u] = [ﬂ-u] =A.

Thus the set of all m X n matrices over a field F is a vector space over F with
respect to addition and scalar omltiplication of matrices.

Theorem: If Vand W are vecior spaces over the field F of dimensions
1 and m respectively, then Hom{V, W) = M_, (the set of all m X n matrices
over a field F) and hence, dimension of the vector space M,,,, is mn.

Hint: We define a map @: Hom{(V,W) = M, as if T € Hom(V, W), then
O(T) = matrixof (T) = [ay].  clemly this map is a bijective
homomorphism. Hence, Hom(V, W) = M,,.,..

Note: The set of all symmetric matrices of order n X n is also a vector space
which is a subspace of M, = M,

5.9. Ring of n — square matrices: The set M,, of all n X n matrices over
a ficld F is a ring respect to addition and multiplication of matrices as given
below:

We already know that the pair (M,,+) is an abelian groupm where + is the
addition of the n — square matrices.

We define matrix mmltiplication as follows: let A,B be two n— square
mairices, then AR is also an n —matrix, hence the set M, is closed under
matrix multiplication.

Let V4,15, V3, V4, be vector spaces over the field F of dimension n.

Let T: ¥y —» V,, Tt Vo, » V3 and Ty: Vy —» V, be linear transformation, such
that matrices of T3, T,, T, with respect to suitable ordered basecs be A, B,C
respectively each of order n X n. Then

TNV = Viad () T V= 1,
Hence, T5(T,.Ty) = (TaT2) T, .
So, matrix(T3(T,. T)) = matrix(TaT3) To)
= matrix of Ty.matrix of (T5. Ty} = matrix(TsT;).matrixof T;
=A.(B.C) =(A.B).C
Hence, multiplication of matrices is associative.

Let Ty:Vy = Vo, T5:V, » 2 and T5: V> = V5 be linear transformations and
each vector spaces over the field F of dimension n. Let matrices of T3, 15, T3



with respect to suitable ordered bases be A, B, C respectively each of order
n X n. Then

We have, T_g(Ti + Tz) = TgTi + TgTz.

Since, multiplication of linear transformations is distributive over addition.
Hence,

matrix ﬂ'f T3(T1 + Tz) = matrix ﬂf (TaTi + TaTz)
= matrix Gf T3 (T1 + Tz) = malrix ﬂf (Tng) + matrix Of (TgTz)

matrix of Ty. matrix of (Ty + T,)=matrix of (T3Ty) + matrix of ( T3T,)

Or,C.(A+B)=C.A+C.B

Similarly, we can prove that (A+ B).C = A.C+ B.c

Thus, multiplication of matrices is distributive over addition of matrices.

Hence, the set M,, satisfies all the conditions of ring, so (M,,,+,.) is a ring.

The ring has multiplicative identity viz the identity matrix I,,.

In general multiplication of the matrices is not commutative, so the ring is not

commutative in general.

Note: If A, B are n — square matrices and a € F then, (aA)B = a(AB)
Check your progress

1. Let V be a vector space of all 2 X 2 symmetric real matrices. Show that
dimV = 3. Also, find the usual basis of V.

2. Let V be a vector space of all » X n matrices over F. Let M be a matrix in
V and let T:V = V be a map defined by T(A) = AM + MA,¥A € V. Prove
that T is lincar and find KerT in the second case.

3. Let M, be the set of all invertible n = square matrices over a field F, Show
that M, is a group under matrix multiplication. Is this group abelian?

5.10. Invertible matrix (non- singular matrix):

An nXn (square) matrix A is said to be Invertible matrix (non- singular
matrix) if there is a square matrix B of the same size n X n (square), such that

AB = BA =1, ie ifA = [au]and

B = [bu]fﬂflfi,j,fﬂ.
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then , n

=8y = ¥ ba V1<i,j <n,
Z“ﬂby § Z i

= Pl
lifi=j__ o .

where &§;; = . " isthe (i, )** element of the identity matrix L.
Oifi=j

Example: let A= 1 ;]and
_[3 -1

B‘[—z 1]

'1‘11‘-.:1,1&:[{1l (:]=IZ=BA.

~ A and B are both invertible.

Remark: If AB = I, = BA for n X n matrices, we say that A and B are
inverse matrix of each other and write B =A™ and A =B’

Note: that if the inverse of an invertible matrix A exists then it is unique, for
if both B and B> are inverse matrices of the same matrix A then,

Bi1=Ly B\=(B, A) B| (vB1A=1)
= Ba(AB1) ( by associativity of matrix product), = B; L= Ba.

If A and B are invertible n — square matrices, then AB is also, invertible and
(AB)™! = B~1A4~1 (reversal myle).

Since, B-1A~1(AB) = B-1(4~'4)B = B~1(Il,B) =B 1B =1,.
Similarly, (AB)B~1A™! = I,.
Hence, AR is invertible and (AB)™! = B~14™1.

In general this result can be generalized as if Ay, A3, ..., Ay are n— square
invertible matrices, then (4, Ay ... A,) 1 = A, 14, 71 . A7 1A

Remark: It is clear that all square matrices are not invertible.

3 6
Suppose thatd = |:2 4] is invertible and

c
of A then we have

a b
B= |: di| is the (in view of the umiqueness of inverse seen above) inverse



|:3a+6¢: 35+6d] |:1 0] :
- = { , which means,

2a+4c 26+4d 0
3a+6c=1, (1)
3b+6d=0, )
2a+4c=0 and (3)
2b+4d=1. Q)

Multiplying the equation (1) by 2 and equation (3) by 3 and subtracting, gives
2 =0; clearly it is not possible, Therefore the above matrix A is not invertible.

Note: We shall have several methods to detect whether a given square matrix is
invertible and in case it is so, then for finding their inverse matrices, At this
point we only make this remark that invertible matrices over the number sets
Q, R, or € have their inverse matrices with entries in these sets only
regpectively but an inverse of an invertible matrix over Z is in general a matrix
over Q. The reason for this will be clear later on.

5.11. Transpose of a matrix:

If the matrix A = [ay] of order m X n, then the matrix B = [by] of order
nXm is called the transpose of A if a; = by for Viand vV} ie. (Nt
element of A = (f,{)*® element of B. Hence, rows of A are the columns of B
and vice- versa. Transpose of A is written as A™

Given any m X n matrix A, the matrix A" obtained by writing the rows as

columns and vice-versa gives an n X m matrix called the transpose of the
matrixA. That is,

[ S a,, L T .
Example:
1 0 -6]
1 2 0 4
2 4 5
0 _3 3 =0 4 =3 0
-6 5 3 -2
4 0 -2
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Note:1. A matrix A is said to be a square matrix if it is of order n X n for
some pogitive integer n i.e. it has the same number of rows and columns.

2. A square matrix A is symmetric if A = AT and skew symmetric if 4 =- AT,
clearly, it is not necessary for a square matrix to be of either of these types.

Thus A =[ay] is symmetric iff ay = ay ¥ 154, j <n and is skew symmetric

1ﬂ‘a” = —ﬁﬂv 151..,1'5'71

Example:
(1 2 3
A=|2 —6 -5|is symmetric whereas
3 -5 0

[0 1], .
B= { 0]1sskewsymmetnc.

is not symmetric nor skew symmetric,

0
I
e I
o0 th b
L= -

Theorem: Prove that the product AB of two symmetric matrices A and B is
symmetric if and enly if AB = BA.

Proof: Let A = [a;] and B = [b;;] be two n — square symmetric matrices.
'Ihenﬂ.u = ﬂ.ﬂﬂﬂdb{} = bﬂV 15'i,j =n.

Hence, A= AT and B = BT,

Now (ABY” = BTA" = BA

If A and B are symmetric matrices, then(48)" = BA.
Now, if AB is symmetric, then (48)" = AB

Hence, AR = BA.

Conversely, if AB = BA and (AB)T = BA = AB

Hence, (AB)T = AR, So, AB is symmetric,



Check your progress

1 2 -3
1. fA=|4 0 2 [and
7 -1 0

2 6 0
B=[-3 5 -2
-1 7 4
Find (1).4 + B,A- B,AB and BA.
(2). (D.(A + B)T = A” + BT; (). (AB)" = BTA"
(3). (4B)~! = B~147%; (@A)" = aA".wherea € F

2. Construct two nonzero matrices A and B of order 3 X 3 for which
AR > BA,

3. Construct two nonzero 3 X 3 matrices whose product BA is a zero matrix.

4. Prove that if A is an invertible matrix then for every nonzero square matrix B
of sgame order as A, the product AR =0 (zero matrix).

5. Show that an n — square matrix A = [ay] is non-singular if and only if 4 is
invertible.

6. Product of two non-singular matrices is non-singular.
7. Product of two matrices one of which is singular is singular.

5.12. Equivalent matrices: Two m X n matrices (4) and (A)are said to
be equivalent if they are the matrices of the same linear transformation
T:V - U, relative to different pairs of bases and we write (4) = (4).

Note: We see that if (A) and {(A)are equivalent, then there exists non- singular
matrices (¥) and (1) such that (4) = (¥} ().

The converse of this statement is also true.

That is two m X nmatrices (4) and (A)are equivalent if and only if there
exists non- singular matrices (y¥) and () of order m and n respectively such
that (A) = (¥)(4)(w).
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5.13. Similar matrices: Two n — square matrices are called similar if they
arc the matrices of the same linear transformationT on a vector space V of
dimension n relative to different bases.

Note: Two n X nmatrices (A) and (4)are similar if and only if there exists a
non- singular matrix () of order n such that (4) = @H(A)(w) L.

Theorem:; A relation R is defined in the set all m X n matrices as follows;

(AXR(A) if (A) = (A), then R is an equivalence relation where (A)and(A) are
m X n matrices.

Proof: (). (A)R(A)since (A) = I{A)I where I is non- singular matrix. So, R
is a reflexive relation.

. (ARA) = (4) = (¥)(A)() where non- singular matrices (¥) and
() of order m and n respectively.

= (4) = (N D™ = (ADR(A)
Hence, R is symmetric.

(). (DR(B) = (B) = (y1){(4) (1) where non- singular matrices (y,) and
(4,) of order m and n respectively and (B)R(C) = (C) = (32)(B) (1) where
non- singular matrices (y;) and (u,) of order m and n respectively.

(€} = G2 () (W)} (w2) = (€) = {(r) ()} A () )} i)}

= (€) = () (A (y) where, (r3) = {(r2)(1)} and (us) = {()(p,)} are
non- singular matrices, = (A)R(C).

So, R is transitive . Hence, R is an equivalence relation.
Check your progress

1.Consider the bases of R?: {e, = (1,0,0), &, = (0,1,0), &3 = (0,0,1)} and
(f, = (LL1, £ = (1,1,0), fz = (1,0,0)}, find the transition matrix (4) from
{e;} to {f,} and the transition matrix (B)from {f;} to {g;} and verify that

(B) ="

2.LetS = {x,,%5,.... X, Jbe a basis of a vector space V over a field F. We
defined y, ¥, ... ¥ as follows:

Y = Dfey @i X = Gy + GgyXa+... @ x, where, f =1,2,3,..,n and
@,y € F then prove that {y,y,, ...}, } is 2 basis of V if and only if the matrix
[@y] is invertible,



3. Prove that (i). tr(AB) = tr(BA) and (ii}. If A is similar to B then £r(4) =
tr(B) where the trace of an n — square matrix A = [a;;] is written as tr{A4)
and defined as tr(4) = Xt ay = Gyg + Qg3 + .. F g,

3.14. Orthogonal matrices: An n—square matrixA is said to be
orthogonal if ATA = I.

cose  sina
—sin@ cosa

Wl=wiN

Example: 1, [ are orthogonal

WlPrwlmw|
WwliMmmwhow |

matrices.

Corollary: If An n —square matrix A is orthogonal then A is non- singular
and (§).A" = AT (ii). |A] = +1.

Proof: Since A is orthogonal so, ATA = [ = A(ATA) =AI=4
=2 (AAMNA=A=> AAT =]
Thus, ATA = I = AAT, So, A is non- singular and AT = 41
(ii). |ATAl=|I| = 1,0r, |ATA| =1
Or, |AA| = 1, Since, |AT| = |4|
Or, [A[2=1,350,]4] = +1
Check your progress

1. Prove that product of two orthogonal matrices is orthogonal

2. Prove that inverse of an orthogonal matrix is orthogonal.

3. Prove that transpose of an orthogonal matrix is orthogonal.

4. Show that the set of crthogonal matrices forms a group with respect to
multiplication of matrices.

3.15. Summary :

After studying this unit we will be able to introduces matrices aver number
sets like sets of integer, rational, real and complex numbers. We define matrix
represcntation of a linear transformation, equality of matrices, addition,
subtraction and multiplication of matrices, vector space of all m X n of
matrices over a field, ring of n — square matrices. We also define invertible
matrix (non- singular matrix}, transpose of a matrix, equivalent matrices,
similar matrices and orthogonal matrices.
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5.16 Terminal Questions
Q.1- Verify whether the following matrix in orthogonal or not, Also find A~1,

cos@ 0 sin@
A= 0 1 0
—sin @ 0 cosd

Hint: for orthogonal AAT =71 & A 1=4T.

2
s 3 %
Q2-If A=J)S >  b]isorthogonal then find a,b,c.
2 2
3 "3 °©
. ( _Zb_ 2 _1)
s, a—g, = E,,,c:—?’

Q.3- Show that A + AT is symmetric and A - AT

is skew symmetric and hence show that matrix A iz the sum of a symmetric
matrix & a skew symmetric.

Q.4- Find the inverse of the matrix

2 3 4
A=l4 3 1

1 2 4
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6.1. INTRODUCTION

In this unit we introduce linear systems and two methods for solving it. In this
unit we discuss a method for solving a particular type of linear system, You can
find a detailed study in our course on linear algebra. In this unit we consider
elementary row operations and Gaussian elimination, also.

In this unit we also discuss a method which uses determinants for solving
certain systems of linear equations. This method is due to the sighteenth
century mathematician Cramer. It only applics to some of those linear systems
in which the number of variables equals the number of equations.

6.2. Objectives
After studying this unit you should be able to:

To find the Rank of a Matrix

To find Row rank and Column rank of a matrix

Elementary matrices

Elementary Row and colunm operations of a matrix

To find Normal form of a matrix

To find Echelon form of matrix

To find Inverse of a non- singular matrix

To find Determinantal rank of a matrix

Identify the linear systems which can be solved by using Cramer’s rule,
and apply the rule to solve them. Also to find Gaussian Elimination to
solve systems of linear equations

Now let us look at a convenient way of representing a linear system.

6.3. Rank of a matrix: Let, A be a m X n matrix whose elements are

members of the field F. Let & be be any natural number such that k <
min (m, n), where min(m, n)denotes the smaller of m and n.

Definition: The natural number r is called the rank of a m X n matrix A if
(i). There is at least one non- zero minor of order 7.
(ii). Every minor of order (r + 1) is zero.

In fact every miner of erder greater than r will be zero. That is rank of a matrix
A is the largest order of a non- zero minor of the matrix

Note; 1. There exists a non- zero minor of order rthen the rank of A is greater
than or equal to r.



2. All minors of order (r + 1)are zero, implies the rank of 4 is less than or
equal to 7.

3. The rank of a matrix A i8 greater than or equal to 0, rank of zero matrix is
zero. In particular the rank of every n — rowed non- singular matrix 4 is n.
The rank of a matrix A is denoted by the symbol p(4).

1 2 3
Example;: A= |2 3 4
0 2 2
Since, det.{(4) = |A| = 2 # 0, so the rank of A is p(4) = 3
1 2 3
Example: A= |2 4 6 ]
-3 —6 -

Since |A| = 0 and each of the second order minor is also 0. Also, the matrix is
non- zero. so the rank of A is p(A) =1

2 3 4
Example: A= |3 1 2
-1 2 2

Since, |4| = 0 and there is a non- zere minor of order 2, viz [g i] such that
its determinant is =7 = 0, so the rank of A is p(4) = 2

Note: The rank of a transpose of a matrix A is the same as the rank of the
original matrix A.

Check your progress
Determine the rank of the following matrices:

2 3 4
4. A=13 1 2]
1 2 2
1 2 3
5A=12 3 1 ]
-2 =3 -1
1 2 3
6. A=|2 3 1]
3 1 1
'3 -1 2
7. A=|-6 2 4]
-3 1 2
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0 L =i
8. A=|-i 0 i
i -1 0.
11 -1
9. A=[2 -1 4
3 -2 3.
-1 -2 -1
10.A=|6 12 6]
5 10 5

1 1 1
11LA=|b+c c+a a+b
. be ca ab

6.4. Row rank and Column rank of a matrix: Let 4 = [¢;;] bea
m X n matrix over a field F. Then the m rows 4; = (G, G , Azy - - B )s

where { = 1,2,3, ....m are elements of F*, and the generated subspace of F* is
called the row space of the matrix A.

Xy

Similarly the n colunms A = | : | wherej = 1,2,3,...n are elements of F™,
Xy

and the generated subspace of F™ is called the column space of the matrix A

The dimension of the row space i8 called the row rank of the matrix A, which
is the maximum mmber of linearly independent rows of 4.

The dimension of the column space is called the column rank of the matrix
A, which is the maximum mumber of linearly independent colmmns of A.

Theorem: Let T:V = U be a linear transformation. Then Rank(T) is equal
to the colummn rank of the matrix of T.

Theorem: The row rank and the column rank of any matrix A are equal and
this equal to the determinantal rank of A.

Note: rankT = rank Tt; rankA = rank A*.

Theorem: The rank of the product of two matrices can not exceed the rank of
either matrix.
Proof: Let Abe anm X n and B be an n X p matrix

Let Ty: VP - U™ and T,: U™ — Z™be linear transformations such that matrices

of T, and T; relative to the suitable bases be B and A respectively.
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The matrix of (T5,T,) = AB.

rank(T,T,) = rank(AB); rank(T,) = rankA and rank(T,) = rankB
Since, we know that rank(T,T,) cannot exceed rank(T,) or rank(T,).
Hence, rank(AB) can not exceed rank(A) or rank(R).

Thus rank(AB) < Min(rankA, rankB)

Remark: 1. The rank of an n —square matrix 4 is n if and only if it is non-
singular.

2. If the n — square matix A is non- singular and B is any n — square matrix
then rank(AB) = rankB = rank(BA)

3. If A is non- singular then the linear map T associated with A is also non-
singular.

4. The ranks of equivalent matrices are equal.

5. The rank of a zero matrix of any order is zero,

Example: Let A and B be two matrices where A + B and AB both are
defined. Let rankd = m,rankB = n where m < n then find the respective
upper limits for rank(4 + B) and rank(AB).

Proof: Since, rank(AB) < Min(rankA,rankB) =m
So, upper limit of rank(AB) = m.

LetT;:V = Wand T,: V = Wbe lincar transformations such that matrices
of T, and T, relative to the suitable bases be A and B respectively.

rank(T,) = rankB = nand rank(T,) = rankA=m

Matrix of (T,47;) = A + B, so, rank(T,+7;) = rank(4 + B)

Now, (V) =W, CW,T,(V) =W, c W

We know that dim(W,; + W;) = dim(W,) + dim(W,) — dim(W; n W,)
Hence, dim(T,4T,) V < dimT, (V) + dimT,(V)

Or, rank(T,+T,) < rank(T,) + rank(T;)

Hence, rank(A + B) < rank(4) + rank(5)

Thus, rank{A +B) <m +n.

So, upper limit of rank(A+ B) =m +n.
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Remark: If an m X n matrix A = [ay] over a field F has rankr,

I. 0
0 0

Where sub- matrix /. is the identity matrix of order r X r and other sub-
matrices are mull matrices.

Then A = [ay;] =

6.5. Elementary matrices: The matrix obtained when any cne of the three
elementary operations (tow or colunm) is applied on the identity matrix, is
called an elementary matrix. Thus we have three types of elementary matrices
corresponding to the three elementary operations on a matrix,

Example: Determine the elementary matrices corresponding to the following
1 0 0
row operations on A = [{) 10
0 0 1l

Solution: ({).R, @ R, ~E, =

==
=N =3
=00

1 0 0
(ﬂ).R3 - _7R3“"E1 =0 1 0
c 0 -7

1 0 0
(iii}-Rz -3 Rz e 3R1 b E1 = [_3 1 ul

0 0 1
Remark:1. Each clementary row (respectively column) operation on an
m X n matrix A can be effected by per- multiplying (respectively post
multiplying) 4 by the corresponding elementary matrix.
2. The clementary matrices are non- singular.
6.6. Elementary Row and column operations of a matrix:

Let A= [a;] be any mxn matrix over any of the number sets @, R or C, The
following transformation applied on the matrix A are called elementary row

operations:
1. Interchange of ith and jth rows of A. We denote it by R;



[ a,, | : 5
11 ]
an --------------- "alﬂ
R N R T LETERTTLTITLAL
- I PR a,, i
i _J) ajl oooooooooooooooo aﬂ
| — j
&
ne veekdy,
- — 4,
aﬂl oooooooooooooooo aﬂ
I P— Gy, | g -

2. Multiplying any row (say i*®) by a non zero scalar a ie. 0 = €8 (=
Q , R or C) we denote this by aR;.

@)y semeees Lt ) (RN a,
I' é.lnl ------------ E ; ﬂ‘ ; l ------------------
mil .......... mh
| G a | v IR .
3. Adding B times j** row to the i*® row : We denote it by R+
BRy(where B €5)
S i [y a, |
it
..................... a + ......a +
i| a, , Ri + ﬁﬂj n+ P, w54,
—_——P | e ————
Wi J L R a,,
ajl lllllllllll ﬂj"
. T—.
= * (P a_

It should be noticed that each of the elementary row operations is
reversible and the reverse operation is also an elementary row operation
of the same type. Thus reverse of R; is R;= Ry itself. Reverse of xR, is
(1)} Ry
“a#l= lES&l#ﬂ. Reverse of Ri+ (R is Ri+ (-§) R;.

x o
Also note that the II and the III type of operations only affects the
ith row and I type operation affects the ith and jth rows only while
all the other rows remain unchanged.

