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Block-1

Function of Complex Variables

Complex analysis have a great importance to solve many engineering problems such as the flow of
electricity, electrostatics, forced vibrations of a dynamical systems, aerodynamic, fluid dynamic, elasticity,
heat flow, potential theory, electromagnetic theory and many other sciences. It is an essential part of the

mathematical background of engineers, scientists and physicits etc.

Functions of complex variables are widely used in physics, engineering, and mathematics to describe a
variety of phenomena, including fluid flow, electromagnetic fields, and quantum mechanics. The complex
plane is a graphical representation of complex numbers, where the real part is plotted along the horizontal
axis and the imaginary part along the vertical axis. This allows complex numbers to be visualized as points

in a plane, with addition and multiplication of complex numbers corresponding to geometric operations.

Functions of complex variables are functions that take complex numbers as inputs and produce complex
numbers as outputs. These functions can be thought of as mappings from the complex plane to itself. Just
as with real-valued functions, complex functions can be continuous, differentiable, and have other

properties, but they often exhibit more intricate behavior due to the nature of complex numbers.

The first unit covers the fundamental principles of complex numbers, operations with complex numbers,
and their graphical representations. In the second unit we shall discuss with the analytic function,
singularities, continuity, differentiability, Cauchy Riemann Equation and their applications.Thirt unit deals
with the Orthogonal system, Laplace equations, harmonic functions, conjugate functions and Milne’s
Thomson method.



UNIT-1: Complex Numbers

Structure

1.1 Introduction

1.2  Objectives

1.3 Graphical Representation of Complex Numbers

1.4  Properties of Complex Number

1.5 Euler’s theorem and De Moivrs’s theorem

1.6 Exponential functions of complex numbers

1.7  Circular functions of complex numbers

1.8 Hyperbolic functions of complex numbers

1.9 Inverse Hyperbolic functions of Complex numbers

1.10 Relation between Circular and Hyperbolic function of complex number

1.11 Summary

1.12 Terminal Questions



1.1 Introduction

The first mathematician who introduced the symbol i with property i>=-1 was Eular (1707-1783). In 1806,
Swiss mathematician Jean-Robert Argand wrote a book on the geometric representation of complex
number. Complex numbers are numbers that extend the idea of the real numbers. They have both a real part
and an imaginary part and are written in the form a+bi, where a and b are real numbers and i is the imaginary
unit, which satisfies the equation i>=-1.In this form, a is the real part of the complex number, and bi is the
imaginary part. Complex numbers can be added, subtracted, multiplied, and divided, much like real
numbers. They are used in many areas of mathematics, physics, and engineering, particularly in the study

of electrical circuits, quantum mechanics, and signal processing.

This unit deals with the basic theory of complex numbers, operations involving complex numbers and their
graphical representations.In the real number theory, there is no real number whose square is a negative real
number and no real number which satisfies the equation x>+1=0. To find solution of this type of equation,
a new type of number was introduced known as imaginary number, denoted by ‘i’ or *j> with property i?
(or j?)=-1. In electronics and electrical theory, we denote the imaginary number with j, because i use for

current.

1.2  Objectives

After reading this unit the learner should be able to understand about the:

. Introduction and Graphical representation of Complex Numbers
. Exponential functions of complex numbers
. Circular and hyperbolic functions of complex numbers

1.3  Graphical Representation of Complex Numbers

To make the real and imaginary numbers part of one system, a new number a+ib was introduced, which is
called complex number and denoted by z(=a+ib), where a is the real partand b is the imaginary part of the

complex number z, denoted by Re(z)=a and Im(z)=Db.z also can be written as z=(x, y).



The method of representing complex numbers by points in a plane is due to Argand and is known as

Argand’s diagram.
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1.4 Properties of Complex Numbers

1.4.1Conjugate of complex number:

If z=a+ib then z =a-ib is known as conjugate of the complex number.

1.4.2 Addition of two complex number:

Consider z1=ai+ib; and zz=ay+ib.

Then we have

Z1+2o= (ar+iby) + (ax+ib2) = (a1+az) +i (b1+bo).

1.4.3Subtraction of two complex number:

Consider zi=ai+ib; and zo=ay+ibo.

Then we have



21-2= (a1+iby) - (a2+iby)

= (a1-a2) +i (b1-b2).
1.4.4 Equality of complex number:
Consider za=a;+ib: and z2=ax+ib..
If z1=z>then ai1=azand b1= b>.
1.4.5 Multiplication of two complex number:
Consider z;= a1+ib: and zo=az+ib>.
Then we have

212,= (a1+iby)(az+ibz)

= (a1az-biby) +i (aibz+azbs).
1.4.6 Division of two complex number:
Consider z;= a1+ib: and zo=az+ib>.
Then we have

z, a +ib

L
z, a,-+ib,

_ (a1 + ibl)(az — ibz)
~ (a, +ib )(a, —ib,)

:[a1a2+blsz+i(a2b1_a1b2J

a’ +b? a’ +b?




1.4.7 Modulus of complex number:

It is denoted by
|z| =|a +ib| = vVa® + b> = r, where r’=a+h?.

1.4.8 Argument of complex number:
If z =r,e%and z, =r, €%, then we have

2,2, = r,e'%e'”
and arg (z1+22) =61+ 6.
If z =0 then arg z is not defined.

arg (z1) + arg (z2) = arg (2122)

and arg (z1) - arg (z2) = arg (z1/22).

Note: argz =60 = tan’lE )
a

1.5 Euler’s theorem and De Moivre’s theorem

In term of the polar co-ordinates (r,0), the variables a and b are

a=rcos0,b=rsino,

then the complex number z is written as

Z=rcosO+irsin0=re?,



where e'?= cos 8+i sin 0 and r’=a’+b?, tano=b/a.
The Euler’s theorem is

el%= cos B+i sin 0.
The De Moivre’s theorem is

(cos 6+i sin )™ = cos mO+i sin mo.

Note. (i)|z| =|z].

V) |z, £ z,| <|z,| +]|25]-
Wi) |2, =z, | = ||z, — |22 || -

(vii) The cube roots of unity is 1, o, ®?,

V3 , 1 .43

1 .
where o =——+1— and W =———1—.
2 2 2 2

(viii) 1+o+w? =0 and 1.0.0° =1, i.e.,0>=1.
(ix) The three cube roots of unity are the vertices of an equilateral triangle inscribed in the circle |z| = 1.

(x) The fourth roots of unity are 1, i, -1, -i.



(xi) Log(x+iy)=2nmi+log (x+iy)

and  log (z)=log|z| +i arg (z).

(xii)[x| = x, if x>0; |x| = —x, if x<0; |x| =0, if x=0.

Check your Progress

1. What do you mean by Complex number?

2. State the Euler’s and De Moivre’s theorem.

1.6 Exponential functions of complex numbers

The exponential formula is

) z 72° 2

Let us consider z =re"

and gl =tV

=e.e¥

=e*.(cosy+isiny)



Similarly, we have

3 Z5 7
sinz=z——+4+—+—
31 51 71
2 4 6
and cosz=1-%_4+%2 %
21 41 6!

1.7  Circular functions of Complex Numbers

The Euler’s theorem is

e'%= cos 0+i sin 0
and e9= cos 0-i sin 0
From equations (1) and (2), we get
i

e +e% =2cos@

eie _'_e—ie
or cosf =

Putting @ =2, we get

iz —iz

e +e
COSZ =

Subtracting from equations (1) and (2), we get

e? e = _2ising

or sin@ =

(D)

(2)

.3)



Putting @ =2, we get

From equations (3) and (4), we get

sin z
COS Z

tanz =

1 eiz _e—iz
Tieie”

(4

1.8 Hyperbolic functions of Complex Numbers

Consider z is any real or complex number, then we have

) e’ —
sinhz =

and coshz =

From equations (1) and (2), we get

sinh z
tanhz =
cosh z
eZ _e—Z

Celye?

(D)

2)



and cothz =

and sechz =

and cosechz =

sinh z

el—e?

Note:1. cosh? x—sinh? x =1.
2.sech? x+tanh? x =1.

3.coth? x—cosech? x =1.

4.sinh (x =+ y) =sinh xcosh y + cosh xsinh y.

5.cosh(x =+ y) = cosh xcosh y £sinh xsinh y.

6.cosh? x = %(1+ cosh 2x).

7.sinh? x = %(cosh 2x—1).

8.sinh 2x = 2sinh x cosh x.



9.cosh 2x = cosh? x +sinh? x.

10.SInh x+sinh y = 2sinh

11.sinh X —sinh y = 2sinh

12.cosh x +cosh y = 2 cosh

13.cosh x —cosh y = 2sinh

X+ Y cosh2=Y,

X~ Y cosh XY

X+Yy

cosh>—Y .

Xt Ysinh 2=

1.9

InverseHyperbolic functions of Complex Numbers

Consider z =sinhu, then we have

u=sinh™z

I.e.,u is known as a sine hyperbolic inverse of z.

or

or

or

z =sinhu

(D)



or e —2ze" —-1=0

ol 27 +~/47° +4

2

or

or e' =z+z%+1

or u=Iog(Zi\/22+1)
From equation (1), we get

sinh™z= Iog(z ++/22 +1)

Similarly, we have

cosh™z = Iog(z +/2? —1)

tanh™ z = 1 log [1+ Zj
2 1-z

coth™z = 1 log z+1
2 z—1

sech™z = Iog[

14— 22 J
V4

cosech™ z = log

[Hm}

1.10 Relation between Circular and Hyperbolic function of Complex Numbers

Consider z is any real or complex number, then we have



cosf =——— ...(D)

and sin@ =

(2)

_e’+e’
2

=cosh z ....(3)

=isinhz ....(4)

From equations (3) and (4), we get

tan(iz) =itanhz

Similarly, we have



cot(iz) =—icoth z

sec(iz)=sechz

cosec(iz) =—icosechz

1.11 Summary

If z=a+ib then z = a-ib is known as conjugate of the complex number.
If 1= a;+ib:1 and z2= ax+ib2 then

21+2,= (a1+ib1) + (az+iby) = (a1+az) +i (b1+hy)
and  z1-zo= (a1 +iby) - (a2+ib2) = (a1-az) +i (b1-bo).

and  z1zo = (ar+ib1)(ax+iby) = (a1az-bibz) +i (arbo+azbs).

and

7 _a+ib _ (@ +ib)(@, —ib,) _(a1a2+b1b2j+i[azbl—a1sz

- : i i - 2 2 2 2
z, a,+ib, (a,+ib)(a,—ib,) a; +b; a, +b;
If z =re%and z, =r,e', thenwe have z,z, —=r, r,e'%e'® and arg (z1+z2) =61 +6%.