Example 1: _R13_,

- B
o0 h b
o W
[ - |
[ LT -
L Oh D
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(1 4 5] lg 1 4 5

2, 1 6 4|52, 1 6 4

5 5 5

|2 -3 6 2 -3 6
(2 1 -3 2 1 -3

+(-2

3. 4 -3 6 R2()R1;0—512
7 2 5 7 2 5

The reverse operations of these are respectively R;s, 5R; and Rp+2R, and upon
application on the matrices on the right, bring them back to the original ones.

In a similar manner we can define elementary column operations but they are
not so useful, as the row operations are mainly used for the purpose of solving
arbitrary systems of linear algebraic equations.

Although clementary row operations can be applicd on any matrix A (oot
necessarily a square matrix only) but when applied on square matrices, the first
type multiplies det (A) by — 1, the second type multiplies it by o+ 0 and the
third type does not change the value of the determinant. Since invertible
matrices are those square matrices which have nonzere determinant, it is now
clear that elementary operations keep invertible matrices invertible and keep
non invertible matrices noninvertible.

Toe obtain a non- singular matrix B of order m Xn from an m X n matrix A by
a finite number of clementary row and column operations cn A then B = A.

Proof: Let E, , E;, B3, .... . B, be the elementary matricescorresponding to the
row operations on A and E’,, E’ 5, E'5, ..... E'; be the elementary matrices
corresponding to the column operations on A.

Hﬁﬂcﬂ, wehave B = (EF ...... EgEzEl)A(ErlEjz E'g .....Els) = SAT

Where, § = E, ... ... EyEE, and T = E"\E'; E'5....E'sandso Sand T are
non- singular matrices being products of elementary matrices which are non-
singular.

Now, rankB = rank(SAT) = rankA)
Hence, B = A.

6.7. Normal form of a matrix: The matrix A = [a,/] = IE g Where

sub- matrix /. is the identity matrix of order r X r and other sub- matrices are
mumms.mmm[‘:; g]tobeequivalenttothsmatrix[au],isca]led
the normal form of the matrix.



Note:1. Two matrices A = [ay;] and B = [by;] having the same rank r are
equivalent, since each of them is equivalent to the matrix [‘:; g .

2. To find the rank of 2 matrix A, it can be reduced to its normal form [{; g

by applying elementary row and column operations. Then the ramk of 4 =
r(order of the identity sub- matrix . in the normal form.)

Example: Reduce the matrix in the normal form and hence find the rank of
12 -1 2 1]
2 4 1 -2 3
36 2 -6 5

the matrix.4 =

Solution: We apply row operations R, — R; — 2Ry, Ry - Ry — 3R, we get

1 2 -1 2 1
0 0 3 -6 1
00 5 -12 2

A~

By applying column operations C; - £, — 20,0, 2 G+ 6,0, - €, —
26,

1060 0 0
CsoCs—C~|0 0 3 -6 1
005 -12 2

100 0 ¢
ByapplyingCz & L3 ~(0 1 3 -6 O
0 2 5 -12 ¢

10 0 0 0
Byapplying Rz = Rz — 2R; ~|0 1 3 -6 0
0 ¢ -1 0 0

1 0 0

ByapplyingC3 2 63 —3C,,C4 > C4 + 6C6,~|0 1 0

0 ¢
0
0 0 -100
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10000
Now applying Ry —» (—DRs~[0 1 0 0 0| = '03 g
00100

Hence rank of the matrix A is 3

Note: To reduce 4 into 2 normal form, we apply row and column operations on
A 50 as to make the diagonal clements of A is equal to I as far as possible after
which the diagonal clements if cxists are all equal to zeros, and all non-
diagonal elements are made zeros.

6.8. Echelon form of a matrix; A matrix is said to in Echelon form if:
(i). All the non- zero rows if any precede the zero rows.

(ii). The mumber of zeros preceding the first non- zero entry of a row, increases row by
row until only zero rows remain,

(iii). The first non- zero entry in arrow is 1.

The matrix is said to be in reduced Echelon form if firther the first non- zero entry 1
of the {** row in the ft colurm, then all other clements if'the j® column are
ZETOS.

Theorem: The rank of & matrix in Echelon form is equal to the mumber of
non- zero rows of the matrix.

1 2 -1 2 1
00 3 -6 1|
Example: | 00 0 0 0- is in the Echelon form.

Check your progress
Reduce the following matrices to their normal forms and hence find their ranks

2 3 -1 -1 1
1 -1 -2 -4 1
3 1 3 -2 2]

2 6 -2
2|5 1 o

-2 —4 -3




Compute the ranks of the following matrices:

2 1 4]
1. 13 6 2

d 0 1

4 5 6
2.11 2 3

7 8 9.

-1 -2 -1
3.]6 12 6

L5 10 5

6.9. Inverse of a non- singular matrix: Ifa n — square matrix A
is reduced to the identity matrix I, by applying a finite number of elementary
row operations, then the matrix A is non- singular or invertible. Then A~ can

be obtained by applying the same sequence of elementary row operations on I,
which were applied on A to reduce it to I,.

Proof: Since, A is reduced to I, by applying a finite number of elementary row
operations appliedon 4, So, A = [,

Hence, the rank A = rankf,, = n.
Thus the rank of n — square matrix A is n.
So, A nmst be hon- singulatr and so invertible. Hence, A1 exists.

Let K, B3, Eq ouuae ,E;r be the elementary matrices, corresponding to the
elementary row operations applied on A to reduce it to 1,,.

Then (Ell Ez E3 ...... Er)A = Iﬂ.'
Therefore, (By, By Eg v EJAA™ = [A™ 1 = A1

(Ell Ez E3 ...... E,.]I,,_ = A_1

Remark: This theorem gives us the to find the inverse of a non- singular
matrix.. Adjoin the matrix A with I,, by applying elementary row operations on
the adjoined matrix te reduce its sub- matrix A to I,, then the reduced form of
its sub- matrix L, will be the inverse of A.

2
Example: Compute the inverse of the matrix ’1 0 5
2 5 11

Soltion: adjoining A with I3, we get,
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2 1 21[1 0 0
=[10 5”010]
2 5 11llo o0 1
10 510 1 0
~[21 2”100]1:;:31932
2 5 11llo 0 1

1 0 5
[ ” -2 Ole’Rz_’RZ_ZRl:RB

-2 1
—)Rg—ZRZ
1 ¢ 57110 1 O
~/0 1 -8||1 -2 Olbng—)Rg—SRz
0 0 4111-5 8 1
10 510 ‘1231;3 1g
Ba s g g
) L 41 41 41
25 1 o5
1 0 o1/l4 # 4«
~lo 1 0] = —% 13| PYR1— R —5Ry,R; -
00 1) 5 g8 1
741 a1 a1-
R,18R;
-E 1 __5-
41 41 41 25 1 =5
Hence,A1=| L 18 E=l[1 —18 8]
_415 841 ?1 41 5 g {
31 41 41
1 0 0
and I; = ’0 1 0]. We can verified that 447! =
0 0 1
Check your progress

Compute the inverse of the following matrices:
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1 -3 2
412 0 Ul
1 4 1
L. 2 &2
51-1 3 0]
L0 -2 2
2 4 3
6. 10 1 1]
2 2 -1
1 2 3
7.12 3 Ol
0 1 2
i -1 2i
8.12 O 2]
-1 0 1

6.10. Determinantal rank of a matrix: Let A = [a,;] be a matrix of

order m X n. The determinantal rank of a square sub-matrix of A of order r
obtained by deleting a certain mumber of rows and columns, is called a minor
of the matrix 4 of order r.

The matrix A is said to have determinantal rank p if
{(i). Every minor of A of order (p + 1) has the value 0

(ii). There exists a minor of A of order p whose value is not zero.

1 2 3]
Example: The determinantal rank of the matrix A= |3 4 5
4 5 6
. 1 2111 2112 3
WehaveseenthatnnmrsofurderZaanre[3 4],[4 5],_4 5 ete
1 2 3
Only minor of A of order3is |A| = [3 4 5]
4 5 6

We can verify that |A| = 0O and there exists a minor of order 2, [; 2] -
—2 # 0. Hence, the determinantal rank of 4 is 2.

iy s a,,

Theorem: Let A=[ ]bcmrxnmnixoveraﬁcldﬁ'.
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Then the r row vectors A; = (@4 @ip, wes 8 ) Where i = 1,2,3, ..., 7 are
lincarky independent if and only if determinantal rank g of A is equal to r.

au oooooo au

Theorem: Let A=|: ]beanm)(nmatrixuveraﬁeld}?.

By i a

Then its row rank will be equal to its determinantal rank,
6.11. Non homogeneous and homogeneous linear equations:

We now indicate an application of determinants for solving a system of n linear
algebraic equations in n unknowns, in case the coefficient matrix is invertible
i.e. when the associated determinant has a nonzero value.

Suppose the given system is

an X1t apXat e +ain Xp =by

anxit+ agXst ..ooenaes +az, Xy =bg

A1 X1 2uoXot vanvnirian T X =

where 811, ......... By 8T€ I° given constants and so are by, ........... by, which

belong to any of the number sets @, R or €. We have te take a set in which
quotient of any member by any nonzero member should also belong to apart
from sum, difference of product of any twe members if we want the solutions
for the unknowns x;,.... X, in that number set. The above system can be written

in matrix from as A X = b Where A={a“ """ a"‘] is the coefficient
By e A,
X
matrix of the system. x=| ! | is the vector whose components are the n
xﬂ
b
unknowns and & =| : | is the given right hand side vector and the Lh.s is the
b

B
usual matrix product of A and x. We suppose that A is invertible i.c. det (A) =
A #0. Then we know that A exists and

_AdiA

Al satisfies A4'=1, =47A.




Multiplying the above matrix equation Ax=1 by A™ on the left, we get
- 1
P =4 = E(z!su.-ljxagL)JQ.

Xy

x=Lx=(A"A)x=-AT(Ax)=A'b. ie. x=

Both sides here are nx1matrices, Equating the i*® components, we
get

¥ = %[(A@A).lji = %(J_E:}-E_:) where f’t", =" row of AdjA

4,
=i" column of cof A = Alz‘
|4,
. (A +A4b +...4b)
Sk A
Gy By e By B By e e
) e ———————
g
dy By By, b, 2y vy,
(Expanded using the i column). = %
where A; is the determinant obtained from det A = A by replacing
b
its ith column by the r.h.s. column b=| :
bﬂ
.. The unique solution to the given system
Ax=Dbis x, =£,Iz =ﬁ, ...... X, = A,
A A A

whenever the coefficient determinant A has nonzero value.
The above result is known as Cramer’s rule.

Example: Solve the system
xt+3z=1

5x+6y+9z=2

4x+S5y+6z=3
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Solution: We had earlier seen that

1 0 3
A=5 6 9=—%=f-—0. Herex=%
3 5 6
A
1 0 3
=2 6 9=—% [36 —45)+3 (10— 18)]
35 6
A
_+33_11
6 2
A 1 1 3 . .
y=—2=5 2 9=—[(12-27-(30-36)+3(15-8)) =——=-2
A 6 6
4 3 6
A
% 1 0 1
z=z’=5 6 2=—%[(18—1{))+(25-24)]=—%=—%
4 5 3
A
. ) 11 3
.'.Thsesystemhasamquesuhltmnx=z,y=-2,z=—5

Gaussian Elimination

It is the good old methed of solving systems of linear equations by considering
lincar combinations of given equations in order to eliminate the involved
unknowns one by one, until only one of them remaing, and having obtained the
value of it, go back on the steps and find the values of the other unknowns.
Sometimes we find that the above process leads us to false statements such as
0=1 and conclude that the system has no solutions and call the given system
inconsistent. On the other hand, sometimes some of the unknowns canmot be
evaluated (called free unknowns) and the other ones can be evaluated in terms
of them and these values satisfy all the equations for each value assigned to the
free umknowns and consequently the system possesses infinitely many
solitions. The steps invelved in Gaussian elimination procedure roughly
correspond to those of elementary row operations applied on the coefficient
matrix specifically to eliminate the unknowns, one by one.

Fact 1; Any solution set ofa given linear equations in unknowns x;, Xz, .... Xa
(say) also satisfies every lincar combination (i.e. sum of constant mmltiplies of)
of the given the given equations.



Fact 2: If the given linear system of equations leads to another such system
by a sequence of elementary row operations on the coefficient matrix of the
system, then each such operation being reversible, every soltion of the new
system satisfies the original system and thus the two systems have the same set
of solution.

We tackle the system congidered earlier, by the present method. Qur aim at
first i8 to transform the given system to upper triangular from,

If the system of equations is written as the matrix equations Ax = b, then the
matrix A" = [A; b] obtained from A by including the column vector b as the
last column is called the augmented matrix for the given system. It is an mX (n
+ 1) matrix clearly if A is of order m % n. We apply the row operations on A"
rather than on A. The last column does not mix wp with the rest under a row

operation and the new augmented matrix quickly gives a new system having
the same of set of solutions as the given one. We choose our elementary row
operations in such a way that the new gystem is easy to solve,

Example: x+3z=1
Sx+6y+9z=2
4x+5y+6z=3
1 0 3 :1

Here A'=(5 6 9 ! 2
4 5 6 : 3

Apply Rx — SRy, Ra — 4R, to make the first entries of the IT and IIT column to 0.
This corresponds to removal of the unknown x from the last two equations. We

10 3 : 1] 1 10 3 1 103 1
) e ~5R
06—65—36—2>01—1—%L>01—1—%
05 -6 -1 _6 -
05 -6 -1 00_12

10 3 : 1
-1
- I PR
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This corresponds to the system

x+3z=1,
Y—z=—1
2’
3
Z—__
2
Putting the value of z in the IT equation,
we et,y=z—l——§—l——2
. 2”272
. : 3y 11
Putting the value of z in (1) x=1-3z=1_3[_5]=5
a 11 3 . .
- x=E,y=—2,z=—E {as obtained earlier)
For a generul case

(D). We may make the left corner entry= @, = 0

by suitable row interchange if it is 0 initially

(ii). Make it 1 by division by this nonzero entry.

(iif). Make the first colunn entries of other rows ¢ by adding
or subtracting suitable multiples of the first row.

(iv). Repeat the procedure with the leftmost entry of the next equation along
with the subsequent equations. The next example illustrates other posgible type
of outcomes.

Example: 4x + 6y +8z=11

S5x+7y+2z=13

6x+9y+12z=15§

4 6 B : 11
Solution: Here A+=[5 7 2 = 13}
6 9 12 : 15
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Applying the stated procedure

3 11 1 E 2 E
3 2 %2 32 R, -3R,,R3-6R1 2 -
A 57 2 13 : :o-%-s%
6 9 12 15 3
o 0 0 —
i 2
. 3
Thelastrowcnrrespondstntheaquatlun0=ox+oy+uz=—E
which is clearly not possible. Therefore the system has no sohstion.
Example: y+3z+5w=38§,
2x+3y+z+Tw=10,
3Ix—6yt+4z+2w=2
0 1 3 5 : 8
Here A"'=|2 3 1 7 : 10
3 -6 4 2 : 2
317 3 17
2 3 1 710] 1p [V 5 - o5 L = & &
7 7 23 -3 2 2 2
ri»nlsssz—xl;nlssaﬁ;n 1 3 5 8§
3 642 2 3 -6 4 2 2 p 23 7
2 2 2
[, 3 1 7 [, 31 7
21 1= - - 5§ 1 12 = = 5
22 2 s 2 2 2
e - PRI R I -5
00 M 4475 001 % E

Thig corresponds to the gystem of equations

3 1
X+—y+—_-z+_—w=35,
2" 2 2

y +3z+5w=2§, 2+ 2yD
15 34

. 75 22
Getting z=—-— ;
82=n 17" VW
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Putting back in the IT equation above:

y=8-3z—- 5w =8- S[E—E)

34 17

[ 225) 66 _47 66
3 ) 17" " "

Putting the values of x and y in the I equation

3 1 7
X=5-"y——z—w
7 2 2

3[47 66 J [75 22 J 7
=5- tew|-—| = |- Lw
234 17 ) 2034 17 ) 2

_ 31 295

17 34

Thus the complete sohmaonlsx—ﬂ—@ w,
17 34

_ 47 66 75 22

BEYRET AR YIRT ¢

and w = w for all values of w and hence the system has infinitely many
solutions.

Check your progress

1. For the following systems of linear equations, decide whether it has a
solution, and then for the sclvable system, find all the solutions by Gaussian
¢liminations.

(i) xt3y—2z=7, 5x-2y+4z=12, x+ 16y—16z=6
(i) x—-y+2z3w=35,2x-3y-5z+Tw=9,5x+y—-w=8
(i) x+y-z=3,-3x+2y+32z=6,2x+2y—-5z=-7

2. Apply suilable row operations to transform the mairix A to the matrix Is.

.6 18
WA= [4 12}



1 1 -1
(i) 4=|-3 2 3

-2 -2 5
2 -1 3
(iii) A=[6 0 1
18 -3 11
6.12. Summary

After the study the chapter we will be able to find the Rank of a Matrix, to
find Row rank and Column rank of a matrix, elementary matrices, elementary
Row and column operations of a matrix, to find Normal form of a matrix, to
find Echelon form of matrix, to find Inverse of a non- singular matrix, to find
Determinantal rank of a matrix, identify the linear systems which can be solved
by using Cramer’s rule, and apply the rule to selve them. Also to find Gaussian

Elimination to solve systems of linear equations.

6.13 Terminal Questions

1. Find rank of matrix 4 =

2. Find rank of matrix A =

3. Find rank of matrix 4 =

4. Find rank of matrix 4 =

5. Find rank of matrix A =

6. Solvex+yv+z=1x+2y+

ly=1z=-1

1
3
|2
1
0
L0
1
1
11
1
2
L7
0
0
L0

2
1
3
0
1
0
1
2
3
2
4
8
2
4

6
z

, Answerp(A4) = 3

, Answerp(4) =3

, Answerp(4) = 3

gy it R O e B

6 |, Answerp(4) = 3
10
3
6], Answerp(4) = 1
9

=2,X+y+2z2=0, Anwserx =

7. Show that the system of equations 2x + 6§y = —11,6x + 20y — 6z =
—3,6y — 18z = —1 are not consistent.
8. Test the consistency of the following equationx —y+z = 5,2x +y —

z=—-23x—y—= -7

9. Usingclemsntarymwopemtionsﬁndthcinverseoflz 3 1

10. Find the inverse of the matrix [

1 2 5

=1 1 1

1 3 3
1 4 3
1 3 4
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Unit 7

Determinants
Structure
7.1 Introduction
7.2 Objectives
7.3 Determinant of a square matrix

7.4 cofactor of an element of a determinant

7.5 Properties of determinant

7.6 Minor and Complementary minor of determinant
7.7 Evaluation of a determinant

7.8 Laplace expansion of a determinant

7.9 Product of two determinants

7.10 Summary
7.11 Terminal Questions
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7.1 INTRODUCTION

This unit intreduces the concept of determinants and discusses their important
properties. Also thege are used to calculate inverses of square matrices whoever
they exists.

7.2 Objectives
After studying this unit you should be able to:

Determinant of a square matrix

Determine cofactor of an element of a determinant
Determine Properties of determinant

Determine Minor and Complementary minor of determinant
Evaluation of a determinant

Determine Laplace expansion of a determinant

Determine product of two determonants

Now let us look at 2 convenient way of representing a linear system.

Suppose that we are given a square matrix A with entries from a set S in which
we can add, subtract and multiply with these operations satisfying usual
properties. Recall that a perrmtations of a finite set say {1,2,.....n} is any
rearrangement of the clements, 1.2,....n say (a1, 82,..... 8,). We may view it as a
bijective function p :{1,2...... n} — {1,2....n} where p(j} = g; for j=1, ..... I
We also know that there are exactly nl permmtations of any set containing n
distinct elements,

The set of all permutations of {1, 2, 3,.....n} is denoted by S,.. If we represent a
permutation p by

=[ 1 2. n )

P71 o) p@)erp(m) )

s -{ s o 1t
1 1 2/\2 1

S_123123123"123123123

i (1 2 3]’[2 3 1]’[3 1 2}\1 3 2)’[3 2 1}[2 1 3]

It is known that every pernmtation is the composition of such pernmtations
(called transposition) which interchange two elements of {1,2,....n} and leave
all other elements unchanged. This composition may even be a singleton
composition which is the case for pernmtation which is themselves
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transpositions, For example the second element listed above in Sz and the last
three elements of S; above are transpositions (respectively denoted by (1, 2)

1 2 3
and (2, 3), (1, 3}, (1, 2). Note that the element [2 5 1]is the result of
interchange of 1 and 2 followed by that of 2 and 3.