The Euler’s theorem is €'= cos 0+i sin 0.

The De Moivre’s theorem is (C0S 0+i sin )™ = cos mO+i sin mo.

1.12  Terminal Questions

Q.1. What do you means by Complex Numbers?
Q.2. Write the Euler’s theorem.

Q.3. Explain the De Moivre’s theorem.
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2.1 Introduction

A function of a complex variable is one that accepts a complex number as an input and produces a complex
number as an output. These functions can be visualized as transformations from the complex plane to itself,
where each point in the input plane corresponds to a point in the output plane.Functions of complex
variables often exhibit behavior that differs from functions of real variables. For instance, they can be

infinitely differentiable, even if they are not simple polynomials. This characteristic is termed analyticity.

Complex analysis, which focuses on the study of functions of complex variables, is a diverse and significant
field of mathematics with applications across various scientific and engineering disciplines.Function of a
complex variable plays an important role in fluid mechanics, heat transfer and field theory.In this unit, we
deal with the function of complex variable, single and multivalued functions,continuity, differentiability,
analytic function, Cauchy-Riemann equation in cartesian and polar form with their applications.

2.2  Objectives

After studying this unit, the learner will be able to understand the:

. Function of a complex variable

. IUniform or Single valued functions and multivalued functions
. Continuity and differentiability

. analytic function

u Cauchy-Rieman equations in Cartesian and polar form



2.3 Function of a complex Variable

A variable w is said to be a function of a complex variablez if, to every value of z in a certain domain D,

there correspond one or more definite of w. Thus if w is a function of z, it is written as
w =1(2)
Ifw=u+ivandz=x+1y
Then both w and v are function of x and y, so we write u as u(x,y) and v as v(x,y), for example let
W=z
= (x +iy)°®
= x3 + 3x2iy + 3xi%y? +i%y®
= (=3 xy%) +i (3x%y -y°)
=u+iv
e, u=x2—3xy? andv=3xy-y°

Henceu and v are function of x and y so when w is a function of z and z is x+iy, then w is u+iv and u and v

both are function of x and y.

2.4 Uniform or Single Valued Functions

If w takes only one value for each value of z in the region D, then w is said to be a single valued function

of z.
For example, we havew =2z + 3 {2 =x+iy)}
For point (1, 2) , we hace
w=2(1+2i) +3
=2+4i+3

= 5+4i



Here functionw is single valued.

2.5 Multi-Valued Functions or Many Valued Function

If w takes two or more values for some values or all values of z in the region D, then w is said to be multi-
valued function of z.

For example, we have w2 =1z

=X +iy

If we take x =5andy =12.

Then w2 =5+ 12i
= (3 + 2i)?

i.e.,w= I (3+2i)

Here functionw is multi-valued function.

Check your Progress

1. What do you mean by Function of aComplex variable?

2. Define the uniform or multivalued function.

2.6  Continuity

The function f(z) of a complex variable z is said to be continuous at the point zo, if given any positive number
€, we can find a number & such that

|f(2)— f(z,)|<e
For all points of a domain D satisfy |z — z,|<é.

In general, & depends on both € and zo If it is possible to find a numbern(g) independent of zo such that



|f(2)— f(z,)<e

hold for every pair of points (z, zo) of a domain D which satisfy|z — z,|<n, then the function f(z) is said to
be uniformed continuous.
or
A function f(z) is said to be continuous at z = a if given £>0, 36>0 such that
|f(2)— f(z,)|<e

Whenever 0<|z - z,| <6 it follows from the above definition that f(z) will be continuous at z = a if
lim f(z) =f(a)

Note: A function f(z) is said to be continuous in a domain D if it is continuous an every point of D.

2.7 Differentiability

If a function f(z) is single valued in a domain D, then the derivative of f(z) at z = a is denoted by f'(a)and

is defined as

w where h=95z
h )

@)=t

provided that the limit exist and is independent of the path along which h—0. In this case we also say that
f(z) is differentiable at z = a.

or
We have f'(x) =lim f (% +h)— (%)
h—0 h
Xo + h—X
= h— X —Xo
= lim T - 1(%) = '(x,)
X—>Xo X — X,

For >0,

f(x)-f
M— f'(X,)|<e and X — X, | <6

0

Differential of f(z) at the point zg is given by



t(2)=lim 1B~ 1(Z)

212, 72 Z—1,

provided that the limit on the right hand side exist uniquely.

Examples

Example.1. Discuss the differentiability of the function
2,5 H
XY (x+1iy) 220

f(z)=9 x*4y?° :
0, z=0

Solution: We have

£/0) = lim 1 2)= 1(0)
z-0

z—0

2.,5 H
_lim g{x y4(><+10|y)}
>0 7| x*+y

2.,5
) X
= lim y

z—0 X4 + ylo

.. (1)
If z—0 along any radius vector y = mx, then we have

2 5
£/(0) = lim (M)
x>0 X" + (mXx)

=liMm ——-——+=0 )

Now if z—0 along y® = x?, then we have



) X% (x?) 1

These different values along y=mx and y>=x?form equations (2) and (3) shows that the function f(z) is not
differentiable at z=0.

X3y (y —ix
Example.2. Given that (z) = —);(y 2 )
x®+y

f(z)-f(0)

, Z# 0, f(0) =0 prove thatf — 0as z—»0along

any radius vector but not as z—0 in any manner.

Solution:lt is given that

x3y(y —ix
f(2)=%y2),z¢0,f(o):o (1)

If z—0 along any radius vector y = mx, then we have

im F@O-1O) _ 1[x3y(y—ix)}

70 z—-0 750 7 X6+y2

3yf_iv _i2v) ]

i 1{x y(Cix—iy)
50 7 X°+y

_. 3 - T

_lim l{ IX 6y(xtly)
250 7 X° +y

= lim {;Lsyz} ()

As z—0 this impliesx+iy—0.

Along radius vector y=mx =x+imx—0 i.e., X(1+im)—0 =x—0.

_lim —ix3(mx)
=0 | x°® 4 (mx)?



2

. —ix‘m
=Ilm{ 7 2}—)0

=0 | X" 4+m

Now if z—0 alongy = x3, then we have

iim 1A =10 _ i, {Lsyyz} [Using equation (2)]

z—0 z z—>0 X6 +

As z—0 this impliesx+iy—0
Along y=x3 =X+ ix3-0
i.e. x(1+ix?)—0 =x—0.
Therefore, we have

im ix®.x3
B x—0 X6 +(X3)2

=i
=lim —

These different valuesy=mx and y=x3 shows that functionf(z) is not differentiable.

Example.3. Prove that the function |z|2 is continuous everywhere but nowhere differentiable except
at the origin.

Solution.Let us consider f(z) is differentiable at z = zo. Therefore first we show that f(z) is continuous at z
= 70.

f(z,+h) - f(z,)
h

f’(zo)=lhing , Where h=06z

=lim
h—0

f (Zo _h)_ f (Zo)
~h

Assuming, this limit exist and is unique. We have



f(zo +h) - f(z)

f'(z,) =

(2) :
and fr(zo) _ f(ZO _h)h_ f(ZO) +g
where ¢ and ¢’ as h—0
This implies h f'(z,)=f(z,+h)—f(z,)+he
and —h f'(zy)=f(z,—h)— f(z,) +h¢&’
Taking h—0, we get

0= Ihimo[f(zo +h) - f(z,)]
and 0= Ihirr%[f(zo —h) - f(z,)]

This implies

lim (2, +h) = f(z,)
im f (2, —h) = f(2,)

i.e., f(z) is continuous at z=zo.
Now suppose f(z) is continuous everywhere but not differentiable everywhere except at z = 0.

Since f(z) is continuous then we have

(e - i F Bt 80 1)
7> 7

|2, +Az|2 —|zo|2

= lim
Az—0 AZ
_lim (zy +AZ)(z, +AZ)—2,.2,
Az—0 AZ
2, AZ+Az(z, + Az
— ||m 0 ( 0 )
Az—0 AZ

. AZ — =
= lim |:ZO.E+ Z, +Az} .(2)

Az—0



Here two cases arise:

Case 1.ConsiderAz—0 along real axis i.e., Ay = 0
This implies AZ =Az=Ax
and Ax—0 as Az—0

Using equation(2), we have

£/(2,) = lim (2, +2, +AX)

=Z,4+2,. 3)

Case I1.ConsiderAz—0 along imaginary axis i.e.,Ax =0

This implies Az =iAy and AE:-iAyand Ay—0 as Az—0

Using equation (2), we have

£/(z,) = lim {zo %Ayhg_ iAy)}

Ay—0
=—Z,+24..... (4)
Using equations (3) and (4), we see that f'(z,)along the two paths are different except at z = 0.

Hence the function f(z) is non-differentiable for any non-zero value of z.

2.8 Analytic Function

A function f(z) which is single-valued and differentiable at any point zo is said to be analytic at the point zo.

If the function f(z) is analytic at every point z of a certain domain D then f(z) is said to be analytic in D and

f(z) is also called regular or holomorphic function.

Note. Regular and holomorphic are also sometimes used as synonyms for analytic.



2.9 Cauchy-Riemann Equations

A necessary condition for w = f(z) = u(x, y)+iv(x, y) to be analytic in a domain D is that u and v satisfy the

Cauchy-Riemann equations

8_u:@ and a—u:—@ at every point of D (1)
oX oy oy OX

If these partial derivatives of equation (1) are also continuous, then Cauchy-Riemann equations are

sufficient conditions for f(z) to be analytic in D.
Necessary Conditions for f(z) to be analytic
We have Z = Xx+Hy

=AZ = AX+HIAY.