1 2 3)—L2,0p 1, 3)—22,(3, |, 2)=(1 2 3J

2 31

This kind of representation of a pernmtation as a composition of transpositions
is mot unique mnor i8 the mumber of transposition involved in such
decomposition. But there is one aspect of such decomposition and that is the
evenness or oddness of the number of transpositions appearing in the
decomposition of a particular pernmtation. We call a perntation an even or an
odd permutation according as it can be written as a compesition of an even or
an odd number of transpositions. It is also known that for k = 2, among all the
n! permutations of {1, 2, ..... n} exactly half are even and the other half odd.
We can now state the definition and important properties of a determinant of a
square matrix (mostly without proof)

7.3 Determinant of a square matrix:

Definition: Given a square matrix A= [a;] of order nxn over a number set 8,
we call the following element of S, the determinant of A and denote it by det
(A

Each of the above sums has nl terms as S, has n! elements, (- 1) is taken as + 1
or -1 according as p is an even or an odd permutation. Note that the
determinant is a sum of signed (1) sum of products of entries of the square
matrix A in such a way that each term is a product of entries coming from
different rows and also from different colummns because for &1, we have p(i) =
p ().

Notel: Determinant [a;;] of the n — square matrix [a;;] is called a determinant
of order n.



2. We see that [a;;] contains n] products such that each product contains only
one element from each row and each column.

3. A product containing a;; does not containany other element from the I row
and & cohmm.

Illustration:

1. Det [a" au} = +a,,a, — 4,4, because the elements of S, are
aﬂl aﬂ

1 and p; where pi(1)=1, p1(2)=2, p(1)=2, px(2)~1 and py, pare
respectively even and odd.

all au

We denote the above value by

aﬁl aﬂ

4, 4, 4a,

2. @y 8y Op =800, 08,0 T oS Fne
aSl aﬂ. aﬂ

+ 8y (10 225,2) B30, ~ Bp, 1 Z2p,(2) “3P4(3)

A 225,015 T Hp 1220 %5 2,

Where py, P2, ..., Ps are the elements of S; listed in this order and first three
there were even and the last there were odd which explain the signs taken here.
Putting the values of the images pi(j) for 1<i<6,1 <3< 3 we get

det ([a;]) = ap ax; 233 + ap ax a3 + a3 41 a2 - 4y 4y Ay - ap A Ay
- a1 A1 A33 .

7.4 Cofactor of an element of a determinant: The minor of a given
eniry a; of an nXn determinant det ([ay]) 18 defined as the (n— 1) x (n - 1}
determinant obtained by removing the whole row and column in which the
entry a; lies and is denoted by M;; and A = (- 1) ™ M; is called the cofactor of
the entry a;, Note that My and Ay; are values of some determinants and are not
matrices. Hence, we may explain |A| in terms of elements of the {#* row, by

collecting the terms containing @, ap &3, ... . &, 80d summing them , we get

M=

layl = an Cu + apCp +aCn+ oot @R Cin= ) ayCy

=1
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Similarly we can expand he clements of the j®* column and their
comesponding co-factors as |ay;| = @15 Cip + ap; Cpp + a3 G5 +
e gy Oy = Bloq a5 G5

7.5 Properties of determinant

We shall denote the rows and column of then square matrix A = [a5] by Ry,
Ry, .....Rpand Cy, G, ...... C. respectively.

Propertyl. Det A = det A™ That is the value of a determinant does not
change by writing the rows as columns and vice versa.

Propertyl. Foreach 1 <i <n, Det A=
2.0y = ndky + Bty 4ot Byl

=(—i)[—aﬂMﬂ +a,M,..... +(—i}ai,,M;,.]

Whishgivenﬂleusualexpressionﬁ:rdem as a sum of determinants using the
entries of the ith row. Similarly a deternumant can be expanded using entries of
any if its columns: For each 1< j <n we have

det A= |A|= a‘].jAlj + aZjAZj LI LRI T & anjAﬂj

J W
= (D), My, + Gy M 3 e+ (~Day M, ]

1 3 5
7 1 |1 5 1 5
P 2_ —_
eg |7 9 11=( 1)[ 3‘13 17+9‘13 e 15‘7 HH
13 15 17

-3 (7x 17— 11 x 13) + (17— 13 x 5) -15 (11 - 35)]
=[-3 (119 — 143) + 9 (- 48) — 15 (- 24)]
—[-3(-24)-18 (24) +15x 24 ]

= () which is the value of this determinant,

Property3. For 1 <i # k<n, ) 4,4, =0 lLe multiplylng the elements
F=l

of any of the row by the cofactors of corresponding elements of another



row gives 0. This result also holds by replacing “rows” by columns i.e. For
15j # ksh Y a,d, =0
)

Property4. Using the corresponding statements {for rows and columns) of (2
and 3 above we get that fori # k

A a,
| —— a
. »'=0 (opening by k*" row) i.e. if a determinant has
K| s a,
7 T a_

two identical row (or colurnms) then its value is

* we also have
r

2y 4y 4y &,
i ¢ i i|=0 (opening by k**column)

ay 4y, a, a,

PropertyS. If we multiply every entery of any row (or colummn) by any fixed
scalar o, the value of the determinant gets multiplied by c.ie.

T
L LIS a“ n‘" G Gdy; Gy,
: I 1 ennldy, i .
L S W ey o
. g || s . @
ik nn a, il | O ¥ Om

Property6. Appling the above repeatedly for each of the rows or columns,
We get Det (o A) = o det (A) for any scalar « and any n-square matrix A.

Property7. Interchange of any two distinct rows (or columns) results in
multiplication of the determinant by (- 1), i.e.

a, a, ) Lin / £

ila P o g @, a 4y @,
J'l EEEENASSSSSNEEN }l —_— "l k = - : : :
f F.] I F]

J|%a i s " ola, ay, a, a,
a, - a, a,,

Property 4) clearly follows from (7) as can be seen by taking two identical
rows columns.
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Property8. If we write any row R; (ot column C;) of a determinant as a sum
of two vectors (with the same number of components of course) in the form
£,=E';+I§' (or C—= €} +C] ) then the determinant is the sum of two
determinants whose ith rows are R} and R (whose j th columns are C and
C7) respectively with everything else same as the original determinant,

a4, 4 @, R,
Thusif | a, a, a,|=|R [=[CC....C,]
@y an_j' G Rn
a, a, a, R, R,
Thendet A= |a, a, a,|=det( R [)+det( R/
axl agr am Rl! Rl!
=det ([Ci ...... C...c... G +det ([Cy, ... CF ... Cal)
Example:
1 35 |1 3 5§ 1 3 5 1 35
0 2 3+1 -2 6=(0+D) (2-2) (3+6)=|1 0 9
-1 0 3 -1 0 3 -1 0 3 -1 0 3
Fxampie: 1 5=3+(—2) 5=3 5+—2 5
3 7 2+1 7 2 7 |1 17

Property9. If we add a scalar times any particular row (or coluran) of a
determinant to another row (or columm) then the value of the determinant
remains unchanged. Actually this result is a straight forward consequence of
propetties 8, 5 and 4 stated above, fori # jif A =[C,,...Cs....Co),

det([Cy,...... GGy, ..r..C5y ovvev Cal)
= det ([Cpyeev. iy erevnen G;..... Co]) + det{[Cy, aC;....C,, ..... C) by (8)

= det (A)+a det [Cy, .... Cionv.. G ... Cal) by (6)

=det (4) + .0 by (4) (because the second determinant identical ith and jth ¢
A gimilar argument holds for row manipulation instead of colurms, This
property is often used to facilitate evahation of determinants where it is used
to change a given determinant to a determinant with same value but which is



easy to evaluate in view of it having as many zero entries as possible and if
required then property(2) is used for final evaluation

columns) = det (A).

7.6 Minor and Complementary minor of determinant|A|: Let A
be an n X n matrix and D be an r X r sub-matrix of A obtained by deleting any
(n — ) rows and (n — 7} columms. Then |D| is called & miner of |4| of order
r.The determinant of the submatrix D' of A obtained by deleting the rows and
columns of A in which clements of D occur is called the complementary minor
of |D|.

Minor of an element a;; in |@;|: Let |a;| be a determinant of order n.

Let My be the (n— 1) X (n — 1) submatrix of |a;| obtained by deleting the
{** row and j** column of |ay|. Then |[My| is called the minor of the element
ay;.

Remark 1: The co-factor ;; of the element a;; in |“U| is given by Cy =
(—1)" | My

2 If i* row of A, of the determinant |4| = |ay| of erder n be replaced by
(A; + cAy), where ¢ # 0 € F and A, is the k*® row, then the value of the
determinant does not change, This property is also true in the case of
column of the determinant.

3. We can change any row (column) of a determinant |A|, by adding with its
elements k times the corresponding elements of any other row {column),
without altering of the value of the determinant |A|.

7.7 Evaluation of a determinant:

a-b—c 2a 2a
Example: Evaluationof | 2& b—c—a 2b |=A (say)
2¢ 2¢ c—a—b

We may of course evaluate it using (2). But it is tiresome and
chances of mistakes are higher. A smarter way is as follows, We
add I and III rows to the first without changing its value (by (a;)

a+b+c b+c+a c+a+bh
A= 2b b—c—a 2b
2c 2c c—a-b
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1 1 1
={a+b+c)2h b-c—-a 2h by (5}
2c 2c c—a->b

1 0 0
={a+b+c)2b —-b-c—a 0 by (a)
e 0 —c—a-b

as we have added (—1) times I column to IT and IIT ¢columns

={a+b+c)(—1)2(a+b+c)(a+b+c) by (2) opening it by I row
= (a+ b +)3.

7.8 Laplace’s expansion of a determinant? Let A be an n X n square
matrix. We form minors |D| of orderr from the elements of the first r
columns of A and its corresponding complementary minors |D'| then, |A] =
X D[|D']... Q1)

Where the summation is extended over all the possible minors of |A|of order r
formed from the clements of the first » columns and the + or — sign is
prefixed according as an even number or an odd mmber of interchanges of
adjacent rows of A is necessary to bring the submatrix D into the first r rows of
A. The expansion of |A| as given in (1) is called Laplace’s expansion of the
determinant

2 Qz a3 a4

by b, by b
Example: Let [4] = c: r:; c: r.::
dl dz dﬂ d‘l’

Expand |A| by Laplace’s expangion by the minors of the first two columns.
Sohrtion: The pessible minors and their complementary minors are as fellows:

DAEN e AT il
CAE vl A B b
ni- [ S w2
|Dy| = 2 2 ) 1D"4] = :z 3:



— [P B2 ' [@3 Ga
|Ds| = d, dyl|’ 1D's| = [c; Cq
I L t oy [ G4
IDﬁl - d-l dzl’ ID ﬁl B [b3 b4,
. aQq dz|r€éa Ca [/ i b3 b4
Hences Al = by bzl [ds dyl ™ ey I‘fz| [d3 d4] "
i, azl ba b*:l
d‘.l. dz €3 C4
_ |b1 bz ﬂg a-al. + |b1 b2| [ﬂa a{-] _ C-]_ ||:2| [a‘3 ﬂ'.4
€ €3 d3 d4. dl dz C3 €4 d'.l dz b3 b‘l‘

Note: A determinant can be expanded by Laplace’s method by minors of any
T TOWS Or any 7 columns, provided proper account is taken of the signs of the
products.

a+b+ 2c¢ a b
Example: Show that c b+c+2a b =2(a+b+c)®
c a c+a+2b
at+hb+2c a b
Solution: c b+c+2a b
C a c+a+2b

Applymg Ry = Ry —Rzand R; = R; — Ry

a+b+c —(a+b+c) 0
= 0 b+c+a —(b+c+a)
c a c+a+2b
Taking Common (a+ b +¢)
1 -1 o
=(a+b+c)|0 1 -1
c a c+a+2b

Again Applying C; = (3 + &,

1 0 0
={a+b+c)?0 1 -1
¢ a+c a+c+2b

Expanding the determinant along the first row, we get

1 -1

2z
=(a+b+c) |a+c c+a+2b

=2(a+b +¢)®
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bc a at
ca b b?
ab ¢ 2

Example: Evaluate of

bc a a2
ca b b
ab ¢ ¢

Solution: we have A=

Multiplying R,, R; andR, by a, b and c respetively, we get

1
abc

—]

Taking common abe from ¢; ,we have

b+c a+h
c+a b+c
ath cta

Example: Prove that A=

Solution: Applying ¢, = ¢; + 3 we get

A=

A=(a+b+¢)

abec a2
abc b?
abc ¢2

at+b+c a+d a
a+b+c b+c b
at+b+c ct+a ¢

1 a+h a
1 b+c b
1 c+a ¢

a3
b:‘!
cs

=a’+ b+ - 3abc

Applying R; = R; — R, and R; = Ry — R, we get

A=(a+b+¢)

1 a+h a
0 c—a b—a
0 ¢c—b c—a

A=(a+b+c)|z:g g:g

A= (a+ b+ c)[(c—a)? = (c—b)(b - a)]

A=a® + b3 + 3 — 3abc

1 a b+c
1 b c+a
1 ¢ a+b

Example: Show that =10




1 a b+c
1 b ¢c+a
1 ¢ a+bh

Solution: We have A=

Applying ¢3 = ¢3 + c; we get

1l a a+h+c
1 b b+c+a
1 ¢ at+b+c

Taking {a + b + ¢) commen from c;

A=

1 a 1
A=11
1 ¢ 1

Since ¢, and ¢4 are idential

A=0

Check your progress
a bc d
e fog h [ i k
1.Provethat|0 6 [
0 i

Hint: Expand the determinant byy the minor of the first two rows. Out of six
possible minors, the only non- zero minor is[g ; and its complementary

mincris[{ :1]

7.9 Product of two Determinants; The product of two square
determinants of order n is a square determinant of order n. If A and B are both
n X n square matrices then det (A8) —det (A)) . det (B) ic. |A.B| =
|Al.1B]

Where AB denotes the matrix product of matrices A and B and the product on
the right hand side is the product of the scalar (members of 5) values of
det (A) and del (B). As may be checked by directly evaluating the
determinants on the two sides. The property stated above looks natural and
obvious but has a proof which is not easy. It can also be stated as

-_Rl-gu El-gz ----- 'El‘gg
- Bigavsviniss T, T S
det(4B)=| : = a‘ ; . b‘ A
R,C, R,.C; .. R,.C, . - " UGMM-107/161
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in our earlier notation where R; and R; are row vectors of A and B respectively
and C; C; are their columns. Since the values of the determinants do not
change by replacing rows by columns and vice versa, the right hand side det A.
det B = det B. det A is also equal to the following determinants :

£1E1 £1£. _ngl ngz ngn
RE . RR.| ICC s o €;C,
CRY o C_R',
i | ele
CR, ... C.FR,

Theorem: If A and B be two (n X n) matrices then |AB®| = |A|. |B|

Proof: Since we know that |AB®| = [A|.|Bt| = |Al. [BI(IB]| = |B*).

E ple: 1 2||lx » _ x+2z y+2w
3 4|z w 3x+4z 3y+4w

Check your progress

1 2 3 1 a a
1.A=4 5 6,B=]1 b b
7 8 9 1 ¢ ¢

Find AB and BA.

7.10 Summary: After studying this unit you should be able to determinant
of a square matrix, determine cofactor of an element of a determinant,
determine Properties of determinant, determine Minor and Complementary
minor of determinant, evaluation of a determinant, determine Laplace
expansion of a determinant and determine product of two determinants.

7.11 Terminal Questions and Answers

1 3 1
1. Evaluge:|-2 1 2
4 5 1
a IEI| ,Answer a? + b?
—bh a

1 2 3
3. Evaluge:|2 3 6
X ¥y 2

sinl0” =—cos10°| _
%, Taovorhat |smao' cos80’ |~ 1

LAnswer 35

2. Evaluae:

JAnswer 3x —z

1 o w
5. Evaluage:|w w? 1|.Answerl
a 1 &



6 2 3
6. Evaluae:|2 3 5|,Answer—30
4 2 1
bc a a® 1 a2 &
7. Provethat|ca b B3|=|1 b* B?
ab ¢ ¢3l 11 ¢ ¢3
2 05
8. Evaluae:|3 1 1|,Answer59
1 4 6
6 3 7
9. Evaluae:|32 13 37|,Answer 10
10 4 11
1 4 2
10. Evaluae: (2 5 3|.Answer(
3 6 4
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Eigen vector and eigen space
Structure
8.1 Introduction
8.2 Objectives
8.3 Adjoint of n —square matrix
8.4 Inverse of a matrix of a non- singular matrix by using adjoint of the matrix
8.5 Characteristic roots or eigen values of a linear transformation
8.6. Eigen vector and eigen space

8.7 Summary
8.8 Terminal Questions and Answers
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8.1 INTRODUCTION

This unit introduces the concept of determinants and discusses their important
properties. Also these are used to calculate inverses of square matrices whoever
they exists.

8.2 Objectives
After studying this unit you should be able to

d Adjoint of n —square matrix.

* Inverse of a matrix of 2 non- singular matrix by using adjoint of the
matrix

bl Characteristic roots or eigen values of a linear transformation .
* Eigen vector and eigen space

8.3 Adjoint of an n — square matrix: Let A = [a;;] be an n — square
matrix, Let C;; be the co-factor of ay;. Then transpose of the matrix [€;] is
that [C;;]° is called the adjoint of the matrix A and it is written as Adj(A).

Theorem: If A=[ay] be an n— square matrix, then A Adf(4)=
Adj(A). A = |AL.I

Proof: Let ij be the co-factor Ofﬁkj. ThenAdj(A) = [ij]t
Let Adj(4) = [C*], then Cy; = €%

Now, A.Adj(A) = [a;].[C*x] = [di]. where, dy= 20, a;Ct% =
E}l=1 ﬂ.u.ck} = |A|, ifi = kor = U,if itk

Thus all the principal diagenal clement of [dy, | are |A| and rest clements are
zero. Hence, A. Adf{A) =

|A| 0. ©
[ |4 - ﬂ = |A|.I
0 e |

Similarly we can prove that Adj(A).A = |Al.]

Theorem: If A = [a;;] be an n — square matrix, and |A| * O then A~ =
- Adi(A).

Proof: Since, A. Adj(4) = Adj(4).4 = |A|.I
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Adj(4) _ AdiCAY , _ R T
Or, A. = .A = I. Therefore, A —MI.Adj(A).

Note: This theorem gives a metheed of finding of the inverse of a non-
singular matrix by using the notion of determinant.

Theerem: If A = [a.u] be an n — square mairix, and |A| # 0, then prove that
(). |Adj(A)| = |AI*2, (id).[cy| = |A™?

Proofi(i). From the above theorem we have

[A] 0 O
A Adj(A) = Adj(A).A = [ i || 0| Therefore,
0 - A

4] 0 0
|A. Adj(A)| = |AdS(A). Al = |A|. |Adi{4)| = [ :oo|A] I?“] = |A|"
o

Hence, |Adj(A)| = |4A|*! (Since, |A| # 0)

(i). Since, we have, Adj(4) = [Cy)]* and |Adj(A)| = |G| =|Cyf| =
|A|ﬂ.—1

Theorem: If A = [“ij] be an n — square matrix, and |A| # 0, then prove that
Adj(Adj(4)) = |4 2A.

Proof: Let AdJ(A) = B. Now, Adj(B).B = |B|.I

Or, Adj(B).(BA) = |B|.IA. or Adj(B).(Adj(4).A) = |B|.A

Or, Adj(B). (|Al.I) = |B|.A. Hence, |Al. Adj(B) = |Adj{A)|.A = |4|* 1. A
Therefore, Adj(B) = |A|" L A. or, Adj{Adj(4)) = |A|"2A.

8.4 Inverse of a matrix of a non- singular matrix by wusing
adjoint of the matrix:

We have already defined the minor and cofactor determinants of any entry a;; of
a square matrix or a determinant. For an nxn matrix A [a;] we have denoted the
cofactor of an entry a;; by Ay. Thus

Ay e Ay, @ g, e Oy
+F s o
A-y = (—1] @, @y 1@ (1<i,j<n)
a‘+1.1 IIIIII a’+l~'_1’ a‘+1 J+1 IIIIII a‘+]’n
a"l IIIIII au_l’ a.J"_l IIIIII a"'.



We from an n*n matrix whose (i, j) entry is Aj;, and call it the cofactor matrix
of A . Cof (A) =[Ay] , 1 €1, j € n. The transpose of this matrix is called the
adjugate or the adjont matrix of A, Adj (A) = [(cof (A)]"=[A;] ie. the (ij)
entry of Adj (A) i8 Ay= cofactor determinant of the entry a; of A.

Now [A. adjAl— gaik(ade) ’

. _foif i # j.by ((2and(3))
=20 {detA, ifi=j

= 5det A=det A, (L)

detd 0 .. 0
=| 0 detd .. 0 | =(detA L)
0 0 ... det 4

Similarly [{adjA);A] = z"“(ade)ﬂafi“A,,a,, =8y det A = (detA. L)y
A=l Bum]

[by {2) and (3)]. Since the above holds for all 1 <i,f <n, we get the matrix
equation

A % (adjA) = Al, = (adjA).A (where A = det A)
Now in case A # 0, by multiplying all the parts by 1

A
we get A.[adiA) = (aﬁA }A = I, where ach stands for the matrix

?

Ay Ay A
|F - x
A 4.
A A
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The above relation shows by uniqueness of A™(if exists) that if A = det 4 #

0 then A is invertible and A™? = %.ade, which shows that det A # Qisa
sufficient condition for existence of A, It is also a mecessary condition
because if A is invertible then AA'= I, gives

detA.det A'= det I, = 1which shows that det A # 0.

Theorem:; An n — square matrix A is non-singular if and only if |4| # C.

Proof; Let the mairix A is non-singular, hence its inverse A™1 exists, and so,
AA™! = | hence, |AA™Y| = |A|.]A™2] = |f] = 1. So, |4| # 0.

Again if it possible then we suppose that |A| = 0, and let A be non- singular,
then

1 =|I| = |AA™Y]| = |A].]A71| = 0.]A™?| = 0, which is not possible. Hence, A
i singular. So, if |A] =0 = Aig singular. Therefore, A is non- singular =
|A] # 0.

Conversely, now we want to show that |A| # 0 = A is non- singular. If it
possible let 4 be singular, then rank(4) = r < n. so, normal form of the

I 0 Le O _ 1ali—qyp _

Since, i‘; gl = 0, which contradicts that [4] # 0

matrix =

~ A. Hence,

Theorem: If A and B are two n — square gimilar matrices, then prove that
|Al = [BI.

Proof: Since, A and B are two n — square similar matrices, so, there exists a
non- singular matrix P such that B = PAP™1. Hence, |B| = |PAP7Y| =
|P|lAl|P-1]

lAllPIIP~] = Al |PP~Y| = |AllT] = |A]
Example; Examine invertibility and find A™ in case it exists, for
0 3

6 9
36

+
Il
Hoa =

1 ¢ 3
Solution: Notethat A=det 4|5 & 9 = (6%6—5%9)+3(5x5— 4x6)
4 5 & =94+3=—6%0



-9 6 1
S Aisinvertibleand Cof A=| 15 -6 -5

-18 6 6
-9 15 -18
S AGA=(CofAY=| 6 -6 6
1 -5 6
P
s A= — AdiA
A
3 3 4
1 2 2
=" _Adid=|-1 1 -1
(—6) 15
- 6 6 -

1 00
It may be verified that 447 = |:0 1 D] =A"A
0 01

Since Z is not closed under division by any integer# + land A=-6

-, we see that although A is a matrix over Z with det A # 0, A™Yis a mattix
over @.

Check your progress

1. Examine whether 4 is invertible and find A~! if it is invertible

6 18
A=
® [4 12]
1 1 -1
(i) 4=|-3 2 3
-2 =2 5
2 -1 3
(i) d=| 6 0 1
18 -3 11
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1 0 5
2 5 11

2. If both A and B are n X n invertible matrices, show that AR is invertible
and (AB)™! = B 1A71.Will BA also be invertible.

2 1 2
(iv) A= ]

3. Find the minors Ms3;, M2 and cofactors A;; and As» in the determinant

2 0 -3

-5 1 4

7 2 -5§

1 2 3 1 a &
4. Calculate the determinants A=4 5§ 6,B=]1 b &

7 8 9 1 ¢ ¢

Algo find AB and BA.

5. For matrices A and B of orderm X nand n X m respectively, show that

(AB)T = BTAT ( Reversal rule).

6. Give examples of two square matrices A and B of same size for which
det (A+ B) =det (A) + det (B).

8.5 Characteristic roots or ¢igen values of a linear

transformation: Let T be a linear transformation on a vector space V over a
field F. & € F is called a characteristic root of T if there exists 0 # v € V such
that 7(v) = Aw, here, v is called a characteristic vector of ¢ with characteristic
root A. This characteristic root A is also called latent root or eigen valoe or
proper value of T.

Example: Prove that the identity linear transformation on V has
the only characteristic root or eigen value 1, and the zero linear map
has the only eigen value 0.

Solution: Ifw(+0)€ V then

I =AF); 2v=AF")=21=1 [Sincev # 0]
Thus the only eigen value of 7 is 1.

Similarly Let @ be the zero linear map on V.



If (# o) € V, then, O(v) = A(¥)
0= A(») 0= A4 [Sincev # 0]

Hence the only eigen value of zere linear transformation is 0.

Example: Let T: R2 > R? be the linear map which rotates each vector by

anangle § = 7 Prove that T has no eigen value in R.

Solution: Ifv = (r,y)(= (0,0)) € R? then
T(x,y) = (xcos E — y sin E,xsin% + ycos E);
=(=yx)
Hence, T(x,y) = Ax.¥)
= (»x)=(1x1y)
Ax=-yo2x+y=06Ay=x=>x+Ay=0

These equations will have a non-zero solution # 0,y # 0,
A 11 _ . _
] % g]=0omira2+1=0

which has no solution in R.

Example: Let T be a linear map on a vector space V. Lot V; be the
collection of all vectors v having the same eigen valus A. Prove that V, 18 a
subspace of V called A-eigen space of V.,

Solution: Letv, ,v, € Vand &, ,a; €F ,then

T(ay vy +azve) =ay T(v1) + a3 T(v;)
=ay (Avy)+a;(Av,) [Since,v; ,v; have eigen value 4]

of, T{ayvy +o1 )= Ay vy +a2v3)
Hence, a, v; + @3 v; has also eigen value 4 and
So, vy taz1, EV; .

Since T(0)=0= 4080, 0€ I

Hence V; is subspace of V.

Example: Let T be a linear transformation on V.,
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(i) A € F is an eigen value of T if and only if (T — A I) is Singular.
(ii) T is singular if and only if one of its eigen value is 0.

Solution: (i) If (T — AI) is singular, then there exists a non- zero vector v
suchthat (T — ADv =10

TW)—AI() = 0= I(v) =4v
Hence A is an eigen value of T.
Now if A is an cigen value of T, then 3 w(= 0} € V
Suchthat T(v) = Av = AU (¥)
Or, T(v) —A{v) =0
of, (T — ADv = 0.Hence (T — A[) is singular.
(if) Proof being simple, is left for the exercise.

Example: Let T and S be linear transformations on where $ is non-

Singular. Prove that T and STS™! have the same cigen values, and if v is an
eigen vector of T, then S(v) is an eigen vector of STS™1.

Solution: Let 1 € F be eigen value of T such that

TW) = Aueeenenn ()

Let, T, = STS™!

Then, T,§ = ST; (T\S)(@) = (T)()

So, Ty(S (v)) = S(T{v)) = 5(Av)

Hence, (T3 5) (1) =4 5(v)

Putting S(v) = x,, we get Ty (%) = ix;

Since v # 0,50x, = S{v) =0

Since § is Non Singular, Thus there existsx, = S(v) # 0 such that
Ti(x; ) = Ax,. Hence, 4 is an eigen value of 75,

That is 4 is an eigen value of T, = STS™! and x; = S(v) # 0 is an eigen
vector of STS 1.



Example: Show that the non-zero characteristic vectors transformation T
corresponding to distinct characteristic of a lincar roots are linearly
independent.

Solution: Letv,,v,,..., ¥, be non-zero characteristic vectors of the
linear map T on V corresponding to distinct characteristic roots A4,

Az e ey Ay We will prove {vy, v ,.. ., 1, } to be linearly independent by
mduction,

If = 1, then {v,} is linearly independent gince v; # 0.
Hence the Theorem istrue for = 1.

Assume the theorem to be true for (n — 1) non-zero characteristicvectors
vy ,Vz,...,Vp_y, with distinct eigen values 44, 45, ... ..., A5 —4. Let

(1) ayvy +avet,...,+ay 1Vpy + 0y, =0 wherea; €F
Then T(a vy + aav2+, ..., + &1 Vna + BT ) =T{0) =0
or @ T() + & T W)+ ., +@n 1 T(Vpy) + @y T() =0
But T(v) = Ayvifori=12,...,n. Hence
(Daydy vy e dy vt .., Fay Ay Oy H @y A, 1, =0
Multiplying (1) by A,,and substracting from (2} we get
Gay(dy —A) vy +a(A; —A) vot, .. Ftn 1 (A1 —A) ¥y =0

Since {vy,v;,..., 7} is Linearly independent by induction hypothesis, so
(3) gives

@A =4z} =0,a2(Az = Ap) = 0viini @ty 1 (Apq — 4p) =0,
Since, (4, # A, fori =1,2,...,(n—1).
Hence,ay =@y =...=@y,_4y =0
Therefore from (1) we have &, =0 or, @, =0forv, #+0.
Thus, @y vy + &z 02+, ..., + &y 1Yy 1 + XV, =0 whereq; €F
DUy A =Sy =0y =0
Therefore {vy,vz,..., ¥ } is linearly independent.
Example: Let V be a vector space over a field F of dimension 7.
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Let T and T' prime be two linear maps on V, associated with the same
matrix A = [ay;] with respect to bases (xy ,%2,...,x,} and
{x', ,x%,..., x';} respectively. Prove that Tand T" have the same eigen
values.

Solution: Let$: V = V be defined by
(1) S(xp=x4forf=12,... ,n

It can be easily proved that § is a bijection and hence non-singular and
invertible. Now we prove that T' = STS1. Now for f = 1,2,...n, we get
(TS~ X x5 ) =ST(S7 (x5 ))

= ST(x;), [Since, (§7(x}) =]
= S(T(x; 1)
Hence, (STS™" }(x}) = S( I, a;x;)
(Since Matrix of T relative to basis {x; }is [a;])
= (21 8;5(x;)  (Since, § is linear)
= (o ax5)  (Fom(l)
=T'(x") {Since matrix of T" relative to the basis {x’,} is [a,;]}
Thus, (STS™ )(x) = T'(x})) forj=12,...,n
So, (STS~1)(v) =T'(v);forally € V.
Hence, STS™1 = T"
Hence T and STS™1 = T" have the same cigen values.

We can thus define the cigen value or characteristic root of an n —square
matrix [a;;] as follows:

Example: (@). IfSand T are Non-Singular Linear Transformations on a

vector space of finite dimension. Prove that ST and TS have the same eigen
values.

Solution: Let A be an eigen value of ST
So,3 v = 0, such that (ST)Y{(v) = v
Or, S(T(v)) = Av



Or, T(v) = S~1(Av) = 4 §~1(¥)

Or, T{v) = vt

where ! = S~ 1()leS(p) = vl %0
Now, (TS)(¥!) = T(S(r')) = T(v) = Av?
So, 3v! # 0 such that (TS)(v) = v,
Hengce, 4 is also an eigen value of T'S.

So, ST and TS have the some cigen values.

8.6 Eigen vector and eigen space:
Definition: LetA = [ay] be an n —square matrix over a field F.A€ F

i called an cigen value of the matrix A = [ay;] if A is an cigen value of any
linear transformation T on an n —dimensional vector space V, associated with
the matrix A = [a;;]. Ifwe take V = F™ and congider the linear map T: F* —
F" given by

X X1
T(X) = [ay][*2 ] where, X = [x2] € F*
Xn Xn

We have proved before that matrix of T relative to the usual basis of F™ is
[a;;]. Hence, if A € F be an eigen value of T, then A € F is also an eigen value
of the matrix [a,;] associated with T.

Now X € F is an cigen valueT,If 3 X = O
suchthat T(X) = AX

or T(X) = [ay][X2]1=[*21].
Xn X

Hence we may define eigen value of a matrix [ai,-] directly without reference
to its associated linear transformation as follows:

Definition: (a) . A € F is called an Eigen characteristic root of the

X1
1 —square matrix ["'U] if there exists a non-zero column matrix [X2] such that
x‘l’l
Gy v Gl % dmy
& % P [x2] = [4x;]
ny  *** Guul Xy Axy
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X1

The column matrix [*z] is called the eigen vector of the n —square matrix [au]
xﬂ

with eigen valuc A € F

Example: Prove that the eigen values of a diagonal matrix are its diagonal

clements. Hence prove that a matrix A similar to a diagonal matrix, has the
cigen values as the diagonal elements of the diagonal matrix.

A o D
Solution: Let the diagonal matrix A= | i - ]
0 o A,
Xy
If [*z] is an Eigen vector of A with eigen value A € F then
Xn
A, - 07 % Ax
byDeﬁnitionwehave[E E][xz]= [ Axz]
0 o Ayl Xy Ax,
A%y Axy Xy

ot, [ Azxz] = [Axz] . Since, X = [%2] # 0, so, there exists x; # 0, where
}lﬂxu lxu Xn

i1 =1,2,...,nsuch that Ax; = A;x;. Or, A = A, (since, x; # 0} Hence,

A4,43,..., 4, (the diagonal elements) are the eigen values.

Second part obviously follows since a matrix 4 and the diagonal matrix
similar to A are matrices of the same linear transformation T on IV relative to
different bases and so they have the same eigen values. Example: If A and B
be n —square matrices over F, then show that AB and BA have the same eigen
values.

Solution: If AB has an cigen value O then AR is Singular. So either A or B
is singular which imnplies that BA is singular. Therefore BA also must have an
eigen value 0.

Now let 4 # 0 be an eigen value of AB, thenthere exists a column X + 0,
such that (AB}X = AX

Or, AY = AX where BX = Y (a column matrix)
Now, (BA)Y = B(AY) =B(AX) =A(BX) =AY
Now, A =0,

For, Y=0=28X=0=2{ARX=0

2 X=0=2X = 0sinced =0,



Thus we get (BA)Y = AY where ¥ = 0
HenceA, is an eigen value of BA also.

Similarly it can be proved that any non-zero eigen value of BA is algo an eigen
value of AB. Thus AP and BA have the same eigen values.

Check your progress

1. If v is an eigen vector of a linear map T on V with eigen value A, then prove
that ar where a (# 0) € F is also an eigen vector with eigen value 1. Also
prove any eigen vector v can not correspond to two different eigen values 4,
and 4.

2. Give an example of a square matrix of order 3 with entries in Z whose eigen
values are 2,1, 3.

2 0 0
Hint; ApplythethmremandtherequimdMah-ixA=[u 1 :l
0 0 3

3. If 1 is an eigen value of an invertible linear transformation T, then prove
that 277 ig an eigen valye of 771,

Hint: 7 is Non-singular. Hence 2 # 0 so A lexists. Now a vector v # 0
such that T(v) = Av

Hence, T~ (T(v)) = T~ (iv)
This impliesv = AT (v).
Or, T l(v)=4"1v.

Theorem: Let A = [a;] ofordern X n. = 4 € F is a characteristic root
of A ifand only iflA — A1, | = 0.

Proof:If1 € F is a characteristic root of A, then there exists a non-zero
column matrix X, such that AX = AX or, AX = ALLX

o, AX — ALX = 0,0or,or,(A—ALL)X =0

which i8 a system of n — linear homogenuous equation in » unknowns in
matrix form. So this system has a non- zero solution X if and only if | (4 —
Al,)| = 0. Hence, A € F is a characteristic root of A if and only if|A —
AL |=0
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Check your progress

1. Find the eigen values of the Matrix A =

2. Find the eigen values of the Matrix A =

3. Find the cigen values of the Matrix A =

4, Find the eigen values of the Matrix A =

5. Find the eigen values of the Matrix A =

6. Find the cigen values of the Matrix A =

7. Find the cigen values of the Matrix A =

8. Find the eigen values of the Matrix A =

9. Find the eigen values of the Matrix A =

10.Find the ¢igen values of the Matrix A =

8.7 Summary : After studying this unit you should be able to find adjoint of
n —square matrix, determine the inverse of a matrix of a non- gingular matrix
by using adjoint of the matrix, determine characteristic roots or eigen values of

1 0 2
0 -1 1].
0 1 0
5 —6 -6
-1 4 2]
3 —6 -4
2 2 1
1 3 1]
1 2 2
8 -6 2
-6 7 —4]
2 —4 3
1 -1 0
1 2 —1]
3 2 -2
1 1 1
=1 =1 —1]
L0 0 1
1 =1 2]
2 -2 4
3 -3 6.
1 =3 3]
3 =5 3
6 —6 4.
1 -1 -1
L o]
1 0 -1
1 0 2
0 2 1
2 0 3

a linear transformation , to find eigen vector and eigen space.

8.8 Terminal Questions and Answers

1. Determine the Eigen values of the matrix

a=[3 2. answera=12

2. Determine the Eigen values and corresponding Eigen vectors of the

matrix



A= g :],AHSWWA = 1,6 and [—23] [ﬂ

3. Determine the Eigen values of the matrix

4. Determine the Eigen values and corresponding Eigen vectors of the

(P I

5. Find the characteristic equations of the matrix

[0
A=]1

|2
matrix A

1 2
-1 0

1 1
=1 1

11

0 —1] JAnswer 1 =1,2,—-1+4+3

a=[10 ) answer2* —84+16=0
6. Determine the Eigen values of the matrix

A=

o B W

7. i

!

i
Il
oO0ON

o
.
Il
Qo=

é

3
=|0
=3

N

W N

2
2
2

0
1
0

il

2
2
0

W W w

JAnswer 1 =28,-1,-1
¢ the Eigen values of the matrix
,Answerd =222

¢ the Eigen values of the matrix

yAnswerd =123

e the Eigen values of the matrix
6 6

2 Uﬁ],Answeri =02, -3

10. Determine the Eigen values of the matrix

[—8
A=|-6
L 2

-6 2

7 —4

-4 3

],AnswerA = (,3,15
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Characteristic polynomial of a matrix
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3.1 INTRODUCTION

This unit introduces the concept of Characteristic polynomial of a matrix,
Cayley- Hamilton Theorem, Characteristic polynomial of a linear map,
Polynomial in an n —square matrix, Minimal polynomial, Hermitian Matrix

9.2 Objectives
After studying this unit you should be able to

Characteristic polynomial of a matrix.
Cayley- Hamillton Theorem

Characteristic polynomial of a linear map.
Polynomial in an n —square matrix
Minimal polynomial

*® % & * » @

9.3 Characteristic polynomial of a matrix: Suppose that
A = [ay] of order n X n matrix, then the determinant |A — Al | Is a

polynomlal in A € F of degree n, Is called the characteristic polynomial of
matrx A and denoted by 8(A). Thus the characteristic polynomilal of A is

given by

2y — A ayz d4n
G =1A-A,l=| a; azz—4 :
dp) S gy —

The equation #(1) = |A — AL, | = 0 is called the characteristic equation of A.

Note: The characteristic roots of the matrix A are the zeros of its characteristic
polynomial @(A) = |A — &L, |. This equation is of degree n. Thus a matrix

A = [ay;] of order n X n matrix may have at most n distinct characteristic
roots.

Theorem: A linear transformation T: ¥V — V can be associated withann —
square diagonal matrix B, if and only if V' has a basis consisting of eigen
vectors of T'. Where dim(l”) = n and the diagonal elements of B are the
corresponding eigen values.

Proof: Suppose that the n — distinct eigen vectors S = {v, ,7,,...,15,} be
a basis of V. corresponding to distinct given values &4, Az, v viu, Ay
T(wy) = Aoy + 0vp+,...,+0v,_, + 0, wherea; € F

T(v;) = 0vy + A,v5+,...,+0v,_; + O,



T(zy) = 0vy + 0vy+,...,+0v,_4 + 4,9,

The matrix with respect to the basis § = {v,,v2,..., 2.}
A, - 0
[E E]whichisadiagonalmatrixandthediagonalelemnntsm'ethc
0 - A,

¢igen values of T.

Note: An n —square matrix A is similar to a diagonal matrix B if and only
if A has n linearly independent eigen vectors. The diagonal elements of B
are the corresponding eigen values, Suppose P be the matrix whose
eolumns are the n independent cisen vectors of A. Then B = P~1AP.

Example: Find the cigen values of the matrix

: .1
i - 0

Solution: The characteratic polynomial of the matrix is given by

—A 1 0O
ﬂ(il)=[5 1 EJ=A“—1
1 s =

MB—-1=0A-DA+1DA-DA+i)=0

0 1. 0]

Hence, the eigen values are +1, +i

Example: Find the eigen values and a basis of their eigen spaces of the

matrix
1 —3 3]
A=|3 -5 3
6 —6 4
Solution: The characteristic polynomial of
1 =3 3]
=3 -5 3|is®(l) =|A—AL,|
6 —6 4
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1-2 -3 3
’ 3 -5-2 3J=(2+A)2
6 —6 4-
= (2 + D)?(4 - A).

Hence, eigen vahies of A are—2,—2, 4

1 0 3
1 1 3
0 1 4-—

We want to find the eigen space I; when A = -2

x
Let X = [y] be the eigen vector of A with eigen value A = —2. Then
z

x
Now we put 4 = —2 and = [y], we get that
z

3 -3 31 «x 0
l3 -3 3[3’] [U]

-1 1 -1 1
The coeflicient matrix ~ [ -1 1] [0 l
-1 1

In the echelon form with only one non- zero row. Hence, rank of the
coeflicient matrix =p=1

Hence, the system will have n — g = 3 — 1 = 2 linearly independent
solutions

The reduced form of the system becomes x —y+2z =0
We choosing x, y to be arbitrary variables and

x=0theny=1,z=1;x = 1theny = 0,z = —1. These arc two lincarly
independent solutions. Thus the basis of the eigen space of A = =2 is

$={(0,1,1), (0,1,-1)}.

; 4

Similarly X = [y¥] be the eigen vector of A with eigen value for
z
A=4

-3 3
l -9 3][:?] [0]
—6 0



1 ¢ —
The coefficient matrix ~ 0 1
0O 0 0

In the echelon form with only one non- zere row. Hence, rank of the
coefficient matrix = p = 2

W ba| e

Hence, the system will have n — p = 3 — 2 = 1 linearly independent
solutions

The reduced form of the system becomes x — >z = 0,y — 2z =0

We choosing z to be arbitrary variables and

z=2theny=1,x = 1; This is the linearly independent solution. Thus
the basis of the eigen space of A = 4 1s 5={(1,1,2)}.

Hence, the matrix 4 has three linearly independent solutions, so, three
linearly independent vectors (0,1,1).(1,0.-1),(1,1,2).

1 -3 3

Example: If A be the given matrix [3 -5 3], find an invertible
6 —6 4

matrix P such that P~1AP is a diagonal matrix.