Let w =1(z) = u (x, y)+iv (X, y) be analytic function inside a region D. It means differentiable of w exist at

any point of this region i.e.,

im f(z+Az)-1(2)

Rl S— e
exist and unique along whatever path Az may across to zero.
Now, we take Az—0 along two path x-axis and y-axis.
Along x-axis, there is no change in yi.e., Ay = 0 therefore Az = Ax+iAy = AX.
Using equation (2), we have
dw = lim Aw ...(3)
dz &0 AX

And when the motion is parallel to y-axis (or along y-axis) then there is no change in x. ThereforeAx = 0

thus we have



AZ = AX +IAy = iAy.

From equations (2) and (3), we have

dw . AW
im

dz Ay—0 TAY
Now by equations (3) and (4), we have

dw ow ow
dz OX 10y

We have wW=u+iv

oW au . ov

>—=—+
OX  OX OX

oW Ju
and — =
oy oy
ow ou
= =TT
10y 1oy
Using equation (5), we have
ow _ ow
oX 1oy

ou .ov_ou oV

iou ov

.0u ov
oy oy

Equating real and imaginary parts of equation (6), we get

o

oy
o
oy

-+ =—+—
ox  ox ey oy

== -+ —
i“oy oy

e

.05

.. (6)



ou ov ou oV

—=— and —=——

oX oy oy OX
or Ux = Vy and Uy = -Vx

These are the necessary condition for a function to be analytic.

Sufficient Condition

The sufficient condition of f(z) to be analytic assume the existence and continuity of

ou ou ov oV
—, —, — and —.

ox ' oy’ ox oy

The sufficient condition for the function f(z) to be analytic required other the continuity four partial

derivatives of u and v. Since u is a function of x and y.
Sowehave u=u(xYy)
=U+AU = U (X+AX, Y+AY)

and ou = u(x+ox, y+aoy) — u(x, y)

= = U(X+AX, Y+AY) — U(X+AX, y) + u(X+AX, y) — u(x, y)

U(X+AX, Y+ Ay) —u(X+ AX, y)
Ay

+AX{u(x+Ax, y) —u(X, y)}
AX

Au=Ay{

AU =Ay.Uy (X+AX, Yy+01AY)+AXUx (X+02AX, ), 0<01<1, 0<B<1 ... (1)
Au =Ay (uy +e1)+AX (Ux +e2)

and AV =Ay (vy +e3)+AX (Vx tes), €1, €2, €3, e4—0as Az—0

Using Cauchy Riemann equations, we have

AU =AY (-Vx +e1)+AX (Ux +&2)



and AV =AY (Uxt+e3)+AX (Vx +€4)

or IAV =IAY (Uxtes)+HIAX (Vx +ea)

On adding last two equation and simplify, we get
AUHIAV = (AX+HIAY) (Ux+iv) +nAX+ 1T Ay

Dividing by Ax+iAy, we get

AU + iAV . AX Ay
— =, +IvV,)+np—+n'"—
AX + 1Ay Az Az
:A—W—(u +iv)+ng+n’ﬂ
Az A AZ Az
AX Ay ..
—+n'—=|<|nl+|n'| > 07"
‘UAZ 7 Az |77| |77| {

Thus IimM—a—u+'av
a0 A7 OX OX

dw ou .ov
dz ox OX

dw . ou ov .
Hence —— exist because — and — exists.
dz OX OX

where n=(e2+ies) and 7' =(e1+ie3)

Check your Progress

1. What do you mean by analytic function?

2. State the Cauchy-Riemann equations.



Examples

Example.4. Show that the function eX(cos y+i sin y) is analytic and find its derivative.

Solution. It is given that

f(z)=¢* (cos y+isiny) . 1)
We have w =f(2)
= u+iv=e*(cosy+isiny) . (2)

Equating the real and imaginary part from equation (2), we get
u=e‘cosy (3)
and v=e*siny e (4)

Differentiate partially equations (3) and (4) with respect to x and y respectively, we get

ou

—=¢f ... (5
x e*cosy (5)
ou .

—=-¢€’siny ... (6)
oy

ov

—=e'siny v (7)
OX

ov

— =e*cosy ... (8)
oy

From equations (5), (6), (7) and (8) we see that C-R equations are satisfied. Thus the necessary and

sufficient conditions for f(z) to be analytic are satisfied.

Hence the given function e (cos y+i sin y) is analytic.



and aw_ f’(z)—a—u+i@—excosy+iexsiny
X OX '

Example.5. Prove that an analytic function with constant real part is constant.

Solution.lt is given that f(z) is analytic.
We have f(z)=u+iv (D
And also given u=c (constant) ....(2)

To show that the function f(z) is constant.
Using equation (2), we have

8_u:0 and 8—u:O . (3)
OX oy

Using Cauchy-Riemann equations, we have

ou ov ou ov
—=— and —=-——
oX oy oy OX
oV
N —=0 and @:0 e (4)
OX oy

i.e.,v is constant.
Using equations (2) and (4), we get
f(z) = u + iv = constant.
Hence an analytic function with constant real part is constant.

Example.6. Show that the function f(z) = sin x cosh y + i cos x sinh y is continuous as well as analytic

everywhere.

Solution.lt is given that



f(z)=u+iv
=sin x coshy + i cos x sinhy
Equating the real and imaginary parts of equation (1), we get
u=u(x, y) =sin x coshy
v =V(X, y) = cos x sinhy

Now we have u(x+0, y+0) = Ihlrn0 u(x+h , y+k)
k—0

= IhlmO sin (x+h) cosh (y+k)
k—0

= sin x coshy
and u(x-0, y-0) = Ih'To u(x-h, y-k)
k—0

= L'To sin (x-h) cosh (y-k)

k>0
= sin x coshy

From equation (4) and (5), we see that
u(x, y) = u(x+0, y+0)

= u(x-0, y-0)
i.e., u(x,y) is continuous function.
Similarly, we get
v(X, y) = v(x+0, y+0)

=v(x-0, y-0).

Hence u and v are continuous function of x and y.

(D)

Q)

. (3)

. (4

o (5)

.. (6)



Now differentiate partially equations (2) and (3) with respect to x and y respectively, we get

Z_;J( = ¢os x coshy e (7)
%u:sinxsinhy e (8)
%:-sinxsinhy e (9)
2y_v = cos X coshy ... (10)

Here f(z) is continuous and Cauchy-Riemann equation are satisfy. Hence the given function is analytic.
Example.7. Prove that the function f(z) = xy+iy is everywhere continuous but not analytic.
Solution.lt is given that
f(z)=u+iv
=Xy +iy (D)

Equating the real and imaginary parts of equation (1), we get

u=xy ... (2)
and vy ....(3)

Now we have u(x+0, y+0) = Ihlrn0 u(x+h, y+k)
k—0

= lim_ (x+h)(y+k)

k—0
=Xy e (@

and u(x-0, y-0) = IhlmO u(x-h, y-k)

k—0



= Im - (x-h) (y-k)

k—0
=Xy e (5)
From equation (4) and (5), we see that
u(x, y) = u(x+0, y+0)
= u(x-0, y-0)
I.e., u(x,y) is continuous function.
Similarly, we get
V(X, y) = v(x+0, y+0)
=v(x-0, y-0). erea (6)
Hence u and v are continuous function of x and y.

Now differentiate partially equations (2) and (3) with respect to x and y respectively, we get

ou

=) e (7)
ou

e ... (8

Y X (8)
@— 0 9

= e (9)
ov

— =1 .... (10
Y (10)

Here f(z) is continuous butCauchy Riemann equations are not satisfied. Hence the given function is not
analytic.

Example.8. If f(z) is an analytic function with constant modulus, then it is constant.



Solution: Let f(z) = u + iv be an analytic function, then it is satisfied the Cauchy-Riemann equation i.e., ux

=\Vy and Uy = -Vx

We have |f(2)] =|u+iv|
1/2 R
- ‘uz +v2‘ =c [constant given]
= u2+v2=c? v (1)

Differentiating equation (1) with respect to x and y respectively, we get

ou
2uuy +2 vy = 0, whereu, = = etc ... (2)
and 2uuy +2 vy = 0 ... 3)
or Uux +wyx = 0 . (4
and uuy +vwy = 0 v (5)

Squaring and adding equations (4) and (5), we have

u2(u+ wy?) + V(2 + w2 = 0

or U2(Ux? + Ux®) + V2(W2 + v2) = 0 {Using Cauchy-Riemann equation}
or (U + V(U +w?) = 0

or cul+w?) =0

or U+ =0

Thisimplies  ux=0 =

We have i(f (2))=t'(2)
dz



_au v
oX  OX
=0+i.0
=0
df(z):O
dz

On integrating, we get

f(z) = constant.

4

Example.9.Show that the function f(z)= e’ ,z=0 and f(0)=0 is not analytic at z=0. Although Cauchy-

Riemann equations are satisfied at the point.

Solution.It is given that f(z) =u +iv
— e‘ﬂ
= g 0 (D)
1 X —iy)*
Now we have - (X +iy)t=— (x-ly)

(x+iy)* (x—iy)*

X -BxPy? +yt —dixy(x® - y?)
(x*+y?*)*

(x* —=6x2y* + y*) —dixy(x* —y?)
(x* +y?%)*

o xt-6x’y? 4y
(x* +y°)*

Consider A=



Aixy(x* —y?)
(x* +y?)*

and
and - (x + iy)“= A+iB
Now by equation (1), we have
f(z) = eA*iB
=e” (cos B + i sin B) o (2)
Equating the real and imaginary parts of equation (2), we get
u=-e”cos B ...(3)
and v=e”sinB o (@)

2 2

A= 6x2y2 1y (X2 +y?)? 4Xy(X -y )

u=e CosS IV
(x*+y)

2 2

AP -ex2yP ey Iy By L 4Xy(x _y)

v==¢e SIn 2 v
(X" +y7)

b
Now ux,0)==¢€ ! v(x,0)=0

u(0,y) = &7 v(0,y) = 0

u(0, 0) =0 v(0, 0) = 0.

au _lim u(x, 0)—u(0, 0)

x—0 X

-4
ou , e
— =lim

OX x>0 ¥




ou 1 1
o im T
L o o
x*  2x®
ou .. 1
wom
—+ e e e s
x> 2x’
B 1
D4 00 F 00 F tiiiieiiciieeeeeeie e e e e e e e s eetimees
=0
Similarly, we get
oV
—:O,Q:Oanda—uzo
OX oy oy

Thus Cauchy-Riemann equations are satisfied.

f'(0) = lim M

z—0 z
1
=lim=e”*
-0 7
Now we assume that, z=re"*

N
74— [re'”"‘]
— r74 efizr

=r~* (cosx —isin x)

Now using equation (5), we have

. (5)



er’4 \/Eellr"

Iin?) — = Ilm0 -
r—> 2 (1+1) r—0 r(l+1i)
2 1 ]
=lim — 1+t e,
0 r(l+i)| r* |
J2 71 1 ]
= T,
0 (L+i)Lr r® i
.42
=i — .00
=0 (1+1)
:w.

i.e., it show that f'(0) does not exist.