1 -3 3
Solution: Since A = [3 -5 3] has three linearly independent

6 —6 4
eigen vectors, so, these three linearly independent vectors are

c 1 1
(0,1,1).(1,0.-1),(1,1,2). So, we have taken P = [1 0 1]

1 -1 2
-2 0 0
Then we have P~1AP =a diagonalmatrix= | 0 -2 0
0 0 4

Thus P is the required invertible matrix.

Theorem: Prove that similar matrices have the same characteristic
polynomial and hence the same eigen values.

Proof: Suppose that A and B be two similar matrices. There exists a non-
singuar matrix § such that B = S$~1A4S.

Now the characteristic polynomial of Bis
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|B = Al,| = [$7*AS = S(AI,)S™Y|

=|S71A — ALL)S = IS1|14 — AL ]|S7Y|

= |A— AL,|IS57Y = |A — AL ||} = 1A — Al
=Characteristic pelynomial of A.

Thus A and B have the same same characteristic polynomial and hence the
same eigen values.

Note: Let f:V — V be an endomorphism of a finite dimensional vector
space V over a field F.Let A4, 4,, ... ...., &, € F be the distinct eigen values
of f with corresponding elgen vectors

X1, X3, o ... X € V. Let W be the subspace of Vgenerated by § = {x;,
Xz, e wee, X } then (a). if f(x) € W ¥x € W. Hence,

f:W — W is an endomorphism. (b). dim{(W) = n.

Theorem: Let A be an n — square matrix over a field F. Prove that (i).
The sum of the characteristic roots of A = Trace of A.

(it). The product of the characteristic roots of A = |A|.

Proof: Suppose that A = [a;;] of order n X n matrix, characterlstic

214 — 4 a3 1p
polynomial of Als @A) = |[A= AL, | = | a3y azpp—4 3
an1 'TI) ann —

Hence, 9(41) — |A — ﬂnl = (311 = A)(azz == .1) ER (a,m = ;D +
terms containing at most (n — 2) factors of the form ay; — 4.

Therefore, (1) = |4 — Al,,| = (—1A+(—1)*"12*"1(a,, + a,, +
-+ Qny) +terms of lower degree in A.

Hence, the sum of the zeros of §(1) = |A — AL, | = (ayy + az; +
==+ @pn) = Trace of A. The sum of the characteristic reots of A =
Traceof A

(ii). When we expand @#{1) = |A — Al,,| as a determinant, then it can be
expressed as the sum of the two determinants as follows:

d49 Q413 Adjpp -4 0 g
31 3z i |=JAland|O0 -4 : |=(-1)"A"

dn1 Ann 0 - -



Hence, the characteristic equation of Ais @A) = [A— Al,| =0
O, A =|A—-AL,| =(-1)"A"+ ... +1Al=0

Hence, product of the characteristic roots of A = ‘;f’—:)',;" = |A|.

Theorem: If A and B are two n — square similar matrices, then prove that
|4] = |BI.

Proof: Since, 4 and B are two n — square similar matrices, so, there exists a
non- singular matrix P such that B = PAP™!. Hence, |B| = |PAP7Y| =
|P[|A][P~]

|AlIPI|P~H] = |Al. |PP~Y] = |AllI] = |A|

Theorem: Prove that the matrix A and its transpose A have the same eigen
values.

Proof: Since, (A—AL) =4 - AL,
Also, |4 — 21, | = [(A — AL, )| = |A" — AL,
Hence, A and its transpose Af have the same eigen values
Check your progress

1.Find the eigen values and a basis of their eigen spaces of the matrix

-3 1 -1

A= [: 7 5 —1]

-6 6 -2

2 Find the eigen values and a basis of their eigen spaces of the matrix

8 -6 2
A=|-6 7 -
2 -4 3

3.Find the eigen valies and a basis of their eigen spaces of the matrix

-2 3 1
A=|2 -1 3

6 -2 2

4 Find the eigen values and a basis of their eigen spaces of the matrix
3 10 5
3 5 7

5.Find the eigen values and a basis of their eigen spaces of the matrix
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¢C 0o 2
6.Prove that the characteristic roots of a real symmetric matrix are all real.

210]

7.Prove that the characteristic roots of a triangular matrix are the elerments in
the principal diagonal
8.If A is an eigen value of an invertible linear transformation T, then prove that
A~1 is an eigen value of 771,
9. Find the characteristic roots and corresponding characteristic vectors of the
311
mairix A = [2 4 2]
1 1 3
190. Find the characteristic roots and corresponding characteristic vectors of the

2 2 1

matrix A= 1 3 1
1 2 2

11. Find the characteristic roots and corresponding characteristic vectors of the
1 2 3

mairix A = |0 —4 2]

0 0 7

9.4 Cayley- Hamilton Theorem: Every square matrix is a root of its
characteristic polynomial,

Proof: Let A = [a;] be an n — square matrix over a field F. Let its
characteristic polynomial be @(4) = |4 — AL,| = (-1)*{A" + a,_,A""1 +

Suppose that the adjoint of (4 — A1) be B. Now the clements of B are the
cofactors of the elements of |A — AF,;| and hence polynomials in A of degree
(n — or less.

Hence, the matrix B can be expressed as the sum of n matrices of order n as
follows:

B= By A% 1+ ... + Byx + B,
Where By, By, i ime y Bp— are n — square matrices independent of A.
By the property of adjoint of the matrix we have, A(adjd) = |A|I,
So, (A= AL,)B = [A- AL I,
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=(4—-A)Bp A" + ... + Byx + By) = (-1)*{A* + a,_ A"t +
...... +a,x+ ag}i, .

—IyBy 14"+ (AB,_, — I,B, )A" 1+
(ABn_z - Ian_a)Aﬂ—2+ e +(AB:|_ - InBu)A =+ ABu = (_1)1! {Aﬂ =+
IRV Lol SR + a1 + agly.

Now we equating the coefficients of powers of A on both sides of this equation
We get By = (1) I;

(—1)"ag_y In = ABp_y — Bps;

(- an_zfn= ABp 3 — Bp3

(-D"a, I, = AB, — By

(—1)"ay i = AB,

Now we adding all these above equations , we have

(—D"A" + a, A" 1+ ... +a, A+ agl,} =0

Or, 3(4) = 0.

Thus A is a root of the characteristic polynomial #(4) of A.

Inverse of a Non- singular Matrix by Cayley- Hamilton

Theorem : Invetse of a non- singular matrix A can be cormputed by Cayley-
Hamilton theorem .

Example; By using of Cayley- Hamilton theorem find the inverse of the
matrix

A=10 5 0

2 4 3

123]

Solution: Characteristic polynomial of A is given by

1—x 2 3
ﬂ(x)=’ 0 5-x 0 ]
2 4 3—x

= —(x3 — 9x% +17x + 15)
By Cayley- Hamilton theorem A is a zero of @(x), so,
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A*—942 +17A+ 155, =0

Or, A% =942 + 174 = =15],

Now we multiply this by A~!, we get
A2 =94 + 175 = =154
Therefore, A= = T(4% — 94 + 17k)

7 24 12
Now, 42 —94+17,= |0 25 O

8 36 15
17 ¢ 0
¢c 17 0

¢ 0 17

¢ -—-45 0
—-18 -36 -27

[—9 -18 -27

15 6 -15
= 0 -3 0
0 4

2

-15
Therefore A‘i——%l ] 0 % 0
10 o 0

Check your progress
2 -1 1
12.Findthechm~acteﬁsti¢equationofthemarixA=l—1 2 —1land
1 -1 2
also verify that it is satisfied by A and hence, find A™7,
1 2 0
13. Show the matrix A = [2 -1 0 ] satisfies Cayley — Hamilton theoten.
0 0 -1
Hence or otherwise obtain the value of A~ and A~2.
¢c 01
14. Verify Cayley — Hamilton theorem for the matrixA = | 3 1 0]
-2 1 4
0 ¢
15, Show that the matrix 4 = l—c ¢ a]satisﬁesCayley—Hanﬁlton
b 0
theorem.
0
16.Findthechara¢t¢risticequa1iunofth¢maﬂxA=lD -3 0 and also
1
verify that it is satisfied by A and hence, find A~1.
1 2 3
17. Verify Cayley — Hamilton theorem for the matrix 4 = IZ -1 4-]
3 1 1



9.5 Characteristic polynomial of a linear map: Suppose

T:V — V be a linear transformation. The characteristic polynomial of T is

defined to be the Characteristic polynomial of any matrix of T, such

matrices are similar and having the same Characteristic polynomial .

Definition: Let T: ¥ — V be a linear transformation on a vector space ¥

over a field FLet f(x) = ax™ + ap_1x* 1 + ....+@yx+4a, bea

polynomial in x over F. Now we define f(T) = a,T" + @, 7" +
w4+ apl.

This £(T) is also a linear transformation on V. This f(T)is called a

polynomial in T over the field F.

Theorem: Let T:V — V be a linear transformation on a vector space ¥

over a field F. And A is a characteristic root of T. IT f(x) € F[x]then fF(1)

is a characteristic root of f(T).

Proof: Since, A is a characteristic root of T, 8o, there exists a non-zero

v € V such that T(v} = Av. Now T2(v) = T(T(¥)} = T(Av) = AT(v) =
A%,

We continuing this process we get T*(v) = A*v for all positive integers k.

f(x)= a,x"+a,_x* 1 + ....+a,x + aq, € F[x].

Then f(T) = ¢, T+ a4, ,T* 1 + .....+a,T + a,!

So, f(TXw) = (AT + @nyT" 1 + ... 4+a;T + ap)(¥)

= @y T*W) + @ TP @) + oo 4, T(V) + gl (v)

= ap A (V) + 4, A1) + . @ A(R) + gy

(and® + ap_ A"+ ... tad +ag)(v)

= FO

Therefore, f(A) is a characteristic root of £(T) and v is an eigen vector of
f (T)with eigen value f(4).

9.6 Polynomial in an n —square matrix: Let A be an n —square
matrix over a field F Let f(x) = a2+ a,_X* 1+ ....+a4x+ay €
F[x]. Then f{4) = apA™ + ap1 A" 1+ .....+a4A + apl, € F[x] is
called a polynomial in A over F.

Notel:If 1 is a characteristic root of the matrix A. If f(x) € F[x]then
f(4) is a characteristic oot of f{4).

2. Let V be a vector space over F of dimension n. Let T: ¥V — V be a linear
transformation on a vector space V over a field F, there exists a non- zero
polynomial f(x) = @, x® + ap_1x™ ' + .....+a,x + ag € F[x] such
that £(T) = 0.

9.7 Minimal polynomial: Let T: V = V be & linear transformation on a
vector space V over a field F, a non- zero monic polynomial m(x) is said to be
the minimal polynomial of Tif

(. m(T) =0

UGMM-107/193



UGMM-107/194

(ii). If £(T) = 0 for some polynomial f(x), then m(x)divides f(x). that is
m{x)is the polynomial of lowest degree such that m(4) = 0.

Such polynomial exists and is unique.

Similarly, mn(x)is said to be the minimal polynomial of a square matrix A, If
m(x)is the polynomial of lowest degree such that m(4) = 0

Note; If A € F is an eigen value of a linear transformationT' on a vector space
¥V, then A is a zero the minimal polynomial m(x) of T.

If A is a matrix of a linear transformation T and @{x)be the characteristic
polynomial of A, then @(x) is also the characteristic polynomial of T.

Example: Find the minimal polynomial m(x) of the matrix

A=10 2 0 0O

0 02 O
Solution: Characteristic polynomial of Ais

2100]

2—x 1 0
dx)=A4=1] 0 2—x 1] ]
0 0 2—x
=(2-—x)?

Since, m(x)and #(x) have the same zeros, hence, {2 — x) must be a factor of
m(x)amd m(x) nmst also divide 8(x). So, m{x) must be either (2 —
xor, (2 —x)? or, (2 — x)?

But m(x) # (2 — x), since, m(A4) # 0 so,
m'(x) = (2 — x)? = @' (x) .Since, m'(4) = @'(4) = 0. Hence, m'(x) =
(2 — x)? is the required minimal polynomial of A.

Remark: Let M = [A[']l AB;], where A,, A, and B are square matrices. The

characteristic polynomial of M is the product of the characteristic polynomials
ﬂfAland Az-

9.8 Hermitian Matrix: Let an n — square matrix A = [ay;] over the field

C of complex numbers, then A = [a,;], where @, Is the complex conjugate of
@y is called the conjugate of A.

Now (A)t = [a,]* = [@,]. & =[a,]



Hence, ()t = AT = A*
Thus, the matrix 4 is said to be Hermitian if A = A®. Thatis if ay; = a,,.

Note: All the dingonal elements of the Hermitian matrix are real. Any real
symmetric matrix is a Hermitian matrix.

2 14+i 3-i
Example: A= |[1—i 3 2 + 3i| is a Hermitian matrix of order
3+i 2-3i 4
3.

Remark: If A and B are Hermitian matrices of the same order, then
(. A+ B is Herrmmitian

(ii). AB is Hermitian if AB = BA

(iii). A* is Hermitian.

(iv). A~ is Hermitian if A is a non- singular matrix.

(v). The characteristic roots of a complex Hermitian matrix are all real.
(vi). Let A be any complex square matrix then H = A®4 is Hermitian

(vii). We can define a matrix B is Hermitian congruent to A if there exists a
non- singular matrix @ such that B = QtAQ. That is the Hermitian congruence
is an equivalence relation.

1 1-i 2
Example: Show that matrix A = |14+{ 3 1 | is Hermitian Matrix.
2 —i 0

1 1-i 2
Solution: We have A = [1+i 3 i]

2 —i O
1 1-1 2
A=|1+¢ 3 —i]
2 - 0
1 1-i 2
(A"J=[1+: 3 1]
2 —i 0
AP =4
It is Hermitian Matrix.

9.9 Summary: In this unit we have studied about the concept of
Characteristic polynomial of a matrix, Cayley- Hamilton Theorem,

UGMM-107/195



Characteristic polynomial of a linear map, Pelynomial in an n —square matrix,
9.10 Terminal Questions
1. Show that the
4 2—i 542
2+1 1 2— 51'] is Hermition
5—2i 24 bi 2

Matrix A =

2. What is Cayley -Hamilton theorem?

3. Find the characteristic equation of the matrix

0o 1 2
A=l2 -3 U]

1 1 -1
1 0 2
4, Find the characteristic equation of the matrix A = |0 2 1]
2 0 3
0 0 1
5. Show that the matrix A =E 1 0] satisfies Cayley-Hamilton
1 4

theorem.
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10.1. INTRODUCTION

Thiz unit we infroduce mmner product space, Length of a vector, Cauchy
Schwarz inequality. We also define Distance between two vectors, Angle
between two vectors and Orthogonal and Ortho normal sets.

10.2. Objectives
After studying this unit we should be able to:

Define an Inner product space;

Define Length of a vector

Define Cauchy Schwarz inequality

Define Distance between two vectors;
Define Angle between two vectors

Define Orthogonal and Ortho normal sets
Gram- Schmidt orthogonalization process
Define Orthogonal complement of a subset.

10.3. Definition and Examples of inner product space

We will now consider vector spaces V over the real field X or the complex
field €, called respectively a real vector space and a complex vector space.
Let us recall some propertics of dot product in three dimensional real veckors.

Giventhe vectars v = (x4, Xz, X3)and w = (3, ¥, s )wherex;, y; € R thedot
podit (1. w) wasdefinedas

W =X + X5 + X3Y;

representing the three' dimensional real vector space by V, we find that the dot
product can be considered asamap from V X V = R gvenbyif (v, w) € V X V.

(v, W) = .91 + 29 + 2353 ER
the image of (v, w)Bwrittenas v. w.
The length of the vector ox|v| s givenby |v| = vv.v
Andtheange 6 between v and w B givenby

W
Yo.owwew
We willnow genemalize this conoept & any real or conplex vector space.

Defimition ; LetV beavector space over the fiekd F -which is either thereal fisld R orthe
conplex fiekl .

cosd =



Amep fiomV X V = F i callod aninner product inV, i€ satisfies the SHIowing conditions:
[mageof (v, w) € V X Vil bewnitenag{u, v},

(i). {au, + bu,, v) = alu,, vy + blu,, v}Where ¢, b € Fand u,,u, €V
(ﬁ). < U, v >=< u,v > (compkxconugateof (1, v))
(iii). {u,v)= 0and (u,u) = 0iffu=20.

Note : Condition (i} statesthat the map islinearin the first co-ordinate Condition (i) gives
the confcate syrmmetry of themap,

Since{u, u) = (u, u} by (i), so0 {u, ) isred

Hencethe inequality in (iii) males sense. Due to the condition (iii) the inner productis
alled postive ddfinite

Note:{u,av, + bv;) = {av, + bv,, u} by ()
= alvy, u} + blvy, u) by ()
= @{vy, u}y + blv,, u)
= afu, v1) + blu, v,) by (ii)

Thus the map is conjugate linear in the second co-ordinate.

Note: KF = R,then the conjugate signsin (i) orin the previous note may he ignored,
sinceifx € R,then x = %.Thus theinner product in areal vecior space islinear both inthe
firstand second co-ordinates and condition (i) becomes:

{u, v} = {v,u).i.e. the inner product is symmetrical.
Definition : A vector space V with an inner product defined is called an inner
product space.

When F = R, thenVis called Euclidean spaceandwhen F = C,itis
called Unitary space.

Example: 1etC" bethe complex vector space
fu = (z,, 23, ..., Zp)and v = (wy, Wy, ..., wy,) areclementsof C™ then
{u, v)as

{u,v) = z,Wy + z,W;5 + - + z,W,.

This definean inner productinC®  forify, = (4,,4,,...,4,) € ¢* and
a,beC ;then
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{au + buy,v) = (az) + bay)w + (a2, + bay)w, +...+ (az, + ba,)w,
= a(ZyWy + Z Wy + .t Z, W )+ DA W, + d, W + .o+ A, W,)
=a(u,v)+b{u,v

Thus(i) holds.

Again {v,u)= Wiz + Wz, + ...+ W, z, Therefore,

<V,u>= zlwl + ZZWZ + ...+ znw"

= (u.v)

Hence (ii) holds. Now,

{uuly=22) + 2323 + .. 2,2,

=z + |zaff + .ot [z, 2 0

Since |z, [* + [z, * + ...+ |z, [* = 0 Iffevery z=0

Hence {u,u)=0ifand onlyif u = (0,0,...,0) = 0. Thus (1if) satisfled.
Check younr progress

1. The dot product in R is given by :

fu = (a;,a5,..,4,),v = (8;,05,....,0,) € R " ,then

uv=a b +ab; +...+a,b,

Then, (¢ ,v > = u .v i5aninner productinA=. Proof is exactly similar to
that of the previous example.

2. LetV bethe vectorspaceofreal continuous fimctionsontheinterval [ 2, b ] . Thenif
fogev (f.g)=] frewdr

isaninnerproduct inV.Forifh € ¥ ,and @, 8 € R ,then

(@f +Bhg)= [ (@f @)+ ph())g(t)dt

= a[’ f(Ngydt + B[ k(g (t)de
=a(f.g)+Bhg)

Thus (i) is satisfied.

SinceV is real vector space we have to provethat
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{f.g)={g,f) to prove (ii}.Whichis obviouslytrue since
P rwewar = [P g £ina

Now /r, - J‘:’U(,))F arzosince (r())y 2 0.

And(f, 7= {}ifani:llt:mlj.rifj”"(f(,:))2 dt = 0 Le.if and only if
f)y=20

Thus (iii} is satisfied.

3. Lety = {(al,az,a3,...)wkere a; € R|i atz is convergent}

i=1

Now V is the vector space over R with addition and scalar multiplication
defined component wise.

The following is an inner productin V:
<(ﬂ1,ﬂz,...),(bl,bz,...)> = albl =+ ﬂzbz b R
The inner product is well defined, sincethesum 4,6, + 2,56, + ...

Converges absolutely for any palr of elements in ¥. We can be easily
verified that conditions (i),(ii),(iii) hold. This inner product space is called
1, -spaceor Hilbert space.

Example: LetV be an inner preduct space. Prove

1. {0,vy=0vreVand{(u,0)=0vVueVv
2. {u,7) = 0vv € V implies that 4=0

Proof.
1.{0,v) = (Ou,v) = M, v) =0 by (iif).
Again{y, v) = (0, 0v) = 0u, ) =0
2. Ifu, v} = 0 v € V then, {u, ) = 0 which impliesu = 0.

Example: IfV be a finite dimensional real or complex vector space, then
an inner product can be defined in it as follows:

Let {£1,€3,....ex} be a basis of V. Ifu, # € V, then

u=ae + a8, +--+a,e,
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v=>IMne, +be;+---+be,

Where, a; b; are uniquely determined scalars.

Define {(u, %) = ayb, + azh; + -+ apb,

which can be easily proved to be an inner-productin V.
10.4. Length of a vector (Norm or length of a vector):

Let V be an inner product space, then the norm or the length of a vector
v denoted by||z|| is defined as

Izl = ,f {v, v} (2 non-negative real number )}
If, ||| = 1, then v is said to be normalized or unit vector.

A non-zero vector u can be normalized by setting v = ﬁ which is a unit

vector.For

® U 1
@) = Tl = Tl ¥

= —|lull? = 1. Hence, |lv|| =1

Example: In the Euclidean space R™ with inner product as
defined as if v = (x4, x5, ..., x,) € R®, then
7]l = ¥ Ger® + 222 + -+ 27)
Example: In the three dimensional Euclidean space if a, b are two vectors

then (a,b) = a.b

So, llal?={a,a)=a.a=|al?

Thus, ||lall? = |z]?(magnitude of a).

Example: In the unitary space C™ with inner product defined as, if
v = (Z1, 2, ..., Zp) € C™, then

vl = (z12; + z,2; + - + 2 Z,)

=/ (lz1|* + |23]2 + -« + |z, [|?). Since, zZ = |z]?



10.5. Cauchy Schwarz inequality:.
Theorem: For any two vectors u, v of an inner preduct space V.

€, 2} < [lellllll.

We will require the following Lemma for the proving of this theorem:

Lemma : Ifa,b, c are real numbers such that #2>0 and aA2 + bA + c 2 ¢
for all real numbers 4, then b¥<ac

Proof: aA2 + 2bi + ¢ =;—(a1+ b + (c—E) =0

a

For all real 4 in particular case it is true for 4 = —

-

2
Thus, c—%a Oor ac —b? = 0 [since a > 0]
Or, b2 < ac.

Proof of Theorem: If either of u, v be zero, the inequality is satisfied,
both sides being equal to zero.

So,let u0,v 0.
First we suppose {u, v) is real.
Then foranyreald, 0 < {du+ v, Au+ v}
Or, 0= a%uu)+2a{u,v)+ {v,v)
Putting {u, u} = a,{u, v} = b,{v,v) = ¢ weget
0 < ad? + 2ald + c for all real numbers A
and a > 0, since u # 0. Hence by the above lemma b? < ac
or, {1, v)? < (u, u)(v, v)
or, {1, v} < lhe[?llvll?
Hence, [{u, »}| < [lullllv]l.

Now suppose {u, v) = a which is not real, then it certainly is not 0, since
u # 0, v # 0, so that ¥/, is meaningful,

Now, {,v)= i(u. v} = @(u. v)=1

So (E, v} is real, this has been discussed above
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=[] < [ o

1
1=—|lullllv
|a|" [l

Hence, || < |lullllvll.
So, [{w, v} < [lullllv|l.

An another easy Proof of Cauchy-Schwartz inequality:
Supposeu # 0,v # 0,then

0 < [l(w, v)u — (w, vivll? = {{v,vhe — (w, v)v, (v, vIu — {u, v}v)
= {au — fv,au — fv) puttinga = (v, v}, § = {u, v}.
= ad@lu, u) — afly, v) — BE{v,u) — (v, v)
= |ee[*lul|® = (v, v){u, v}, v) = {u, v){v, v){v, u} + (u, vHu, v}V
= [lell*lull® — [[wl|*{v, ube, v} — [WI* (e, uble, v} + 1| 1120, ulu, v}
= [[wll*lhell? — lvll*(u, v)iiu, v}
= llwll*lell? — Nwll?|{u, w}I2
= [lwl2[llwl?lkell* — [l [¢s, v}

Hence, 0 < [[]|?[lull? = lvll®|{x, v)|*

O, [{u, ¥)|? < [lul*[lv]|*. Hence, [{u, v)| < [lullllvIl

Corollary : In the previous theorem, equality holds, that is
l{u, v)| < |lu|l]lv]] if and only if u and v are linearly dependent.
Proof : Let {u, ¥} be Inearly dependent.

Now ifu = 0 or v = 0, then {1, v} is linearly dependent and then the
equality holds trivially.

So,letu # 0,v # 0and v = au wherea( 0) € F.
Then {u,v) = {u, au) = @y, u) = allu||*
Hence, [{u, v})| < |&|llvl|

And, [le[ll[wll = [lzellllecee]] = [l2ell]ee lhaell
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= |&@||lull*? [Since|z| = |&]] = {u, )|
Now let|(u, v)| < [lull[|wIl.

Letu #0,v+0andletw =v—%u,then
_ow o)

u}
lleellZ 7 el

{w,w) ={v

< _ba oy
= (v, v} (w,u) - wvh+

S [zl
wiu) (o)

Tl g o ¥

= |lpl|2 — TR _ (oBh e

Bul? Il e
— (o2 — Kem? _ oz _ lelflel?
= [I=l = Izl e
Hence, w =050, v-— ﬁu = 0.Therefore, {x, v}linearly independent.

Example: In the unitary space C", if
U = (21, Z3, v, 2y, JA0Nd ¥ = (Wy, Wy, ..., Wy, ), then
|G, v} = |2,%1 + 223 + oo + 2, W |
lull = vz + 12212 + - + | 2,2

vl =  (Iwal? + [w[2 + - + [wa[?)

Hence by Cauchy-Schwarz inequality we get

(1). |z;W +2,W, + -+ 2, W, | <
JUz. P + [2F + -+ [z, [D/Uw 2 + w22 + - + [, [P

In the real Euclidean inner product space R®, the above inequality takes
the following form:

(2). (@B + @b+ +a bl < (@ +a? ++a,)(B* + 5% +
ok o ﬁnz) where, a;, 8; € R.

(This inequality was given by Cauchy in 1821.)

rl%;ﬂmmple: Let f and g be real continuous functions defined on [0, 1].
en

{f,g)= _f: F(t)g(t)dtis an inner product by previous example.

Now [If1I2 = {f, £} = [J (F())?dt
1
lgll? = (g, g} = j; (g (6))dt

Now by Schwarz -Cauchy inequality we pet
IKF, )% < lIF 1%l gll?
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Therefore, |2 f(0)g(Odt| < JA(F(OYdt [Ha(e)2de
Check your progress

1. The norm of a vector in an inner product space satisfies the following
conditions :

2
2).

(3).
Solution: (1). Follows from condition Iyof an inner product space.

llvll = ¢ and |lv|l = 0 if and only if v = 0.
likvll = k||v|| where k is any scalar.
lle + v[l < llull + [l#ll (Triangle inequality)

(2). kvl = kv, k) = kklv, u) = kP lvII.
Hence [[kull = |k][l+]|.
@.u+vI2=(u+v,u+v)
={u, u} + (u,v) + {v,u) + {v, v}
=[ul? + {u, v} + G, v} + |l )
=|lu||? + 2R({u, v}) + llvll*[since z + Z = 2R(2)
] R(z) =real part of
< |lell? + 2|{u, v} + [[vI? | since,R(z) < |zI]
< [l || + 2||u|| IIvII + [lll*[by Cauchy-Schwarz inequality]
Hence, |Ill*u + v < [lell + ||v]l-
Example: Ifx, y are vector in an product spacel’ then prove that
Ix + ¥l1? + llx = ¥II* = 2|x]I* + 2][¥II?
Hint: llx + ¥l = {x+ y,x + ) = lIz]1? + {x, ) + {y, 2) + [ly]]?
lx — ¥lI? = (x — y,x — ¥} = lxl* — {x, 9} — (v, x) + Iyl

10.6. Distance between two vectors:

In an inner product space V, the distance between two vectors x, vy
denoted by d(x, y) is defined as

dix.y) = llx—yll= J<x-y.x-y>

Note: The distance d(x, ¥) between vectors x , ¥ of an Inner product space
V, defined above, satisfles the following conditions of a metric space:

(M)  d(xy) 2 0and d(x,y) = Oifandonlyifx=y
(Mz) d{x,y) = d(y.x)
Mz) d(xr,y) < d(x,2) + d(z,y)



Proof: (M) follows easily by previous concepts of this chapter
Nowd(x,y) = [lx -yl = lI-&z =)l
= |=1llly=xll = lly —xlIl
= d(y,x)

Again, x—y = (x—-z) + (z—¥)
Hence, lx —yll =[x -2+ -l < llx—z|l + |lz— ¥l

Hence d(x,y) = d(x,z) + d(z,y)
10.7. Angle between two vectors in a real inner product space:

If x, y are two non - zero vectors of a real inner product space V, the angle
@ between x and y is defined by :

<X,y

Cos § = ——
MR TTTITT

x>
|l=] [t

Since by Cauchy-Schwarz inequality, =1

Therefore, |Cosf| < 1.

Hence, angle # defined above exists.

If 8 =nxn/2 ThenCos 8 = 0

Or, < x,y > = 0.Thus, x is perpendicularto vy if < x,y > = 0

We will now generalize this concept of orthogonality of two vectors of a
real or complex inner product space.

10.8. Orthogonal and Ortho normal sets:

Definition: In a real or complex Inner product space , twe vectors x and
¥ are said to be orthogonal if < x,¥ > = 0. And wewritex L y.

Note: (i). ¢ € Visorthogonal to for everyx € V ,thatis<0,x>= 0
(11). if x is orthogonal to for every y € V,thenx = 0

Forthen< x,x > = Oandsox = 0.
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Example: Ifx,y are two vectors in a real inner product space V, then x
1y ifand only if [lx — ylI2 = [Ix[I2 + [lyll?

Solution: Letx L y,then <x,y>=<y,x>= 0.....(1)

Now, [x—ylEP=<x—-y.,x—¥y >

=<HA> —<XYD> —<YHX> +<YY>=<2x> +<yy>
= [I=[I%+ ll¥lI?

Now, [Ix — ¥lI2= [IxII +llyl|?

DLYX=Y,X—=Y >2=<Xx> +<y,y>

DLEX> — XYy > <Y x> <y yr=<x> +t<yy>
SCAY> +<yx>=0

2K, y>=1{)

< x,y> = 0[Since <yv,x>=<x,y>]

=2x 1 v

The above result is known as Pythagorean theorem. If V is an unitary
space, then the above result is not necessarily true . From the above
results we get

llx=yl12 = [Ix][]2 + |lyl2—2 <x,y >

<Xy >
= [lxl[2 + [Iyl]2 = 2]|x]] [1¥]] (=[] [y1]

= 1=l[2 + [I¥112 - 2]|x]] |1¥]|cos ©

Where 0 is the angle between the vectors xand y. Thus we get the well
lnown trigonometrical theorem.

In a triangle ABC, AC2 = AB? + BC? — 24B.BC.Cos B

For in the the three dimensional Euclidean space, AR = x ,BC = y, then
AC = x—y¥

And ||x]| = [x] = AB; [|[¥ll = [y] = BC, [lx—yll = [x—yl=AC
10.9. Orthogonal and Ortho normal sets:

LetS = {vy, v, .. ¥4 . V), ...} be a set of vectors in an inner



Product space V. Then § is said to be orthogenal if < v, v; >= 0
For i # j that is ,any two distinct vectors of § are orthogonal .

If further, <v, v, > =1vVeEp S

That is llvell=1 Yv; €S

Then the set S is called an orthogonal set

Thus we can say that the set § is orthogonal if < v, v; >= §;;where v;, ;e
Example: The usual basis of the Euclidean n-space R® viz

{e,, €2, e e € ve e €} Where, g; = (0,0 ... 1, ...,0),i*® .... Coordinate is 1
and the rest entries are zeros, is ocrtho-normal. For
ifi # j,then < e;e; >= e;.¢,=10
And <ee>= e.¢ = 1foreveryi
Example: LetV be the vector space of real continuous function
And the interval [—m, 7] with inner product defined by :
if f,g € Vithen< f,g>= fﬂf(x)g(x)dx.
The following is an orthogonal subset of V:

{1, cosx, cos2x, .... conx, ...., sinx, sin2x, ..., sinnx, ...}

T

For, < cos mx, cos nx >=I cosmxcosnxdx =0(m#n)
—IT

Again, < cos mx sin nx ‘,::=j'f§t cosmxcosnxdx =0

Hence the given set is orthogonal.

But it is not ortho-normal since,
£
< cosmxsinnx > = f cos?(mx)dx #1
—“

The above orthogonal set plays a fundamental role in the theory of

fourier series and other theories also.
Example: Ifthe set {vy v; ... ... v, Hs ortho-normal in an inner

Product space V, then for any ve V, the vector
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W= =<1 >V —< UV P V= =<V >,
is orthogonal to each v, For,
CWYP=C V=< PV DU—< UV >V — .. =S >0,Y>
=< V> —< U0 >, v > [Since <y, >=0fori#j]
=< 7, > —< v,v > [Since <v,v>= 1]
= (0. Thus w is orthogonal to each v;.
Check your progress

1. Any orthogonal Set S of non-zero vectors in an inner product space V is
linearly independent .

Solution: Let {v,, v; ... v, } be a finite subset of §.
(1)Letayy, + ayvy + -+ agvp + + + apv,; = 0 where a,eF

Nowfork =1,2,...,m wehave

<Ay Vg + gV + -+ GV + -+ By Uy V> = n‘.!;,:||v;,||z

[Since <v,, v >= 0 for{ #]

Therefore, <0, v >=a||v]||2 [From (1)]

Or, 0=a;||vg||%. Hence a; = 0,since v, +#0

Thus, vy + "+ agVy + "+ aptyp =0=2ay, =0 fork =1,2,..m.

Hence, the set {1, 13, ... ¥4y, } i5 linearly independent. Thus every finite
subset of § is L. I, and so, § is linearly independent.

2. LetV be an be an inner product space and let § ={v,, v;, ..., ¥n} be an
orthogonal set of non-zero vectors in V.Then any vector
ves; (that a subspace of V generated by §), can be expressed as:

<v v1>1’+<v, v2>v+ +<v,vm>vm.
1 2T T
[l 1? ||z |12

1|12
Solution: Now ve[S] can be expressed as

17 =

v =<, ¥ + @3V + - + ap¥y, where a;eF.
Nowfori=1,2,..,mwehave

<V, vy =ty + AUy v+ g o GV, >
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= a;<v, 7> [Since <v,vy> = 0 for i#j]

= a;|[%]|?
Hence, a; = =2 ”f' fori=12,....,m
Il
Therefore, v =212y 4.4 Ztm2,,
T TG Ioml2 ™

10.10. Gram- Schmidt orthogonalization process:

Every finite- dimensional inner product space ¥ has an orthogonal basis.

Proof: We know that every finite-dimensional vector space ¥ has a basis.

Let {3,721, } be a basis of V. We will now construct an orthogonal
basis {uy,u;, ..., u }

b |

which is a unit vector.
1EA]

Weputy, =

Letwy = vy—< vy, 4y >y [wy # 0,since uy, v, are linearly
independent]

Putu, = "'::—" then u;is a unit vector.

Now < Wy, ity D>=< Vy—< Vg, Uy > Uy, iy >
=< U,y > —< VU > ||w]lF =0.

Hence w, 1 u,,50u; 1 u,.

Consequently, the set {1, u,} is orthonormal.

Proceeding thus, in general after getting the orthe- normal set
{uy, g, v w;} wWe put

Wie1 = Vie1 ™S Vigp, Uy 2 Wy — < Vg, Ug 2> Up—o oo < Vg, Uy 2> Uy

And upy, = —

LT el
Itis clear that wy,, # 0, since v, can not be expressed as a linear
combination of ¥3,17,..uuiiy

and hence v;, 4 can not be expressed as a linear combination of
Uy, U, el

Thus, the set {1, 1y, ...., U441 } is an orthogonal set of non- zero vectors.
Now by induction we get an orthogonal set {u,,u5, ...., 4, } which is
linearly independent and hence is a basis of V. Further we get
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1
g
U = T Tl 7 = a1,

1
3 = ——{V; — Yy = a1y + apev;
[lwzl] |Iv1||

U; = dpty + aizvz+-. IR +aﬁvi
Thus the matrix of {i;} with respect to {v;} is the trlangular matrix.
[aa-i 1Y) a".li

0 - Op
Example: Transform the following basis of Euclidean space R3to
orthogonal basis: § = {y, = (11,1}, v, = (0,1,1),v; = (0,0,1)}

L & N R (Llrl) — i i i
Solution: Putu, = o= T = G

Letw; = v;—< v, > iy

_ e gty g U S0 A
= 0.1 -~ 0511712 G5 R

-2 1

= 010 - 5(GEn -G
=1 ‘_zlld_zll
Putuz— liwel| =+91+%‘3 'z [ v’a’v’a

Let W3 = 173_": va,'u-_[ > u1—< 1-73, Uz ] Uz
-2 1
= @D -~ OFHFHR (55 5) ~ % Grder

=00)-G3 - (T3 =0-3D
i

PUta = fugl] = J_T_(ﬂ )= O

Hence the required ortho-normal basis of VV is
[ (1 1 l)u (—21 l)u © 1 1)]
“E\NBVERI T\ e, T TR
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Check your progress

1. Find an ortho-normal basis of the subspace Wof €2 generated by:

v, = (1,4,0),v; = (1,21 — )}

R L1 (14,03 1 1
Solution: Putu, = (LA = VL1+i(—D)+0.0) = (ﬁ'ﬂ '0)

: 1 -i
Letw, = v,—< w1y >y = (1,21 -1)—(1 'ﬁ+2'(7%)+(1 -
. 1
D0 .0

=(1,2,1—1)—1:,_22I(JE, JE'“)= %,?,1—:)
e = (52) (52 + (5 (59 + -0+
="+242=20

Put, up = b= 2 (R 1- ) = G 2 D)

Hence, the required ortho-normal basis of W is

1+2§ 2-i 2-2i

1 i
{u, = (ﬁ:ﬁ:u):uz = (ﬁ;ﬁ.ﬁ)}-

2. LetV be the set of polynomials In x over & of degree 2 orless. In V we

define an inner product by: if p(x), g(x) € V, then
< p(x), q(x) >= _f_llp(x)q (x)dx. Find an ortho-normal basis of V.

Solution: Let us start with the basis § = {v, = 1,v, = x,v; = 2%}

=% _ 1ax=21
Putu, = pn =1/ [ dx=5

11 1
Letw, =0,—< v, >y =X — (f_ix-ﬁd:)ﬁ=x

_ W2 __ x V3
Putuz—"wz" rix’dx) =X

Letw; = v3—<< V3, 1y > Uy —< Uz, Uz > Up

1 1 1 1 V3 ¥3 1
=x? — (j'_ix’ -ﬁdx)‘,—i—(f_lxz FXAx) px =x1—-2—0
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Hence, the required ortho-normal basis is

{u1 = (%),uz = (f—;x),ug = @ (3x% — 1)}.

3. Let{ey, €y, ... .... €, } be an orthonormal basis of an inner product space
V. Prove that:

n
(i)ifvEV,thenv=z<v,e;>e;

i=1

n mn mn
(i) < ) ae;, ) bue;>= ) a;b, wherea,b;eF
(UOIfuv eV, then, <u,v>=YL, <u,eg ><v,¢ >
Solution:

(i) Let v = X}y ae; Nowfori =1,2,......n
< 1, 8; >=< Z Q8 € == dy = € ey >=ay

Hence, v=2t,<ve>e

n n n n
(it) <Za¢e;,2bjej >=Zt1¢b__, = €. > =Zaifjﬁu =Zﬁib__,
1 J Lf L]

n n
(m).By(t)u=z <u,e>e, v=z<v,e¢>e,
i=1 i=1

Hence, < y,v > =<, <ug>e, ) < v, >e >
=); < ue ><v,e > byl(ii)
X. Orthogonal complement of a subset

Let ¥ be an inner product space and W a subset of V.,

The orthogonal complement of W, denoted by W+ (read "W’ perp”) is the
set of those vectors of V which are orthogonal tofor all wel/.Thus



Wi={veV|<v,w>=0vweW}

Note: If W be a subset of an inner product space ¥, then W is a subspace
of V.

Clearly, 0 W'.Nowletu,v € W'and a,b € F, and let w € W, then
<aqu+br,wr=a<uw>+b<r,w>

= a0 + b0 [sincev Lw,u Ll w>

=0

Thus au + bv is orthogonal to w for all wel,

So, au + b € W' which is therefore a subspace of V.

Theorem: If W he a subspace of a finite dimensional inner product space
v, then V is the direct sum of W and WL. ThatisV = W@Ww<'

Proof: Wmust be finite dimensional and hence possesses an orthe-normal
basis. Let {wy, W3, ..., W, } be an orthonormal basis of W.Letv € V.

Letw* = v — L%, (v, w;)w,;

By the previous example, w* is orthogonal to each w; fori = 1,2, ... ... m
Let w*is orthogonal to every w € W and therefore, w* € W=,

Again, Y2, {v,ww; =w e W.

Thus, ¥ =w + w* wherew e Wandw* e W+

Hence, V =W + W+

Nowletv e WnW-,thenvE Wandv € W* and so, {v,v} =0
Hence, v = 0. So, W n W+ = {0}............ (2)

From (1) and (2) weget V = WW.

Corollary: If W be a subspace of a finite dimensional inner product space
V, then W = W+ (orthogonal component of W}

Proof: weW = {w,v)=0vveW-
= wis orthogonal to everyv E W~ = we W~

(1)Hence, W C W,
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By Previous theorem we have V = W@®W* and also V = W-@W~~
By Previous Corollary we have

dmV=dmW + dmW* =dimW+ + dm W+

Which gives that dim W = dim W

By (1) W € W~ Hence, W = W

Bessel's [nequality

Theorem: Let vy v; ..., vy ... vy} be an orthogonal set of non-zero vectors

[<ae, v
—E < || u]|?

in an inner product space V. If u is any vector then Y}_, 7% I

Proof: Let W = [{vy vz,..,Vx,.., ¥ }] be the sub space of V generated
by {v,,v3,..., % } and W be the orthogonal complement of W, then V =
wog wt Henceifue V,thenu = w + 4
wherew e Wand § e W*
(1)So, <w,8>= 0. Now < wq,u>=

<w+io+d>=< o> +<o,d>+<fo>+<5,0>

=< 0,0>+<06,0> [Slhce<<w,d >=10]
(2) Hence, |[ul® =l |l + |51

Let y=3%2_, TI‘:’TI’ v . Then, € W, hence

(@Rl + Tl + AP
Whereu = y + 4 and e W?

ity 3> ‘ﬂl-”:l?