4
Hence the given function f(z)=€ * s not analytic at z=0.

XA+ -y @—i
( X2)+§2( )’27'&0, f (0) = Ois continuous and

Example.10. Prove that the function f (z) =
that Cauchy Riemann equation that are satisfied at the origin yet f’(z) does not exist at z=0.

Solution.It is given that

f(z):X3(1+Xi2);§z(l_i),z¢0, £(0)=0 (D)

We have w = 1f(2)

=u+iv

X -y a-)
x> +y?

Here u=(x3-y)0eE+y?)



and V= (G -y + )
Now test the continuity of u, v at z = 0. We change u, v to polar coordinates.
u = r (cos0-sin®0), v = r (cos®0+sin0)

As z—0and r—0

Evidently imu=0=Imv
r—0 r—0
=limu=0
r—0
ie., f(z) is continuous at z = 0.

Hence f(z) is continuous everywhere.
Now we have u(x,0)=x, u(0,y)=-y
v(x, 0) =x, v(0,y), v(0,0) =0=u(0,0)

Ny UX0-UO0) o X g
OX x>0 Xx—0 x=0 X

Similarly, we get

@:—1, @:1, andﬂzl.
oy OX oy

Hence the Cauchy-Reimann equation are satisfied.

Now again we have

t1(2) =tim B=10)

-0 z

_ fim 1(2)=0

70 z




= lim (X3 _yg)‘:i(XB + y3)
20 (X y*)(x+iy)

Let z—0 along the path y =X, then

3 y3\ L ify3 L 3
f(0) = lim & X )HI0CHX)
-0 (X 4+ X7)(X+IX)
S
2x°(1+1)
i
@)
Let z—0along x axis, then we have
3 i3
£1(0) = lim (x : 0) +i(x _+O)
=0 (x“+0)(x+1.0)
x3(L+1)
==
=(1+1)

Since the values of f'(0) are not unique along the path y = x and x axis.

Thus f'(0) does not exist i.e.,f(z) is not analytic at z =0.

2.10 Polar Form of Cauchy-Riemann Equations

Theorem. If f(z) = u + ivis an analytic function and z = re'? where u, v, r, @are all real, show that the

Cauchy-Riemann equation are

ou_1ov v lau

o rod’or  roo



Derive the necessary and sufficient conditions for f(z) to be analytic in polar coordinates.
Proof. We know that

X =rcosé e (D)
and y=rsind e (2)
From equation (1) and (2), we get
r2=x2+y? )
and 0 = tan'y/x e (4

From equation (3), we have

2rq:2x
OX
or X rcosé
= —=—= =C0sd
oX r r
and 2rq:2y
oy
N gzlzrsmez 0
oy r r
Now from equation (4), we have
n )
- 2| 2
OX 1+L2 X
X
Y :_sine
x* +y° r
and %= 12(%
1+



X  cosf
x> +y? r

Now we have

8_u_6_u@+8u86’
OX Or oXx o060 ox

_ “—(cosd)+ u (— ﬂj

S or 00 r

ou sin @ ou
= —C0S@ — —
or r o060

u_ouor  uao
&y oroy o6 oy

and

ou , . ou ( cos@
=—(sin@)+=—
or o6 r

ou . cosé ou
=—sSIin@+

or r@

o _ 8V8r ov 06
oX  or ax 608X

:—(cosé') 60[ Si?QJ

and

= —(S|n 0)+ —(CO:QJ

oo

. (5)

.. (7)

... (6)



ov . cosé ov
=—Sin@+ — .. (8)
or r o6
We know that Cauchy-Riemann equation is
ou ov ou ov
—=— and —=-——
ox oy oy OX
Using equations (5), (6), (7) and (8), the Cauchy-Riemannequation is
ou sin@ ou ov . cosé ov
—C0S————=—sInf + — ..(9)
or r o6 or r o6
ou . cosé ou ov sin@ ov
and —sin@+ — =——C0SO+ — ... (10)
or r o6 or r o6

Multiply equation (9) by cos @, equation (10) by sin & and adding we get

ou 1ov
—=—— (1)

o roé

Again multiplying equation (9) by sin @, equation (10) by cos @ and substracting, we get

ou oV
=—r

— =T e (12
00 or (12)

The above equations (11) and (12) are known as the polar forms of the Cauchy Riemann equations.

2.11 Derivatives of w in Polar Form

dw _io OW I, OW
Prove that —_—=e ' — =——e 7 —.
dz or r o6

Proof. For the movement of along x-axis when there is no change in y, thereforeAy = 0.

Then we have



AZ = AX.

Now we have

dﬂ_@(ﬂj+@[%j
dz or \_ox 00\ ox

oW ow/( sind@ or o6 sin@
=—(cosO)+—| —— oo —=cosfd and —=-———
or 0 r OX OX r
:a\—Ncose—S'nea\—N (D)
or r o060
Now we have
W=Uu+iv

Then we have

ow_odu oV
o0 00 00
oV ou ou ov ou 1ov
=—r—+ir— o—=-r— and —==—1|.....(2)
or or o0 or or roé
OW Ou .ov
and —=—+I1—
or or or
lov 10u ou ov ou 1ov
el So—=-r—and —==—1.....(3)
roo roo 00 or or 1o

Now from equations (1) and (2), we have

dw ow sin @ ow
— =——C0s @ — —
dz or r o060

=—C0SO0 ———| -I—+Ir—

oW sin@( oV .auJ
or r or or

|



oW sin@(., ov . du
=—C0SO0———| I'T —+Ir—
or r or or

:%cose—sin 9(i2@+i8_u)

or or or
:a—Wcose—isin Q(i@+a—u
or or or

=8—Wcose—isin0 8_u+i@
or or or

:a\—Ncose—isinea—W
or or

:a—w(cose—isine)
or

“ig OW
or’

=e

Now from equations (1) and (3), we have

dw ow sin @ ow
— =——C0s 6@ — —
dz or r o6

=—C0S{d
r

00 00

1 (8v .auj sin @ ow
r o6
1 (.zav iauj sin @ ow

20 00) r 00

r o060

I—+—
00 00

i
=——Cc0séd

(av auj sin @ ow
.



:—la—w c059+_}sin 6’)
r oo i

: i 2
:—l@ cosH—'fsin Hj
r oo i
:a—w(cose—isine)
oo

_eio W
00

2.12 Summary

A variable w is said to be a function of a complex variablez if, to every value of z in a certain domain D,

there correspond one or more definite of w.

If w takes only one value for each value of z in the region D, then w is said to be a single valued function
of z.

If w takes two or more values for some values or all values of z in the region D, then w is said to be multi-

valued function of z.

A function f(z) is said to be continuous at z = a if given £>0, 36>0 such that | f (z) — f (z,)|<e Whenever 0<

|z - z,|<3 it follows from the above definition that f(z) will be continuous at z = a if Izlrr]c1 fz) =f(a).



If a function f(2) is single valued in a domain D, then the derivative of f(z) at z = a is denoted by f'(a) and

f(a+ hr: — (@) provided that the limit exist and is independent of the path

is defined as f’'(a) = L'Lno
along which h—0.

A function f(z) which is single-valued and differentiable at any point zo is said to be analytic at the point zo.
The Cauchy-Riemann equations are

ou —@ and

au u__ov
Ox oy oy ox

The polar form of Cauchy-Riemann equation are

ou_1év v 1lau

o roo or  roo
The derivatives of w in polar form are

W _ oW i oW

dz or r 00"

2.12 Terminal Questions

Q.1.Explain theanalytic function.

Q.2. State theCauchy Riemann equations.

Q.3. Give an example of a function which is differentiable at a point, but it is not analytic there.

ey—cosx+sinxand £ (z)

Q4. If f(z)=u+ivis an analytic function of z=x+iyand u—v=
cosh y —cos x

subject to the condition f (gj = %

Answers



3. f(z):|z|2, at z=0.

4 f(z):cot[§)+%(l—i).
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3.1 Introduction

Harmonic functions are important in physics and engineering because they arise in many problems
involving waves, heat conduction, and electrostatics. Harmonic functions are functions that satisfy
Laplace's equation, which is a partial differential equation. In two dimensions, Laplace's equation states
that the sum of the second-order partial derivatives of a function with respect to its variables is equal to
zero. The Laplace equation is fundamental in potential theory and is used to describe phenomena such as
the distribution of temperature in a conductive medium, the electrostatic potential in a region with no
charge, and the flow of an incompressible, inviscid fluid. Solutions to the Laplace equation are known as

harmonic functions.

These functions play a crucial role in mathematical analysis and have many important properties, such as
the mean value property and the maximum principle, which are widely used in various branches of science
and engineering. In this unit we shall discuss about orthogonal system, Laplce equation, Harmonic function,

Conjugate function and Milne’s Thomson method.

3.2 Objectives

After studying this unit, the learner will be able to understand the:

Orthogonal System and Laplace Equation
. Harmonic function and their applications
u Conjugate function and their solution procedure

" Milne’s Thomson method and their applications



3.3 Orthogonal System

An orthogonal system typically refers to a set of vectors in a vector space that are pairwise orthogonal.
Orthogonality in this context means that the vectors are perpendicular to each other, or more precisely, their

dot product is zero.

Two curves are said to be orthogonal to each other when they intersect at right angles at each of their points

of intersection.

Examples

Example.1. To show that if w= f(z) =u+iv be an analytic function z=x+iy, then the family of

curve u(x, y)=C, and v(x, y)=C, are orthogonal system.
Solution. We have u(x, y)=C, (D)

and x=g¢(t) and y=y (t) are the function of variable t.

From equation (1) we have

ou dx oudy d

=—C, . (2)
ox dt 8y dt dt
or ou dx ou dy
ox dt 8y dt
or oudx  oudy
ox dt oy dt
or dy % _ou /ou
dt/ dt ox ay
dy) _ du /aou
or [dxju =T ox )

Similarly, we get



dy) __ov jov

) --%/3
Now from equation (3) and (4), we have

(8) (1) (20 o) for

dx J,Ldx ), \ox/ oy )\ ox/ oy

It is given that the given function is analytic, therefore the given function satisfied the Cauchy-Riemann

equations. Thus we have

o (0 _(a)5)
[dxju(dxjv [g;j@;j

Hence the given family of curves u(x, y)=C, and v(x, y)=C, are orthogonal system.

3.4 Laplace Equation

The Laplace equation is a second-order partial differential equation named after Pierre-Simon Laplace.The
Laplace equation arises in many areas of physics and engineering, including electrostatics, fluid dynamics,
and heat conduction. It describes systems where the value of u at any point is the average of the values of
u in its neighborhood. This property is often referred to as the "harmonic™ property of solutions to the
Laplace equation.

o’u  o°u

The equation 2 + = Ois known as Laplace equation.

oy?

Examples

0° 0°

Example.2. If f(z) isa regular function of z then prove that (

Solution. We have f(z)=u+iv



= [f(z)=vu?+v?

|f (z)\2 =u*+v°

=
=F(x,Y).

(ol = 2ua—u+2v@,

OX OX OX

o°F o2u (ou) 8 (ovY
>=2lU—+|— | +V—+|—
OX OX [5).4 OX OX

Similarly, we have

] e
OF OF ol o \oax) | Ll oyt Loy ()
o +V8_2v+(@jz +V8_2v+[@j2

ox* \ox) | Y,

Since f(z) is analytic function so u and v satisfied the laplace equations,

P, o _

ie., y+ay2 =0
2 2
and %+%:0.

From equation (1), we have
o’F  O°F (aujz [avjz
+—=4| — | +| —
ox?  oy? [ ox OX
2% 2% \_  l(eu) (v




Now we have f(z)=u+iv

= f'(z):a_”+ﬂ
OX OX
oy = (24 (v
= | f'(2) _[axj +[6xj ..(3)

From equations (2) and (3), we get

[az + 2 jF —4f(2)

oxZ | oy?
or [;X_Zz+§y—22J|f(z)|2 — 4t (2)".

3.5 Harmonic Function

Harmonic functions can be represented as the real or imaginary part of a complex analytic function.In

complex analysis, a function is analytic if and only if it is harmonic (in the real and imaginary parts).

Any function of x and y which possess continuous partial derivatives of the first and second order and
satisfies the Laplace equation is known as harmonic function.

Note.1l. If w=f(z)=u+iv is an analytic function of x and y then u and v are known as harmonic functions.
2. If the harmonic functionsu and v satisfy the Cauchy Riemann equation then the function is analytic.

3.Let v be the conjugate function of u, then

dv:@dx+@dy

OX oy
[ dx + (a—uj dy [by Cauchy Riemann equation ]|
oy OX



Examples

Example.3. Show that the function u = x> —3xy? +3x*-3y* +1 is harmonic function.

Solution.We know that if any function satisfies the Laplace equation is known as harmonic function.lt is

given that u=x>-3xy*+3x*-3y° +1 (D)

Differentiate partially equation (1) with respect tox and y respectively, we get

ou
— =3x*-3y*+6x
P~ X Yy +6X (2)
ou

and —=—-6bxy-6y 3
oy (3)

Now differentiate partially the above equations (2) and (3) with respect tox and y respectively, we get

o°u
P =6x+6 (4)
62
and 8yl; =-6x-6 . (5)
o’u  o°u _

From equations (4) and (5), we get ox2 + 6’y2

Hence the given function u is harmonic function.

Check your Progress

1. What do you mean by orthogonal system?

2. Define the Laplace equation and harmonic function.



3.6 Conjugate Function

If w=f(z)=u+iv is analytic function and if u and v satisfy the Laplace equation

Viu=V? =0

then u and v are known as conjugate harmonic functions of the conjugate function.

Examples

Example.4. Find the analytic function w=u+iv, if the real part is given by eXcosy.Solution. It is given that
u=e*cosy (1)

Differentiate partially equation (1) with respect tox and y respectively, we get

ou @
—=e*cosy L
OX y
ou i

and —=-e&siny 3)
oy

Now differentiate partially equations (2) and (3) with respect tox and y respectively, we get

o%u
W =efcosy 4)
o°u

and EYE =-e“cosy (5)

From equations (4) and (5), we get

Pu o _

B 0.



Hence u is harmonic function.

Let v be the conjugate function of u, then

dv=@dx+@dy
OX oy

ou ou ] ]
=| —— |dX+| — |dy. by Cauchy Riemann equation
[ ayj [ ax) y [by y q ]

={e"sin y}dx+{ex cosy}dy

=d(e*siny)

=e*siny+c.
Therefore
v=e*siny+c,.
Now we have
W=u+iv
=e“cosy+i(e*siny+c)
=e*(cosy+isiny)+ic
=e*e” +ic

=e’ +C,.

Example.5.Show that the function u=e*(xcosy-ysiny) is harmonic function. Determine its harmonic
conjugate.

Solution. It is given that

u=e*(xcosy-ysiny) o (D)



Differentiate partially equation (1) with respect tox and y respectively, we get

ou

a—zex(xcosy—ysiny)+excosy ..... )
X

ou « . .
and Eze (—xsiny—siny—ycosy) .. (3)

Now differentiate partially equations (2) and (3) with respect tox and y respectively, we get

2

o°u X . X X
8_2:e (xcosy—ysiny)+e”cosy+e“cosy ... 4
X
’u :
and yze (—xcosy—cosy—cosy+ysiny) ... (5)

From equations (4) and (5), we get

P ot _

y‘l—ayz 0.

Hence u is harmonic function.

Let v be the conjugate function of u, then

= [_%UJ dx + (%) dy. [by Cauchy Riemann equation |
={—e"(~xsiny—sin y—ycosy)} dx
+{e*(xcosy - ysiny)+e* cos y} dy
=d(xe"siny+ ye* cosy)
=xe*siny+ ye*cosy+c.

Hence v =xe*siny+ ye*cosy+c.



Example.6. Find the analytic function w=u+iv, if u=e?*(xcos2y-ysin2y).
Solution. It is given that

u=e2*(xcos2y-ysin2y) e (D)

Differentiate partially equation (1) with respect tox and y respectively, we get

ou

&ZZEZX(XCOSZy—ySiHZy)+eZX Cos2y o (2)
ou  ,y i i
and 5=e (—2xsin2y —sin2y —2ycos2y) )

Using Cauchy Riemann equations, we have

ov ou 2 . .
— =——=—e%(=2xsin2y —sin2y —2ycos?2
x oy ( y y—2ycos2y)

and XN :2—“ =2e*(xcos2y — ysin2y)+e** cos2y
X

oy

Let v be the conjugate function of u, then

dv:@dx+@dy
OX oy

ou ou ]
=| —— |dx+| — |dy. by CR equation
( ayj {axj y... by CR equation]

_ e (2xsin2y +sin2y dx 1+ 2e**(xcos2y —ysin2y) dy
+2ycos2y) +e”* cos2y

=d(xe*sin 2y + ye” cos 2y)

= xe”*sin 2y + ye** cos 2y +c.



Hence v = xe** sin2y + ye* cos2y +c.
Now we have
W=Uu+iv
=e”*(xcos2y —ysin2y) +i(xe”*sin 2y + ye** cos 2y +c)

= ze”* +ic,.

3.7 Milne’s Thomson Method

Milne's Thomson method, also known as the method of images, is a technique used in the study of
electrostatics to simplify certain boundary value problems. It was developed by Sir John William Strutt,
also known as Lord Rayleigh, and is named after Sir Edward Milne.Milne's Thomson method is particularly
useful for solving problems involving conductors and dielectrics, especially in simple geometries such as
spheres, cylinders, and planes. It allows one to find the electric field and potential in regions that would

otherwise be difficult to analyze using direct methods.

Milne’s Thomson method is used to determine the function f(z) when one conjugate function is given.
Let us consider z=x+iythenzZ =x—iy.

Therefore we have

Z+17 z—7
X=—, = :
5 and Y Y (D)

Now we have
w=f(z)
=u+iv

=u(x y)+iv(x,y) ()



From equations (1) and (2), we get

Z2+7Z z2-7Z)\ . (2+7Z z-7Z
w=u , ——— |[+1V , —
[ 2 21 j ( 2 21 j

If we take Z = Z , then from equation (3), we have

w=u(z 0)+iv(z, 0)
From equation (2) we have
w=u(x, y)+iv(x,y)

dw ou .ov

or - = 4+i—
dz OX OX

_ou .ou

- ox oy

=¢1(X7 y)_i¢2 (X’ y)

Z2+7 71—7 . Z2+7 7—7
=¢1( 2 ' 2i j_'%(T’ 2i j

Atz =7, we have

o —h(2,0)-ig, (2,0)

or w=[(¢ (2, 0)—ig,(z,0))dz
Now we have

S 4(2.0)-i(2,0)

_[G_UJ _i[a_UJ
OX (z,0) ay (z,0)

.(3)

(4



Examples

Example.7. If u—v=(x—y)(x*+4xy+y?®), f(z)=u+iv is analytic function of z=x+iy, find f(z)

in terms of z.
Solution. It is given that
u—v=(x-y)(x*+4xy+y?
=x*+3x°y —3xy* —y°® ....(1)

Differentiate partially equation (1) with respect tox and y respectively, we get

ou ov 2 2
— ——=3X"+6xy-3
oX  OX =
and M_N_zy —6xy—3y?
o oy
Using the Cauchy Riemann equations u_v and a_u:_@, we get
oxX oy oy X
Z—unL%J=3x2+6xy—3y2 2
X
ou ou 2 2
and 5_&:3)( —6xy—3y ...(3)

Solving equations (2) and (3), we get

ou ou 2 2
— =6xy, —=3(X°—
s y : y*)

Using Milne’s Thomson method, we have



(@) (2
dz OX (2.0) oy (2.0)

= (6Xy)(z,0) —i (3(X2 o yz))

= —3iz°.

(z,0)

Integrating, we get

w=—iz°+c.

3.8 Summary

Two curves are said to be orthogonal to each other when they intersect at right angles at each of their points

of intersection.