Now <y, Yy = ——=p + =y - .+
vy 1ol 2™ Tl

U, > <Uu, v1>v p < U, > 5

TN G Y G Tz *
or, 2= . 24+
<UPn> CihPn> [<u py>? I<u P>

male e 1 7l = ﬁ gl + vor e = M2

F1
Or, || y|]? = Shfax swee> | lsuoel
I = 5o e il

But [IylI> < [lell* [By (3)]



[ py>?

e =

Hence, 32_,

Corollary: Let {v,,v;,....,%,} be an orthonormal subset of an inner
product space V. If u is any vector in V, then X2, | < w, v, > |*[Jul|®

Note: This Corollary is another from of Bessel’s Inequality.

Theorem: An ortho-normal subset {v,,¥,, ....1,} of an inner product
space I is an ortho-normal basis of V if and only if

lull® = i1l <u,v, > |* foreveryu€e vV
Proof: Let {v, , v;, .....1%,} be an orthonormal basis of V.
~if ueV.Then u= X, <u,v; > 1
O n-, ax Vg (1)

Where, ¢ = <u, v >, k=12,......n. ... (2)
From (1), [lu||? =< w,u > a,@; + ay@; + ... +a,a@,

or, |[ull®=la4l? + laz|* + - + |ag|?|
OnjulP=|<uv, > 2+ |<uv, > |2+ 4+ | <u,p > |?

i)
sl = )| <wwe> P

k=1
Converse, Let |lull? = X, [{u, v )2, Yu e V.

Since, {v,, vy, ..., P, }is an orthonormal set so it is linearly independent. In
crder to prove {v,,v,, ..., ¥, } is a basis of ¥, we have to show that every
u € V is a linear combination of elements of {1, v, ..., ¥u }

Letz = u— X3 {u.v;) vy
=u—J2r_ vy Whena; = {u,v;)
Therefore, ||zl|2 = (4 — X7, g vy, t — X5y Gx Vi)
= (u,u} — (u, Xis @ vi) — Eficy @5 (Vi ) + ERoq ax e (v, Vi)
=(u, u} — Xi 1 Tty — =g Aol + Doy ||
=[lull — Zioilaxl?
=flull? — Ef=y {12, v}

lzlI? =¢ =z =0 UGMM-107/217
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= u =5 _{u, ) vy = qyvy + apv; + 0+ apiz,
=» 4 is a linear combination of 14, ¥3, v+, .
Check your progress
1. If Vbe an Inner product space and S, 5;, 5; are subsets of V, then

M. Sc5=s5tcst
. st=[sI*
(). [S]sSs-
(iv). [§] = S ifVis finite dimensional

Solution.

(). LetS;ES;
vES, =2vlxVxES, = v.LlxVYrES, [since §; € 5,]
= yeSs,t Hence S,t C 5, .Since, §cI5],
so by (i) [S]* € $;1. Nowletv € $L.Then (u,v) =0Vu ES

(ii). Ifw € [5], thenw =¥ a;u; where gq; € F,u; € §. We have

{v,w) = (v, Y aqyu;) = X @, {v,uw;) = O[since, by (2){v, ;) = 0OVu, € S|

Thus, v L w ¥w € [S§]. That v € [§]1.Hence, v € §+ = v € [5]4, s0,
stc[sH

From (1) and (2) we get 5+ = [S]*

(iii). Letv € [S], then vis alinear combination of finite number of
elements of 5.
If weEs$ 1, thenwis orthogonal to every vector in § and sow is
orthogonal to v. Thus v is orthogonaltoYw € 5 L
Hence, veSH
Thus, veE[S]=>vestt
Therefore, [§]c st

(iv). From (ii) we get §* € [S]*
Therefore [S] =[]+ =[S],
Since, W = [§] is a subspace of V and by previous Corollary
W = WL if V is finite dimensional.

2. Areal matrix is orthogonal if and only if its rows {columns) form orthe-
normal set of elements of R*

10.11 Summary: In this unit we have studied about the concept of an
Inner product space, length of a vector, Cauchy Schwarz inequality, we



introduce distance between two vectors, angle between two vectors and
Orthogonal and Ortho normal sets

10.12 Terminal questions
Q. 1- Consider the inner product onR® as
(L7} = 2131 + x2¥z + 2x3¥3 + %73 + Xa¥2
where £= (x,,,%,2%3) &F = (31273)-
Show that it is an inner product space.

Q. 2 — Find the orthonormal basis of the subspace generated by the sub set
{(1,1,1),(0,1,1), (2,1,1)} in the inner product space .

Q.3- Show that the orthogonal complement of the vector (1,1,-1) is the plane
% + y — z = 0 which is a two dimensional subspace of R?.

Q.4- Consider the usual inner product space C*. Find an ortho normal basis for
the subspace spanned by vectors (1,0,i), (0,1,1)
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UNIT-11
Bilinear, Quadratic & Hermitian Forms

Structure

11.1.1. Introduction

11.1.2. Objectives

11.1.3. Bilinear form on a vector space
11.1.4. Matrix of a billinear formon V
11.1.5. Congruent matrix

11.1.6. Symmetric, skew- symmetric and alternating bilinear
forms

11.1.7. Quadratic forms

11.1.8. Matrix of quadratic form
11.1.9. Normal (canonical form)
11.1.10. Complex hermitian form
11.11 Summary

11.12 Terminal Questions

11.1.1. INTRODUCTION

This unit introduces the concept of Bllinear form on a vector space, Matrix of a

bllinear form on V, Congruent mairix, Syminetric, skew- symmetric and
alternating bilinear forms, Quadratic forms, Matrix of quadratic form, Normal
(canonical form) Also Complex hermitian form.

11.1.2. Objectives
After studying this unit you should be able to

Define the Bilinear form on a vector space

Matrix of a bilinear form on V;

Congruent matrix

Symmetric, skew- symmetric and alternating bilinear forms



. Quadratic forms
¢ Matrix of quadratic form
¢ Normal {canonical form})
s Complex hermitian form

11.1.3. Bilinear form on a vector space.

Definltlon: Let V¥ be a vector space over afleld F. A bilinearformon Vs a
map f:V XV = V satisfying the followlng conditions:

M flnw + aguzv) = o f (U, v) + azf (U v)
{1} () (u, 09, + @) = f(u,v) + axf (4, v.), 4, , 2 € Fand
U, Uy Uy, V1,7 EV

Note: These two conditions (f) and (ii} in the above definition express that f
is linear both in the first and second variables and can be combined into the
single condition:

flayuy + azuz, vy + forz)
=y By flu, vy )t ag B flug,va )t oy By f(uz, vy ) +az By fup,ve )
Wherea, ,a; EF, B8, . s €EFandu, ,u;, v, €V

Examplel: let f:R™ X R® = R be defined as follows:

Fx=(a,az....0)and ¥ = (B, Bz,.... g } In R*, then
Fr.y) =a.fy +azf; + aafis + -+ apfin.

Then prove that f is a bilinear form onR™

Solution: Lleta b € R, and z = (1, ¥2,.. ., ¥) € R®then

flax + bz, y)=f((ac; + by,, ae, + by,, ..... +aa, +

b}'n), (ﬁllﬁﬂl B HB‘u ))

= (aay + by )y + (a2 + by)Bz + - + (any + byg)Bn
= a(a f; + afy + azfy + - + 2, fy)
+ B(y1 By + V282 + ¥3Bs + -+ ¥aBa) = af(x, ¥} + bf(z,y)

Thus f is linear in the first variable.
Similarly it can be proved that f Is also linear in the second variable.

Example2:Let A = ({a;;)} be an n —square matrix over the field F. We define
f:F* x F* > F as follows:
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X1
fX = L and ¥ = [ ]EF" then
fX,Y) = X*AY
an aln g1 il
= (X1, X2 ... .In)[ ]L ] Z ay Xy

Lf=1

= Q11X + Q12X Y24+ %nnXndn

Prove that f is a bilinear form on F®.
Solutlon: Let Z = [Zz] € F*and a,b € F, then

flaX + bZ,Y) = (aX + bZ)tAY
= (aXt +bZt YAY = a(X*AY) + b(ZEAY)
=afX.Y) +bf(Z.Y)

Thus f is linear in the first variable. Similarly £ is also linear in the second
varfable.,

Example3:Let @, @, be linear functionals on a vector space V over a field F.
Deflne f:¥ X ¥V = Fby

f(x,y) = 9, (x}@, (), where x,y € V,
Prove that f is a bilinear formon V
Solutlon: Let x, v,z € Vanda,b € F,then

flax + bz,y) = @,(ax + bz2)9; (¥) = [a B.(x) + b B:(2)] 9, (¥)
a®, (x)0, (v} + b 9,(2))9; (y)=af(x,y) + bf(z¥). Thus f is linear in

the first varfable. Simllarly f Is linear in the second variable.

Theorem: The set 5 (V) of all bilinear forms onV (F) s a vector space over F
with respect to addition and scalar multiplication defined as:

(1) (f + P v) = fQe,v) + g, v).
(2) (k) v) = kf(u,v)
forany f,g € B(V)andk €F

Conditions (1) and {2) above can be combined in a single condition:



(af + Bg)(w,v) = af(w,v) + Bg(y,v), wherea,f € F
Proof: Can do as an exercise.

Theorem: Let V¥ be a vector space of dimension n overF. Let§ =
{x4,%3,...,x,}beabasisof V. Thenamap f: §X § - Fgivenby

f{xux;) = a;; wherex;,x; € Sand e;; € Fcan be extended toa
unique bllinear form on V whose restrictionon S X Sis f.

Proof: Letx =Xl a;x;; y= Xj byx; €V
Define @: VX V > F by @(x,y) = ¥y, a: bjay
letz= Xt cx;EVanda,FEF

Then @{ax + fz,y) = B(aZl; ax) + B, c x). 21 by x;)

=@ (Z(aa; +ﬁ¢'¢ )x;),z bj |- Z (ﬂﬂ; +ﬁc¢)bjau
i=1 i=1

Li=1

" n
=g (Z a; bjﬂu) + ﬂ(tzl: g bjal‘.j) = a®(x,y) + BB(z,y)

i=1

Hence @ is linear in the first variable. Similarly @ Is linearin the second
variable. Thus @ is a bilinear formon V.

Now B(x;,x;) = 1.1 ay = f(x, x;); for all(x, %} € Sx 5.

Hence restriction of @ on § X § is f. It can be easily proved that@ is unique.
The next theorem gives the dimension of B{V).

Theorem: Let V be a vector space of dimensionn overafeild F. § =
{xy,%,....,%,} be a basls of V and {x;", x5"...., X"} be Its dual basls.

let fi; : VX V - F{wherei,j=1,2,...,n) be defined by

fi Cu,v) = 2" (wx;"(v).Then  {f;:i,j = 1,2,...,n} Is a basis of B(V) Thus
dimenslon B(V) = nZ.

Proof: Here we see that every fj is a bilinear form on V.
Let f: {x;} % {x;} = F be defined by

flx. %) =aywherex,x; €{x;}.ay€ Fij=12,..n
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Then f can be extended to a unique bilinear form onV by the previous
Theorem.

Now we prove that f = X7, ayfi; Nowifx,x, € {x;}
thE"(EE;=1 @i fiy )(xs: xp) = Xy iy fyy (X )

" L n
Z ayy X" (x)x;" (xp) = Z @iy Sy by = Z ag O = ag = flxg, xp)
Lf=1 Li=1 i,]=1

From this it can be proved that (EI',;=1 aufu)(u, v) = flu,v),v(u,v) €V X
V.

Hence, f = X', @y fy;. Therefore, {ﬁj: Lf=1,2,.. ..n} spans B(V). Now
we prove that {f;: i,j = 1,2, .....n} is linearly independent.

Let X7'y-4 a3 fi; = 0 (zero bilinear form on V)
Now, O(u, v} = 0 (zeroof F)¥Y(u,v) e VX V.
Hence, 0 = 0(x,,x. ) = [EE'J=1 aijfij)(xyxt)

= E?J=1 ayfiy (x5, %)

Zfy=1 g 2 ()% (%) = Xy @45 058 = BT jmn @ §is = @ = 0,V s =
1,2,..n,t=123, ...10

Hence, the set {f;: 1, f = 1,2, .....n} is linearly independent and so It Is a basls
of B(V). Since {fj;: 4./ = 1,2,.....n} contains n? elements. So, dimension of

B(V)=n?
Theorem: Corresponding to a bilinear form f on a vector space V{F) of
dimension n, there exists an n —square matris A = [ay;] with respect to an

ordered basis § = {e;,€5,..., e, }of V suchthat f(e;, ¢; ) = a;; wher ;. &; €
{e;}.ay€ Fi,f=12,...n

Proof: Let u, v € V and suppose that u = X, a;e; and v = X1, b;e;, then
fu,v) =flae; +aze; + -+ ape, bieg + bae; + -+ byey ) =

a by fle,e1 )+ arbaf(es @) + ..+ anbpf(en.en) =

Ei',;:i aby f (f-'i 1€ )

Let fe;.e; ) = a;; wheree e €{e;),ay € FL,j=12,...n

Then, f(u,v) = X2, aib;f(e;. ¢ ) = X*AY where A = [ay]



X1 1

xz] eFhtandY = E:] € F™ Thus f is completely determined by the
In

n? values of ;. Thus the matrix A = ((ay)), where

X =

f(e,,e}) =ay wheree, e €{g;},ay; € Fi,j=12,...ncorresponds to
the bilinear form f on V.

Conversely, given an n — square matrix A = ((a,;}) where

a; €F, i,j=12,...nandletthemap f:V XV = F be defined as
If &, ¥ € V and suppose thatu = 3, a;e; and v = X7, bey, then
flu,v) =% elyay = X*AY where A = [ay]

a4

b
ﬂzl € F7,50,X* = [a,,43,...,8,;] and ¥ = lbzl EF®
Bn by

X =

Then f is a bilinear form on V as proved in above.

Thus, the bilinear form f corresponds to the matrix A = [q;;].
11.1.4. Matrix of a bilinear form on V.

Let S = {e,,e5,..., e,} be a basis of V. Let f be a bilinear form on V. Then
the matrix of f relative to the ordered basis {¢;} is defined as:

Matrix of f =A = ((ay)) of order n X nwhere f(e;,¢;) =
ay where e, e € {e;},ay € F,i,j = 1,2,...n corresponds to the bilinear
form fon V.

We next find, how does a matrix of a bilinear form change when a new basis is
chosen.

Thearem: Let A be the matrix of a bilinear form £ on V relative to the basis

= {ey,23,...,€x} . Then the matrix of f relative to a new basis §' =
{e',,e'5,...,¢'x )} isBRglvenby B = P*AP

Where P is the transition matrix from basis {e; }to the basis {e’; }
Proof: Let x = X7, x;e; and y = X1, ys¢; be elements of V.

Co-ordinate vectors of x and y relative to basis{e; }, written as column
matrices are
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X1 ¥
X= lle and ¥ = kz]EF“
Xn (]
Letx =¥, x";e';and y = T, ¥';¢’; be elements of V.

Then Co-ordinate vectors of x and ¥ relative to the new basis {e'; }, written
as column matrices are

1
and¥ = Lz] EF*
n

Since P s the transition matrix from basis {g; }to basis {e’; } so,

PX'=Xand PY’' =Y,

Xy
Xy
X'n

X =

Since A Is the matrix of f relative to busis {e; } so f(x,y) = X*AY.
= (PX")EA(PY') = (X')* (Pt AP)Y' = (X" (B)Y'

where 5 = Pt AP
Hence, B = P* AP 15 the matrix off relative to the new basis {e’; }.

11.1.5. Congruent matrix: A matrix B is said to be congruent to a matrix
A if there exists a non- singular matrix P such that B = P* AP.

It is clear that matrices of the same bilinear form relative to different bases
are congruent.

Example: Let f be the bilincar form on R? defined by

F(Cro 22, %3), (1, ¥2,%3)) = 32191 — 2% %2 + 55231 + 7%y, —
8x, v3 + 4x3 y; — x3¥;3. Find matrices of f in the bases

(iH{ e, =(1,0,0),e; =(0,1,0),e3 = (0,0,13}
n{ey =(@10).¢; =(,01)¢5; =(0,01)}
and verify that they are congruent.
Solutlon: It can be easily verified that £ is a bilinear form on R3,

{Proof is left as an exercise}.

Now the matrix A of f relative to the basis {g, } is given by

A= ((ﬂu))



Where, f(e; . ej) = a, wheree, e, €{e; },ay € F,i,j=1,2,3 corresponds
to the bilinear form fon V.

aqq = fleq,e0) = F((1,0,0),(1,0,0)) =3.1.1=3
a2 = fle;.ez) = £((1,0,0),(0,1,00) = =2,1.1 = =2,
a3 =f (e 183 )= f(1,0,03,(0.01)) =0

These are nothing but a4 Is the coefficient of x5 y; In
F{Cey, 22, %3}, (31, Y2, 75)) = 3. Similarly,
ay,is the coefficient of x, ¥, in f ((:.\:1, x5, %3), (%1, ¥, Jfa)) =2

a,3is the coefficient of x, ¥5 in F((xy, 22, %3}, (371, Y2, ¥3)) = 0
@z is the coefficient of x; y, in f ((11- x2,X3), (31, }’2-373)) =3
agals the coefficlent of x, y; In F((xy, 22, x3), (¥1, V2. ¥3)) = 7
apsis the coefficient of x; y; in £ (xy, %3, x3), (71, ¥2,¥3)) = —B
@3, is the coefficient of x3 y, in f ((xi, x3,%3), (1, V2, y;.,)) =0
d3,18 the coeffictent of x; y; In F((xy, 22, x3), (¥1. ¥2.¥2)) = 4

agsis the coefficient of x5 y; in £((xy, %3, x3), (¥, ¥2,¥3)) = —1

3 -2 0
Hence we have the required matrix A= | 7 -—
0 4 -1
{il}. The matrix B relative to the basis {¢'; } Is given by B =

(b)) where, f{e'; .¢'; ) = by where e',,¢; €1€’;).by; € F.i,j =123

corresponds to the bilinear form f on V.

by = f(e'y €' ) = £((1,1,0),(1,1,0)) = 13

bz = f(e'y,€72) = £((1,1,0),(L0,1)) = C.

bya = f(e'1,ea) = £(1,1,0),(0,0,1)) = —8. Similarly,
by1 = fle'2.¢'1 ) = f((1,0.1),(1,1,0)) =5

bz = fle'2,€"2) = f({1,0.1), (L,0,1)) = 2

bys = fle'z.e'3) = £((1,0,1),(0,01)) = -1

bay = f(e's.€'1) = F((0,0,1),(1,1,0)) = 4
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by, = f(e's,e'2) = F((0,0,1),(1,01)) = -1

bss = fle's,e's) = £((0,0,1),(0,0,1)) = -1

13 0 -8
Hence we have the required matixB= |58 2 -1
4 -1 -1

Now, (1,1,0) = 1(1,0,0) + 1(0,1,0) + 0(0,0,1)

(1,0,1) = 1(1,0,0) + 0(0,1,0) + 1(0,0,1)

(0,0,1) = 0(1,0,0) + 0(0,1,0) + 1(0,0,1}

Hence the transition matrix P from the basis {e; } to the basis {€'; } is given by

1 1 0 1 1 0
P=|1 0 Ofso,Pf=|1 0 1

0 1 1l 0 0 1
1 1 03 -2 0171 1 O
Now,PtAP= |1 0 1||5 7 -8||1 0 0
0 0 110 4 110 1 1
1 101 3 0 13 ¢ -8
1 0 1||]12 -3 -8|=|5 2 -1|=8
0 0 11Ll4 -1 -1 4 -1 -1

Therefore, matrix B is congruent to the matrix A.

11.1.6. Symmetric, skew- symmetric and alternating bilinear
forms:

1. Abillinear form f on IV is sald to be symmetric If
F(u,v) = f(v,u) forvuveV.

2. Abllinear form f on V is sald to be skew- symmetric If
fu,v) =—f(v,u) forvu,veV.

3. 3.Abilinear form f on V is said to be alernating If
fe,v)=0forvvevV

Note: If characteristicF #% 2,i.e.1+1 % 0 in F, then the above relation
(2} Implies that fu,v)==f(r,w=>20+1)f(r,v=0= f(y,v) =
Cforvu,v eV (sincel+1+0).

That is relation(2)} = relation(3) =). Also, f(v,v) =0 forvv eV

This implies that f(x + y,x+ ¥) =0,¥x,y € V.



2 )+ +fO.x)+fGy)=0

= flx,y) + f(3.) = 0, Since, f(x,x) = f(3,3) =0
= f.y) = —f(.x)

That Is relation(3) = relation(2)

Remark: We see that when characteristic F # 2,i.e.1+ 1 % (0 In F, then
skew — symmetric and alernating bilinear forms are equivalent.

Note: If A be a matrix of a symmetric bilinear formf on ¥,then A is
symmetricor A = A%, If A be a matrix of a symmetric bilinear formf onV
relative to the basis § = {e. e;..... e andifu = Y-, oy, v =

E}‘=1 bj X € V then

£(u,v) = XEAY = (XtAY)E = YEA'X Since, XEAY = (X*AY)
Now, f(v,u) = Y*AX. Since, f(u,v) = f(v,u) forvu,v eV
So, YEALX = YEAX and since tis Is true for all vectors X, Y, so, A* = A.

Thecrem: If A be a symmetric matrix over F whose characteristic # 2, then
there exists a non- singular matrix P such that PtAP is diagonal, that is 4 is
congruent to a diagonal matrix.