2 2
‘2 vV 2V _0isknown as Laplace equation.
X

2 6y2_

The equation

If w=f(z)=u+iv is an analytic function of x and y then u and v are harmonic functions.
If the harmonic function u and v satisfy the Cauchy Riemann equation then function is analytic.

Let v be the conjugate function of u, then

oV oV ou ou ) )
dv=—dx+—dy=| —— |dx+| — |d by Cauchy Riemann equation
x oy [ ayj (axj v [by Cauchy quation]

If w=f(z)=u+iv is analytic function and if u and v satisfy the Laplace equation V?u = V?v =0 thenuand v

are known as conjugate harmonic functions of the conjugate function.

Let z=x+iythenZ =x—1iy.

1+17 7 —7
Therefore we have X:T' and Yy = T'



dweh dw [auj i[c’iuj
and we have —— =| — -1 — .
dz OX (2.0) oy (2.0)

3.9 Terminal Questions

Q.1. Wrhat do you mean by Harmonic function.
Q.2. State the Laplace equation.

Q.3. Explain the Milne’s Thomson method.
Q.4. Show that the function u = cos x cosh y is harmonic and find its harmonic conjugate.
Q.5.Find the regular function w = u + iv, where u = e* [(x? —y?) cos y + 2 xy sin y].

Q.6. Show that the function u = sin x cosh y + 2 cos x sinh y + x% — y? + 4xy satisfies Laplace’s equation
y

and determine the corresponding analytic function f(z) = u + iv.

Q.7. Prove that the function u = e* (X cos y — y sin y) satisfies Laplace’s equation and find the corresponding

analytic function f(z) = u + iv.

Q8.IfuU-v= eX(COS y—sin Y), f (Z) =U+IV is analytic function of z = x+iy, find f(z) in terms of z.
Answer

4, V=-—sin xsinh y+c.

5. f(z)=2%"+c.

6. f (z)=(1-2i)(sinz+2*)+c.

7.f(z)=2ze* +c.

8. f(z)=e’+c.
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Conformal Mapping

Conformal mappings are important in various fields, including fluid dynamics, where they are used to map
flow fields and analyze the behavior of fluids. They are also used in the study of complex functions and the
behavior of complex numbers. Conformal mapping is a technique used in complex analysis to map one

region of the complex plane to another in such a way that angles between curves are preserved. In other

words, if you have a function f (z)that maps points from one complex plane to another, and if f'(z)=0

for all z in the domain, then f is said to be conformal at z.Conformal mappings can be used to transform
difficult boundary value problems into simpler ones. By mapping a complex domain to a simpler domain
where the problem is easier to solve, mathematicians and scientists can gain insights into the original

problem.

Conformal mappings are used in engineering applications, such as in the design of electronic circuits and
the analysis of heat transfer. They can help engineers optimize designs and understand the behavior of
complex systems. Conformal mapping is a powerful tool with applications in a wide range of fields. Its
ability to preserve angles and simplify complex problems makes it a valuable tool for researchers and
engineers alike. Conformal mappings have applications in physics, particularly in the study of
electromagnetism and fluid dynamics. They can be used to simplify the mathematical models used to

describe physical phenomena.

In the fourth unit, we shall discussed abouttransformation or mapping, ordinary and critical point, conformal
mapping, some general transformations: translation, rotation, magnification and inversion. Bilinear Fixed
points of the Bilinear Transformations, some important properties of Bilinear Transformations, special
conformal transformations, Joukowski’s transformation and Schwarz-Christoffel transformation are

discussed in unit fifth.
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4.1 Introduction

Conformal mapping has a great importance in the theory of fluid flow, potential and solving their problems.
In this unit we discuss basic theory of conformal mapping and mainly concerned with certain geometric
question, although our initial approach will be analytic but can be easily converted into a geometric one.
Conformal mapping is used to map complicated regions conformally on to simpler, standard regions such

a circular disc, strip and half plane for which the boundary value problems are easier.

In this unit, we shall deals about the transformation, ordinary and critical point, conformal mapping, some

general transformations: translation, rotation, magnification and inversion.

4.2  Objectives

After reading this unit the learner should be able to understand about:

. Transformation or mapping

. Ordinary point and critical points

" Jacobian of a transformation

. Conformal mapping and its applications

. Some general transformation: translation, rotation, magnification and inversion.

4.3  Transformation or Mapping

Consider the function of a complex variable z
w = f(2)
=uxy) +iv(xy)

which involves the four real value x, y, u(x, y), v(x, y). Here a four dimensional region needed for their
geometrical representation, whichis not possible due to four dimensional region.Therefore we take two

complex plane, one for z = x + iy and other for u + iv. If the point (x, y) on a curve c in the z-plane get



transformed or mapped to point of an image curve ¢’ in the w-plane. Then the function w = f(z) is called a

transformation or mapping from z-plane.

v
>

v
[

o) z-plane o w-plane

If the corresponding to each point of z-plane, there is a unique point of w-plane and conversely then such

mapping is called one-one mapping.

4.4  Ordinary and Critical Point

Consider the function of a complex variable z

w = f(2)

Those points in which ((:Ij_vv == 0 are known as ordinary points. And those points are known as critical point
z

in which ?j—w provided the values 0 or .
Z



4.5 Jacobian of a Transformation

Consider the function of a complex variable z
w = (z)
=u(x, y) +iv(x, y) (1)

which maps a closed region D of the z-plane into a closed D of the w-plane. Consider Aw denote
respectively areas of these regions. Then it can be easily shown that if u, v are continuously differentiable,

we have
. Aw _[8(u,v)
i AZ _‘a(x,y) +(2)
The determinate
ou 6_u
o(uv) |ox oy
o(x,y) |ov ov
OoX oy
_uav_u v
X oy oy ox +(3)

is known as the Jacobian of the transformation of equation (1).

Examples

Example.1. Find the image of the point z = 2 + 3i under the transformation w = f(z) = z(z - 2i).
Solution. It is given that
w = f(z)
=12(z-2i) ..(1)

Putting z = 2 +3i in equation (1), we get



f(2 + 3i) = (2 + 3i) (2 + 3i — 2i)

=2+3i)(2+1)
=4+6i—-3+2i
=1+8i.

Example.2. Find all the pre-image in the z-plane under the transformation w = z(z — 2i)= -I.
Solution. It is given that
w=2z(z-2i)=-1 ..(1)

Solving equation (1), we have

z(z-21)=-1
or 22-2iz+1=0
_2i+J—4-4

or 7=—_——"
2

or Z:2|i2\/z
2

or z =ifl+42)

Hence the pre-image of w=-1isz =i (1 +\/§).

4.6 Conformal Mapping

Consider the transformation

u=u(x,y),v=v(xy) ..()



Uo, Vo
C !

C

Xo, Yo a

v

0 Z-plane o] w-plane

maps the two curves C1, C» of z-plane on the two curve C1’, C’ of w-plane.

If the transformation is such that the angle at (o, yo) between C1, and C: is equal to the angle at (uo, Vo)
between C:” and C>’ both in magnitude and sense (direction), is known as the conformal transformation at

(Xo, Yo). A mapping in which preserves the magnitude of angles but not in sense (direction) is known as the

isogonal transformation.

C.
Cz

C: Ci

XO; YO
Uo, Vo

v
x

v
x

0 Z-plane ] w-plane

(Isogonal transformation)



Check your Progress

1. What do you mean by transformation or mapping?
2. Define the ordinary and critical point.

3. Explain the conformal mapping.

4.7 Some General Transformation

The linear transformation is defined by
wW=az+pf.(1)
Where o= 0, and (3 are arbitrary complex constants.

Linear transformation preserves circles i.e., a circle in the z-plane under linear transformation maps

to a circle in the w-plane. Some special cases of linear transformation are:

4.7.1 Translation

Consider the linear transformation is
W=az+pf (1)
Putting o = 1 in the given equation (1), we get
W=z +p .2)
If z=x+iy, f=a+ ibandw = u + iv then by equation (2), we have
utiv=x+iy+a+ib
or u+iv=(x+a)+i(y+Dhb) ...(3)

Equating the real and imaginary parts of both sides of equation (3), we get



u=x-+a

and v=y+h.

Examples

Example.3. Let a rectangular domain D be bounded by x =0.,y=0,x =2,y = 1. Determine the region

D’ of w-plane into which D is mapped under the transformation w =z + (1 — 2i).
Solution. It is given that

w=z+(1-2i) ...(1)

In region d, z-plane bounded by x =0,y =0,x=2and y =1.

In region D’, w-plane

=0 z=2

z-plane



w-plane

w=z+(1-2i)

or u+iv=(x+iv) (1-2i)
=(x+1)+iy-2)

u=x+1lv=y-2

When Xx=0,u=1

When X=2,u=3

When y=0, v=-2

When y=1, v=-1

Example 4. Consider the transformation w =z + (1 — i) and determine the region D’ of the w-plane

corresponding to the rectangular region D in the z-plane bounded by x =0,y =0,x=1andy = 2.
Solution. It is given that
w=z++(1-1) ..

In region D, z-plane bounded by x =0,



zzzzzzz

wwwwwww




When x=0, u=1
When x=1, u=2
When y=0, v=-1

When y=2, v=1.

4.7.2 Rotation

Consider the linear transformation is
W=az+pf.(1)

Putting o.=¢e" and B =0 in equation (1), we get
w=ze"

which rotates z through an angle 6 in anticlockwise in w-plane.

Examples

izl4

Example.5. Given the transformation w = ze and determine the region D’ of w-plane

corresponding to the triangular refion D bounded by the lines x=0, y = 0 and x+y = 1 in z- plane.
Solution. It is given that

w = ze""* e

= u+iv=(x+ |v)(%j



Equating the real and imaginary parts both sides, we get

:ﬂ 2
u N ...(2)
and v:% .3)

Putting x = 0 in the equations (2) and (3), we get

1
u:——y’ V =

J2

= u= -v

Now putting y = 0 in equation (2), and (3), we get
V= 1 y
J2
= u=v

Again putting x + y =1 in equation (3), we get

Therefore the triangular region D in z-plane is mapped on a triangular region D’ of w-plane bounded by
the lines

u=-v, u=v,v=

ol



w-plane

4.7.3 Magnification

Consider the linear transformation is
w=az+B..(1)
Puttingp = 0 in equation (1), we get W= oz

which show that the figure in w-plane magnified a-times the size of the figure in z-plane

Examples

Example.6.Determine the region D’ in w-plane on the transformation of rectangular region enclosed

byx=1,y=1,x=2,andy =2 in the z-plane. The transformation is w = 2z.
Solution. It is given that
W =2z (D)

u+iv=2(x+iv)



Equating real and imaginary parts both sides, we get

U=2x, v=2y
When x =1thenu=2 wheny =1 thenv =2
When x = 2 then u = 4, wheny =2 thenv =4.
y
Vv
A
A
v=4
y=2 —
u=2 u=4
x=1 X=2
y=1 V=2
> X > u
o | | : ]
w-plane
z-plane

Example 7. Consider the transformation w = 2z and determine the region D’ of the w-plane into which
the triangular region D enclosed by the lines x =0,y =0, x + y = 1 in the z-plane is mapped under this

transformation.

Solution. It is given that

w =2z ..(D)
= u+iv =2(x+1iy)
Equating the real and imaginary parts both sides, we get u=2x
and v=2y
When x=1 then u=0



When y=0 then v=0

When Xx+y=1 then u+v=2

w-plane
4.7.4 Rotation and Magnification
Consider the linear transformation is
w=az+B ..(2)
Putting B = 0 in equation (1), we get
W = oz, where ais complex number ...(2)

If pe® =w = p® and o = ae”, then equation (1), we have
pe'® =ae" . re® =are'®*v wherep=areand p=0+y

which shows that the transform w = az corresponding to a rotation together with magnification.

Check your Progress

1. What do you mean by rotation and magnification?



Examples

Example.8. Determine the region D’ of the w-plane corresponding to the region D z-plane bounded

by x=0,x=2,y =0,y =3, under the transformation w= (1 +1i) z
Solution. It is given that
w=(1+1)z ...(1)
In region D, z-plane bounded by x=0,x=2,y=0andy = 3.
In region D’, w-plane
w=(1+1i)z
u+iv =(1+1)(x+1iv)
= (x+ ) + (iy - )

=(X=y)+i(x+y)

= u=(Xx-y) v=[(+y)
Y Vv
A
u-v
\ u+v=
s N
D
x=0 x=2 U=-v \{
J u=v u
7 - >
X 0
0

w-plane

z-plane



When x=0 = u=-y,v=y

= u= -v
When y=0 = u=x, V=X

= u=v

When X=2 = u=2, V=2+y
= u—-v=-6

When y=3 = u=x-3 v=x+3
= u-v=-6

4.7.5 Inversion

We have W=1(Z¢O)
z (1)

If w=pe'® and z = re'® then by equation (1), we have
pe? = —5

re

- 1 o
or pei® = —¢
r

1
Wheresz and ¢=—0.

which show that the figures in z-plane are mapped upon the reciprocal figures in w-plane.



Examples

e 1 1 . 1
Example.9.Find the image of the infinite strips 2 < y<§ under the transformation w :E .

Solution. It is given that

N |~

(1)

X —iy

= U+iv=——-=— 5
X+iy Xx“+y

Equating the real and imaginary parts both sides, we get

u= X
x* +y?
_ y
and V=
x? +vy?
u X
= A
v y
u
or x=——y
v
so that V=— Zy - = uyy
X +y )
- |+
S
VZ
v
or y=———




y=1/2
y=1/4
0 > X
z-plane w-plane

Ify= % then we have

v _1

u?+v: 4
= u? +v3+4v=0
or u?+ (v+2)>%=4.

1
If y=§ then we have

v 1
uz+v? 2
= u® +v2+2v=0
or u? + (v + 1)? =1.

4.8 Summary

: : : . o .. dw
Consider the function of a complex variable z is w = f(z). Those points in which dz = O are known as

. ) . . L .. dw .
ordinary points. And those points are known as critical point in which dz provided the values 0 or .
z



Consider the transformation u = u(x, y), v = v(x, y)which maps the two curves Ci, C, of z-plane on the
two curve C1’, C2” of w-plane.If the transformation is such that the angle at (xo, yo) between Cy, and C: is
equal to the angle at (uo, Vo) between C1” and C»’ both in magnitude and sense (direction), is known as the

conformal transformation at (o, Yo).
The linear transformation is defined by

wW=az+p.

4.9 Terminal Questions

Q.1. Explain the ordinary and critical points.
Q.2. Write a short note on Conformal mapping.

Q.3. What do you mean by transformation.

Q.4. Find the image of the rectangular x = 0,y = 0,x = 1 and y = 2 in z-plane under the map w =
A+dz+@2-10).

Answer

4. Image in w-plane is rectangular bounded by u +v=1L,u=v =3, u+v=3 andv—-u=1.

Suggested Text Book Readings:

1. Ponnusamy, Foundations of Complex Analysis. 2" Edition, Narosa Book Publication, 2008.

2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum's Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.
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5.1 Introduction

The bilinear transform is a mathematical transformation used in signal processing and control system theory
to convert continuous-time systems into discrete-time systems. It is particularly useful for designing digital
filters based on analog prototypes. The bilinear transform preserves stability, meaning that if the
continuous-time system is stable, the discrete-time system obtained by the transformation will also be
stable. However, it introduces frequency warping, which must be compensated for in filter design to achieve
the desired frequency response.

Bilinear transform is a fundamental tool for converting between continuous-time and discrete-time
domains, enabling the analysis and design of systems in both domains.The bilinear transform is important
in several areas of signal processing and control system design for the frequency mapping, stability

preservation, time domain analysis, control system design and digital signal processing.

5.2  Objectives

After reading this unit the learner should be able to understand about

= the Bilinear (or Mobius) Transformation
= Invariant or Fixed points of the Bilinear Transformation
= Some Properties of Bilinear Transformation

= Special Conformal Transformations

= Joukowski’s Transformation (W =7 +lj
z

= Schwarz-Christoffel Transformation



5.3 Bilinear (or Mobius) Transformation

The transformation of the form

_az+b
cz +d

in which a, b, ¢ and d are complex constants and ad — bc =0 is called a bilinear (or Mobius) transformation.
The constant ad — bc is known as the determinant of the transformation (1).
Equation (1) may be written as
cwz +dw-az-b=0
which is linear both in z and w.
By equation (2), we have
zlcw—-a)+dw—-b=0

—dw+Db
or I=——
cw—a

which is inverse transformation of equation (1) and also a bilinear transformation.

Suppose w1 and w- be the points corresponding z; and zz in equation (1) then

W W_a22+b az, +b
2 ' cz,+d  cz +d

_ (ad —bc)(z,-z)
(cz, +d)(cz,—d)

w,—-w=0 if ad-bc=0

This shows that w is constant or meaningless.

az +b
cz +d

Note. (i) We have w =



b
Z+—

or w=2 g
C 742
c
i b
if z =—— then w=0
a
if Z= —— thenw=o
c
(i) We have w= —dW+D
cw—a
w_P
S
c @
c

if w= g then we havez = 0.

) a
if w= — then we have z = .
c

az +b
cz +d

(iii) The transformation w = is said to be normalized if ad — bc = 1.

az +b

(iv) The transformation w =
cz+d

is said to be conformed if ad — bc =0 then (2'—\2/;:2 0.

(v) We have w = f(z) and 2—‘2’ = f'(2).

az +b

(vi) We have w = .
cz +d

Differentiating with respect to z both sides, we get

dw _ (cz+d)(a)— (az+b)(c)
dz (cz+d)’




_ad —bc
(cz +d)

The implies dw =0if z=w
dz

and d—W:ooifz:—9
dz c

. d . :
Hence the points z = co and z=—— are called critical points where the conformed property does not hold
c

goods

(vii) A mapping w = f(z) is conformal at point of z1 where f(z) is analytic and f’(z1) = 0.

Examples

47 +5
2z +7

Example.1. To show that w = is not a bilinear transformation.

Solution. It is given that

w=22+5 (D
22 +7
We know that the bilinear transformation
w= 22+b 2
cz +d

Comparing equations (1) and (2), we get
a=4,b=51c=2,d="7.
For bilinear transformation, we have

ad —bc z0



= @ M- @)=0
or 28-10#0

This shows that w is a bilinear transformation.

72 +4
14z +8

Example.2. To show that w = is not a bilinear transformation.

Solution. It is given that

1z +4

= ...(1
14z +8 o
We know that the bilinear transformation
w= 3z+b Q)
cz +d

Comparing equations (1) and (2), we get
a=7,b=4,c=14,d=8.
For bilinear transformation, we have
ad—bc =0
= (7) (&) - (4) (14) = 0

This shows that w is not a bilinear transformation.

az + [,

Example.3. Given are w =
Yz +06

, S — LBy #=0. Todetermine the critical point of w.

Solution. It is given that



w=232*8 5_ By =o0. (D)
YZ +0O

Differentiating with respect to z both sides of equation (1), we get

dw _ Oz +3)x)—(az— B)()
dz Gz +85)°

- a5 —pBr 2
(z +5Y)

Using equation (2), we have

d—W=0 if z=o0.
dz

Example.4. To show that w = z is a bilinear transformation.

Solution. It is given that
w=z=— (1)

We know that the bilinear transformation

W=D 4 b 20..2)
cz +d

Comparing equations (1) and (2), we get
a=1,b=0,c=0,d=1.
For bilinear transformation, we have
ad-bc=(1) (1)-(0) (0)
=1=0.

Hence w = z is a bilinear transformation.



5.4 Invariant or Fixed points of the Bilinear Transformation

The bilinear transformation is

w=2*5 a4 _be =0 (D
cz +d
or cz?2 +zd -az—-b=0
or cz?2 -(a—d)z—b=0

_(a-d) £yJ(a—d)’ +4bc
2C

or Z

Q)

The roots of equation (2) are known as the invariant or fixed points of the bilinear transformation of

equation (1).
Note. (i) If there are distinct points z; and z» then the transformation may be put in the normal form

w-z, _,2-2
w—2z, z -1z,

and if there is only one invariant point z; then the transformation may be put in the normal form

Check your Progress

1. What do you mean by Bilinear transformation?

2. Define the invariant.



5.5 Some Properties of Bilinear Transformation

(i) A bilinear transformation maps circles into circles.