Proof: Since a non- singular matrix P [s a product of elementary matrices, to
getting the diagonal form PEAP is by a sequence of elementary row
operations and the same sequence of elementary column operations to
reduce it to the diagonal form. These same elementary operations on Iwill
givePt. For let E,, E,, ....., E.be the elementary matrices of the sequence of
elementary row operations and let £, €, ....., £, be the elementary matrices
of the corresponding sequence of elementary column operations to reduce A
to the diagonal form B. Then

B=E, B i, B AL Co e i, Cf

or,B = (5,5, ...... E,LDA(C,, G, ..., C7)

= PtAP ,where,(E, B, ....., E.I} = P* and

UCy, Ca s &) = P

Example: Find the dlagonal matrix congruent to the symmetric matrix

1 2 -3
A= [ 2 5 —4-] and express the diagonal form as PtAP.

-3 —4 8
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Solution: The matrix (4,1) = l 2 ] L ]
- —4 8

Now we apply the row operations R; — R; — 2R,,R3 —» Ry + 3R,,

b1zl

Now we apply the row operations C; = C; — 20,03 = (3 + 303

THIE

Now we apply the row operations R; — B3 — 2R,

1 0 07971 o0 0
01 2|1-2 1 0
0 0 =-51L7 -2 1

Now we apply the row operations {3 — C; — 20,
1 0 0 0
0
U 0 1
1 0 0
Hence thediagonalformB= |0 1 O

0 0 =5
1 0 ¢
And Pt = [—2 1 ﬂ]

7 =21
10 0
We canverifythat PPAP= |0 1 0
¢ 0 -5
Check your progress

For the following real symmetric matrix A, find a non- symmetric matrix P
such that PEAP is diagonal.

0 1 1
1. A=|1 -2 2]
1 2 -1
(1 -3 2
2. A=|-3 7 —5]
2 -5 8
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¢C 0 2
3. A=|0 1 -3
1 2 —4

Theorem: If characteristic F # 2, every bllinear form on V{(F)can be
represented uniquely as the sum of a symmetric bllinear form and a skew
symmetric bilinear form.

Proof: Let £ be a bilinear form on V. We dedine bilinear form f; and fi. on V
as follows:

(a). £ (x.3) =3 (F (¥} + f@.x)) and
(b). fus(x.¥) = 3 (Fx.9) = f (3. %))

Since, 1+ 1+ 0,50 %has a meaning. We can easily proved that f; and f; are

bilinear forms on V.

Since, f(x, ¥) = £, (¥.x), so, £, 15 a symmetric bilinear form.

Also, fi.(x,x) = % (f(x,x) — F(x,x)) = 0. s0, f;; is a skew- symmetric
bllinear formon V.

Now, f;(x.y) + fss(xty} F(xy)
Or, (fs+fos)(x,¥) = f(x,¥). Hence, f = (foi fos)-

Thus f has been expressed as a sum of a symmetric billnear form and a skew-
symmetric bilinear forms on V.

Claim: show that this representation is unique. For this we suppose that if
there is an another representationf = (f's.f ss), where f is symmetric and
F 25 skew- symmetric. Then

Fay+fox)= (FaGy) +(Fax)+ fa(ay) + el x)
= [F oy + (00 + [flny) + 7, (32)]

= 2f 's(x, ¥) + 0 (since, 5 is symmetric and [, skew- symmetric }

Therefore, f'_(x,y) = % (f(x,y) + f(y, x)) = f(x,¥).

Hence, f's = f.. Similarly we can prove that ', = f.. Hence, the

representation is unigue.
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11.1.7. Quadratic forms

Let V be a vector space over the field F. Amap ¢: ¥V — F [s called a quadratic
form if there exlsts a symmetrical bilinear form f on V such that g(x) =
flx,x),vx V.

Note: g is called real quadratic form if F = R and complex quadratic form if
F=C.

Theorem: If characteristic F # 2, every quadratic form g on V() determines
a unique symmetrical bilinear formf;on V which is obtained from g according

to fi{x,y) = i (q(x + ¥) — q(x} — q(¥)). This formula is called the polar

form of symmetrical bilinear form £.

Proof: Let f be the bilinear formon V such that f(x, x} = q(x),¥x € V. Also,
we know that f can be expressed uniquelyas f = f; + fis

Where, f;(x,y) = %(f(x,y) + f(y, x)} is a symmetrical bilinear form and

fes () = %(f(x.y) — f(y, x)} is a skew- symmetrical bilinear form. Hence,
fx,x) =q(x), ¥V

or, q(x) = fi(x.) + fis(x.x) = fi(x.x). Since, fix(x,x) =0

Thus, g on V(F) determines a unique symmetrical bilinear formf,on V.

Now,g(x +3) = flx+y.x+3) = fle2) + () + LX) +
f: (3, ¥). Since, f;(x,¥) = f;(y, x). Therefore,

glx+y) = f(xx)+ 2f(x.y) + £(3.y) = q(x) + 2f;(x. ¥) + q(¥)
Therefore, 2f;,(x,y) = q{x+y) — q(x) — q(y)

or, £;(x,y) = ; [q(x +¥) — 9 — ()] Since, 1+ 1 # 0

Theorem: Let g be a quadratic form on an n — dimensional vector space V.
Let f be the unique symmetric bilinear form associated with g. Let the matrix
of f relative to the basis § = {e,, e, ..., €, } be the symmetric matrix

A =((ay)) thenifx = T2, x;e; € Vthen

N 4y - Gp
Q(x)= Zauxixj =(x1Jx21x3r -----xn)[ : " i ][ ]
@1 ' B

=1

Proof: q(x) f(x x) f(z;_1 x; el: _‘_|_ x_j' ej) E;,j 1xix_f f(ell e_f)



n

Z XiX; Q- Since, f(e;, ej) = &y
hi=1

x,
Now, we putX = lxz], then we can write
Xn

n a}l arw a:-l.'l'l. xl
Q(x) = z ﬂ‘ljxixj = (x:l.lle X3, uee -xn) . - : Xz
el Gni " Gnn
or, g(x) = XtAX,

11.1.8. Matrix of a quadratic form: If f be theunique symmetric bilinear

form associated with the quadratic form g then the symmetric matrix A of the
symmetric bilinear form f relative to the basis {g;} is called the matrix of the
quadratic form q relative to the basis {e;}.

Note: We have g(x} = X7, ayx;x
n
= 311112 + ﬂzzxzz + aggxgz + ...+ ﬂ-ﬂnxnz +2 Z a;jxi Xj .
1<f=1

The above expression in the variable x;is termed as the quadratic polynomial
of the symmetric matrix 4 = ((ay;)).

11.1.9.Normal {Canonical} form: Let f be the unique symmatric bilinear
form associated with the quadratic form g. If we have a basis {¢';} such that

a'y = fe'y, €'} = 0,wheni # j, then the matrix of f becomes diagonal and
the quadratic polynomial of the matrix of f Is given by g(x) = @'y, x,% +
& x;2 + 8'33x?2 + + @

Such a form of g Is called normal or canonical form of q. The basis {e;} is
called an orthogonal basis for f. Such a basis exists when char(F) # 2.

Example: Find the matrix of the quadratic formg on R® given by
q(xy, X3, %3) = 3% — x3% + 3x,%, — 62,3

Solution: Let f be the symmetric bilinear form on R? associated with g. Hence

fxy) =3[glx+y) — & - q)]

Where x = (x,, %, x3)and y = (1, Y2, ¥z)
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or, f{x,y) = % [{xy +31)% — (xa +¥3)% + 3 (xy +3) (2 + 32} —
6(xz + ¥2)(x3 + ¥3) — (62 — x3% + 32,2, — 6x2%3) — (W2 — y52 +
3y1¥z — 6¥2¥3)]

After simplification we get that

f((xil X3, xﬂ)a (yl.l ¥, yB))

3 3
=X ¥ —X3¥3 + 2 %2 + 2%1¥2 — 3x,¥a — 3x3¥;

Hence, matrix of f relative to the standard basis of R? Is

1 1 0
2
A= |3
2 0 -3
0 -3 -1

Which is therefore, also the matrix of g relative to the standard basis of R?.

Note: The symmetric matrix A = ((a; J)) of g has the diagonal entries a;;
equal to the coefficient of x;® in g(x,, X2, X3) and has the entries a;; and a
each equal to half the coefficient of x;x; in g(x,, x5, x3)}. Thus we get a

method of writing the matrix of the quadratic form g relative to the usual
basis from the coefficients in g(x).

Example: Reduce the quadratic form on R* to normal form:
qlxy, Xz, X3, %) = 4x:%; + 4%, %5 + 2%, %, + 2%5%, + 2%3%,
Solution: Coefficientof xyx; = a5 =4 # 0

Now we apply the substitution: x; =¥y + ¥2; X2 = ¥1 — ¥2; X3 = V3, X3 =
Ya

Then, Q(x) = Q(xn X3, X3, Xs) = 4(?1 +J’z)(J'1 —¥2) +4(}'1 o 3’2)3’3 +
200 + ¥y + 200 — y2 )9 + 2¥3 Y,

=4y, * = 4y,% + 4y 3 + 4273 + 4y Ys + 2V3Ys

It is a quadratic form, so we can write in this form as

g(x) = (4% + 4yays + 4yy) — 4922 + 4595 + 2y,

1 1 1
g(x) =4 (3’12 +¥1¥a + s + ;ysz + 4—y42 + Eym) — ¥z — 3,2
— 2y3ys — 422 + 43 + 2y,



1 1
=01+ 273 + EJ’A})Z —¥3? =¥ — 4" + 4y v,
1 1
Now, we substitute, (y1 -+ 3Va + ;ya,) =51y T Z2,V¥3 T 23, Y4 T 2,
So,weget q(x) = 42, %2 — 2,2 — 2,2 — 42,% + 42,2,

= 431 2 _ (4222 — 4222'3) - 2'32 — 342

1
= 4'21 2_ 4 (222 — Z3Z3 + 32'32) — 24.2

1
= 431 2 4(22 — 523)2 - 341 = 4X12 - 4Xzz — Xq.z

1
Where, = X‘.l' Zg _323 = Xz,z.| = X4

Now we can find the matrix of this quadratic form g as in the previous
example.

Example: Reduce the quadratic form on R? to normal form by diagonalisation
method: g(x,, X5, X3) = 2X, X, + 4X1%3 + 2X3X5

Solution: the polar form of the symmetric bilinear form f associated with g Is
given by

£y =3[q( +¥) — alx) —q)]-
Where x = (x,, %, x3)and y = (Y1, ¥2. Y1),
(x+3) = (e +yu%2+ ¥u.%3 + ¥3)

Hence, f((x'!.:leIS)a (71:)’2:?3) = % [20x; + 1) (%2 + 32) + 4{xy +
¥1)(x3 + ¥a) + 20xz + y2){x3 + y3) — (22127 + 42125 + 2x3%3) —
(2yyyz + 4y, + 2y2¥3)]

= X1¥2 + Y1 X%z + 200, Y3 + 3 x3) + X2y + Yoy

We consider the standard basis of R3 15 § = {e; = (1,1,0),e, = (1,0,1), ;=
(0,0,1} }

Now, f{e,, ;) = £((1,1,0),(1,1,0)) = 2,
fleae)) = F{(1,01), (11,00} = 4,
flene)=Ff ((0,0,1), (11110)) =3,

fle,e) = £((1,1,0),(1,0,1)} = 4 UGMM-107/235
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flez,e2) = £((1,01),(1,1,0)) = 4
flew e2) = £(€0,0,1), (1,0,1)) = 2
fley,ea) = £((1,1,0),(0,0,1)) = 3
flez,e3) = £((1,01),(00,1)) =2
fleses) = £((0,01),(0,0,1)) =0

Hence matrix of f relativetothe basis S s A = l4- 4 2
3 2 0

Now we diagonalise A:

2 4 3
S 3
A~ ™ TY| R Ry = 2Ru Ry - Ry = Ry)
0 —4 —=
2

2 0 0

¢ -4 -4 3
~ g| (2= G260, 6> G —56)

0 —4 —=

; 2.

2 D 0
o~ -l n,-n

0 0 ==

2 90 0]

¢ -4 0
~ 1| (a2 G —C)

0 0 -3

2 O (H

0 0 -1

2 ¢ 0]
~lo -2 o -2c

0 0 =2

Hence, the normal form of g = 2X12 - 4X22 - ZX;.,Z

Example: Reduce the quadratic form on R? to normal form by completing
square method: g{x,, x5, x3) = 2x,x5 + 4%, x5 + 2%5%5

Solution: Now we take the substitution: x, =¥, + ¥2} X3 =¥ — Vo) X3 =
Y3, we get



g(x) = gy, 22, 23) = 2(1 %2 — 32 + 41 + ¥y + 20 — ¥2)¥s

= (23"12 + 5?13’3) — 2v.% + 2y, ¥

9 9
=2 (J&z + 3y,¥3 +ZJ’32) = EJ’az —2y:% + 20,y

3 V9 .
=2 (3’1 + EJ’a) —3¥a" — 22" 252y
3
Now we put z; = (3'1 + ;J’a):zz =Y¥2,Z3 = Y3, weget
9
g(x) = 22,2 — 22,2 — Ezgz + 22,24
= 2z,% — 2(z;° + i232 — Z,25)— 4757
1

Weputz; =X, 2;, = X;,z;, — §23 = X5, we gat

q(x) = 2X,* — 4X;% - 2%,°

11.1.10. Complex Hermitian form: Let V be vector space over a complex
field C. Amap f: ¥ X ¥ — (is said to be a Complex Hermitian form onV, if

the following conditions are satisfied:

(). f(agus + a1, v} = a1 (11, v) + @2f (uz, v)
@D fuv) = f(v,w)

Where u,,u;, v €V anda,, a; €C

Notel: From the condition (1) and {ll)we get if vy, ;.4 € V anda,, a; € C,

then f(u, a,vy + azv3) = fla,v, + azva,u)

= ayf(v, )+ apf (v, u) = af (. v) + TGf (U, vy)
Thus f 1s conjugate linear in the second variable.

2. f(u,u) = f(u,u).Hence, f(u,u) Isreal forallu € V.

Definltlon: The complex hermitlan form f: ¥V X V = C is sald to be non-
negative seml- definite If f{u,4) = 0,V u € V. f Is said to be positive definite

iffG,u) >0,vu+0€EV
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Note: A positive definite complex hermitian form on V is an inner product in
V.Thus f: C* x C™* = € defined by

(21,22, .. 2, ), Wy, Wy, .. Wy )) = 2,01 + 2,W5 + - + 2, W, 5@
positive definite hermitian form onC™, since £ is an inner product in ™.

Theorem: Let A = ((a;;)) be an n — square hermitian matrix over C. Then

f(X,Y) = X*AY where X =

;:], Y= E:j are elements ofC® is a hermitian
form onC™. -

Proof: Let X, X,,Y € C™ and a,, a, € C, then

flanXy + 0 X5, ¥) = (0. X, + X, AY = (. X, " + @, X,7)AY

= a,(X,°AF) + a,(X,° A7) = @, f (X, V) + aof (X,.Y).

Hence, f is linear in the first variable. Also,

f(Y,X) = YtAK = (YtAX)® (since, YtAX being a scalar equal to its
transpose).

= XtAtY = XtAY = XtAY. (Since,A = A9
= f(X,¥). Hence, f is a hermitian form on C™.

Theorem: Corresponding to a complex hermitlan form f on a vector space V
over £ of dimension n, there exists an n — square hermitian matrix

A= ((ag)) relative to an ordered basis § = {e,, &,,..., €, } of ¥, such that
f(e!, ej) =ayfori,j=12,...,n

Proof:letx = Y1, a;e,y = E}leje’ € V, then
fOoy) =fER1aen i byey)

= fla e, + 65 + ... +apep. biey + bye, + ... +Be,)
= a,byf (€1, €1) + a1b2f(€1,82) + ... +yBnf (€, €n)

n n
= Z a’ib__rf(eil ej) = Z (G[Eﬂu) = XtAY
ij=1

Lj=1

X1 1
where X =|X2|, ¥ =|¥z
Xn

over €. Thus f is determined by the matrix A = ({a;;)).

and 4 = ((“l})) be an n — square hermitian matrix

UGMM-107/238



Now, F (ej, e;) = ay; . Therefore, f(e_,, el) =,
= f(ef,, s;) = ay. Hence, 4 = A =2

Thus Ais hermitian. The matrix A = ((a;;)} where f{e;, ;) = a;; is called the
matrix of the hermitian form f on ¥ relative to the basis {e;}.

Theorem: Let f a hermitian formon V. Let A = ((a j)) be the matrix of the
hermitian form f on ¥ relative to the basis S = {e,, e3,...,€,} of V. If P is the
transition matrix of f relative to a new basis{e’;}. Then B = P¢AP Is the
matrix of f relative to a new basis{e’;}.

Proof: Let = Xf,a;€,y = X, b g €V, then

Fx,3) = (a1, @3, .., ax)((ayy)) [ l
Since, P is the transition matrix from {e;}tof{e’;}.

1
Sa,wegetlﬂzl=P o', | where x = 31, a'; ¢y and

bi blr'l
b'a

Hence, = (a,, ap,...,a,) = {a's,a'5,...,a"n} Pt and

ﬂ.

wherey = X7, b'; €y

by by A
[E] = }_’L? .Hence, we get f(x,¥) = (a'y,a'5....a'y) P‘((aU))F [:Tz]
Br By, by

,Where B = PtAP

LT
= (a,ir aIZJ n) B L 2
,ﬂ-

Hence, B = P*AP Is the matrix of f relative to a new basls{e’;].

1 1+ 21
Example: Let H = [1 —i 4 2-— 3;'] be a hermitian matrix. Find a
=2i 243 7
non- singular matrix P such that P*HP Is diagonal.
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1 1+1 21 1 0 0
Solution: Thematrix (H,D) =|1—-i 4 2-3il|0 1 0
=2i 2+ 3i 7 0 0 1

Now we apply hermitian row operations R; = R; + (—1 + )R, Ry = Ry +

1 1+i 2i 1 00
2iRy,10 2 -5i||-1+i 1 0
0 bi 3 2i 0 1
Now we apply hermitian row operations £; = €, + (—1 —i)C,,C3 = C3 —
2iC,
1 0 0 1 0 0
0 2 =5i||1-1+i 1 @
0 5i 3 2i 0 1

Now we apply hermitlan row operations Rz = 2R3 — 5IR,,

1 0 0177 1 0D 0
0 2 -5i||-1+i 1 0
0 0 —-19115+9i =5i 2
Now we apply hermitlan column operations C3 = 205 + 5i(;
1 0 017 1 0 0
0 2 D |]-1+i 1 0
0 0 -38115+9i -5i 2

1 0 0
Hence the diagonal form B = ID 2 DJ = PtHP

0 0 -3
1 0 0
AndPt= |-1+i 1 Dl
5+9i -5 2

1 0 0
Wecanverifythat PPHP = |0 2 O
0 0 -3

The matrix B is called congruent to H.
Check your progress

Find the symmetric matrix of the following quadratic polynomials relative to
the usual basis:

1 qlx,y,2) =3x*+4xy— ? +8xz-6yz+z*
2. qlx,y,2) = xz+x%— 2yz— 2xy

Reduce the quadratic form on R to normal form by diagonalisation method/
completing square method:



3. q(x,y,2) =xy—2yz—4xz
4, qle,y.2)=x22+y2+22+ 2y +2yz+3xz
5. g(x,v,2z) = 2x%+ y% + 522 — Bxy + 14yz — 16xz

Write down the polar form and the associated matrix of the following
quadratic forms:

6. q(x) = 212y + x,2
‘I(x) = 2X X7 — X3X,4

0 o N

qlx) = x,2 + 63, %, — 2x,%2 — 2x,%; + %52

For each of the following matrices 4, find a non-singular matrix P such
that PAP Is diagonal.

1. A=[§ ﬂ

1 -2 3
2. A=[—2 6 —9]

3 -9 4

1 -2 -3
3 A= [ 2 -5 —1]
-5 6 9

For each of the following hermitlan matrices H, find a non-singular
matrix P such that PEHP [s diagonal.

L H= (—1; ;)
2 H= (2—13:' iji)

1 i 2+
3. H= L—i 2 1 —i]
—{ 1+t 2
11.11 Summary: Afier studying this unit you should be able to define the

Bilinear form on a vector space, determine matrix of a bilinear form on V,

Congruent mairix, symmetric, skew- symmetric and alternating bilinear forms,
quadratic forms, matrix of quadratic form, normal (canonical form) and
determine Complex hermitian form and its matrix.

11.12 Terminal Questions

Q.1-Show that the matrix of the bilinear form f: R? X R? - R given by

FX.Y) =225z — Xy + 2%y
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X = (xixz) &Y
= (¥1, ¥z, ¥4). shaw that the matrix of f relative to the basis of

2, g3 i [0 2 O
Rand® &5 [5 ¢ o]

Q.2- Find the matrix of the bilinear form f(X,Y) = 2,y + ymxz when X =
(x1%;), Y = (y,¥;)on relation to the ordeed basie {(1 — 1),(0,1)}

Q.3- find the matrix of the following bilinear form T(x, ¥} x,y5 +
Yaxz where

X= (111213)& Y= @13’23’3)“" r.t the base {(1lﬂlﬂ)l (ﬂlliﬂ)l (ulnll)} and
{(1101 = 1)! (0111 _1)J (11111)}-

Q4- Find the real symmetric matrix A for the quadratic form g(X) = x7 -

XaXxy in the varviables x,x,x,8&x,.
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