The bilinear transformation is

az +b

w=—",ad —bc=0
cz +d

a
or w=2 a
C

a
Then w=—+ w,
C

Here each of these transformation is one or other of the standard transformation



1
W=Z+ o, W=—
z

W= [

and under each of these a circle. Therefore the bilinear transformation maps circles into circles.

Note. (i) w = z + arepresents a translation
.. 1 . :
(i) w = — represents an inversion
z

(iii) w = Sz represents a dilation.

(ii) A bilinear transformation preserves cross-ratio of four points.
The bilinear transformation is

W:az_+b’ ad —bc=0 ..(D)
cz +d
Suppose the points z1, 22, 23, z4 of the z-plane maps onto the points w1, w2, ws, w40f the w-plane respectively

under the bilinear transformation (1), we have

_az +b W _az,+b
Y cz;+d’ % cz,+d’
_azz+b _az,+b
* cz,+d’ ' cz,+d

_az, +b az,+b
cz, +d cz, +d

Now W, — W,

_ (az, +b)(cz, +d)— (az, +b)(cz, +d)
(cz, +d)(cz,+d)

_ (ad —bc) o
(C21+d)(c23+d)(2 3) )

_ (ad —bc)
(cz, +d) (cz,+d

Similarly W, —W,

)(22 ~17,) -.-(3)



(ad—bc)

W, —w, =
* 7 (czy +d)(cz, +d

)(z3 -7,) .4

(ad —bc)

W, —W, =
v (cz, +d) (cz,+d

) (24 _21) ...(5)

Using equation (2), (3), (4) and (5) we have

(Wl _Wz) (Ws — W4) _ (Zl_ 22)(23_24)
(Wz_Ws) (W4_W1) (22_23)(24_21)

or (W1, Wz, W3, Wa) = (21, Z2, 3, Z4).

Hence the cross-ratio of four points is invariant under bilinear transformation.

Examples

Example.5. Determine the two bilinear transformations whose fixed points are 1 and 2.
Solution. The bilinear transformation is

W= az+2 , and ad- bc =0 ..(1)

CzZ +

For fixed point we put w = z, by equation (1)

_az+b
cz +d
or ¢z +dz -az—-b=0
or cz2 +z(d-a)—-b=0
a-d) b
or zz—z(—)——:O
c c o)

It is given that the fixed points are 1 and 2, therefore we have



(z-1)(z-2)=0
or 722-32+2=0 ...(3)
Equating the coefficient of z and constant in the equations (2) and (3), we get

ﬂ=3 and—9=2
c C

= b= -2c andd=a-3c
Putting the values of b and d in the equation (1), we get

_az-2
cz+a—3c

Takinga =2,c=-1and a =1, ¢ =-1, we have

27 + 2 7+2
W= and w=

-7 +5 -7+4

Example.6. Find the bilinear transformation which transforms z=o, i, 0 into w=0, i, o respectively.

Solution. Consider the given points z1=co, z>=i, z3=0 and zs=z which maps into the points w1=0, w»=i,

W3=00, W4=W.

The bilinear transformation of four cross-ratio is

(W —wy) (W —w,) — (z-2,)(2-2,)
(W, —w,) (W, —w,)  (2,-2)(z,—2) (1)

or

or

or wz (z— o0 ) oo —w)



or Wzl
or wz =-1.
“’. (i—o0) (oo —i) (i—n)(n—i) ]

(z—=)(o—w) _Hm (z=n)(n—w)

[rlu_lj[l_rlrj a1

R CD I

Example.7. Find the transformation which maps the points -1, i 1, of the z-plane onto 1, i, -1, of the

w-plane respectively,

Solution.Consider the given points z; = -1, z> = i, zs=1 and z4 =z which maps onto the points wi=1, w>=1i,

ws= -1 and ws = w.

The bilinear transformer of four points cross-ratio is

(W —w,) (W —w,) _ (2= 2,)(2-2,)
W, —w,) (W, W) (2,-2,)(2.-2,) (D)

@-i)-1-w) _ (-1-i)(1-2)

T Tirnw-y) | (-Drz2)

@-i)@+w) @+i)1-2)

T wr) w1 (-1)(z+2)

(w+1) (@-z) (@+i)y

T W) @ 2) (-2)asi)

(w+1) _(@-2)
(w-1) (1+2)

or

Applying componendo and dividend, we get



or W=——

which is the required bilinear transformation.
Example.8. Find the bilinear transformation which transformsz=0, 1, 2 into w =1, 0, 1 respectively.

Solution.Consider the given points zy = 0, z2 = 1, z3= 2 and z4 = z maps into the points w1 =i, w2 = 0, wz =

1, ws=w.

The bilinear transformation of four cross-ratio is

(Wl _Wz) (Ws — W4) _ (21_ Zz)(23_24) (1)
(Wz_Ws) (W4_W1) (22_23)(24_21)

(i-0)a-w) (0-1)(2-2)

o O0-Dw—i) @—2)(z-0)
i(w-1) 2-z
o (w—i)  z
2 . i(w-1)
or ;—1_ (W—i)
2 i(w-1)
or 5 " —(W—i) +1
2 (w—i)+iw—i
or z T woi)
o 2 _ w(1+i)_—2i
z w—i
or 2w -2i =wz (1 +i)-2iz
or 2w-wz(1+i)] =2iz+2i

or w[2-z(1+i)]=2i(1-2)



2i(1—z2)
or w=s ——— 2
2—2z(1+1i)
which is the required bilinear transformation.

Example.9: Find the bilinear transformation which maps the points z = 0, -1,einto the points w = -1,

-2-1, irespectively.

Solution.Consider the given points z1= 0, z2 = -1, z3 = ccand z4 = z maps into the points wi=-1, wp = -2-i,

w3 =iand w4 = w.

The bilinear transformation of our points cross-ratio is

(Wl _Wz) (Ws — W4) _ (21_ 22)(23_24) ..()
(Wz_Ws) (W4_W1) (22_23)(24_21)

(-1+2+i)(i-w) (0+1)(0-2)

or C2-i—iw+1) (1-0)z=0)

or _1(1+|)(i—w) _ (00-2)
2(1+i)(w+1)  (0+1)z

(i-w) 2

or we1) 2"

or (i-w)z=2w+1)

or iz—wz-2w-2=0

or w122

2+12

which is the required transformation.

(l z) [I zj
Note: oo — Z - n—z - n o0 1—-0
.. — In,.] — I,.]n — — =1




Example.10. Determine the fixed points and the normal formed of the bilinear transformation

z

W = )
-2

Sol. It is gven that the bilinear transformation

z-2
or 72-272-2=0
or 72-31=0
or z2(z-3)=3
or z=0,3

For determine the normal form, we have

w-3=—"—-3
722
—272+6
72-2
y4
or wW-0_ z-2
w—-3 _22+6
722
w -0 1 z
or =——
w-3 27-3
w -0 1z-0
or =——
w-3 27-3



or

W_
W_

w|o

which is the required normal form.

5.6 Special Conformal Transformations

(i) w=¢?
We have u+iv =
or u+iv =e*(cosy+isiny)

Equating the real and imaginary parts both sides, we get
u=e*cosy
andv =¢e*siny
Again we have w = e’
pei? =g¥ giv
p=eandg=y.

Hence x =log pand ¢ =y.

Examples

Example.11. Find the image and draw a rough sketch of the mapping of the region 1 < x <3 under
the mapping w = e~

Sol. Given the mapping w = ¢’ ..(D)
Let W= pe ...(2)

By equation (1), we have



w=ge =g"*V ..(3)
From equations (2), and (3), we have

peiq, — gX*iv

or pr=e*. eV
Equating the real and imaginary parts both sides, we get
p=¢€
and e = eV

(a) 1< x, then p = elrepresents a circle of radius e* = 2.
(b) x = 2, then p = €? represents a circle of radius e? = 7.4.

(c)y = 2,then ¢ = 2 represents a radial line making an angle of 2 radian with the x-axis.

(d) y =3, then ¢ = 3 represents a radial line making an angle of 3 radians with the x-axis.

v
c

~

y=2 \\Q

v
x

z-plane w-plane

(i) w = cosh z ..(1)
COS IX =CO0SYy
EN u+iv =cosh (x +iy) sin ix =isinhy



=cos i (X +iy)
=cosixcosy +sinixsiny
=cosh xcosy +isinhysiny
Equating the real and imaginary parts both sides, we get
u =cosh x cos y ...(2)
v=sinhysiny ...(3)
Eliminating x form equations (2) and (3), we get

u? v?

= —— ——=1 ‘{coshzx—sinhzx:l} .4
cos’y sin’y

Now eliminating y from equations (2) and (3), we get

u? Ve

= - =1 cos? y+sin®y =1 .05
cosh®x  sinh?x H y y } ©®)

(i) Put y=a in the equation (4), we get

u? &

=1 1i.e hyperbola ...(6
cos’a sin‘a { » | ©)

Which shows that the above lines parallel to x-axis in the z- plane map into hyperbola in the w-plane.

A
v

v
x

0 v

z-plane w-plane



(i) Put x = b in the equation (5), we get

u? v?

cosh’a sinh?a

=1 {ie,ellipse} -(7)

which shows that the above lines parallel to y-axis in the z-plane map lines into ellipse in the w-plane.

The rectangular a <x <b, ¢ <x <d in the z-plane transforms into the shaded portion in the w- plane.

5.7 Joukowski’s Transformation (w =7 +l)
z

We have W=2Z+— ..(1)

Differentiating equation (1) with respect to z, we get

dw_, 1
dz z
722 -1

= 2 ...(2)

which is non zero except z = + 1, so transformation is not conformal at z= + 1.

From equation (1), we have

1
W=2+—
z
: 1 .
= u+iv=wW=2+— {z=r(coséd+isind}
z

1
r(cosé +isin 9)

u+iv=r(cosé+isinf)+

1 -
= r(cos@ + i sinf)+ F(cos@ —~isin@)



= (r + 1) coso + i(r—lj sin@
r r

Equating the real and imaginary parts both sides, we get

u:(r+£jcos¢9 ...(2)

r

and = (r - EJ sin @ ...(3)

r

Eliminating 6 from equations (2) and (3), we get

-1 {cos"’9+sin2¢9=1} . (4)

I A IO
4c0s2 0 4sin?0 a r r)

5.8 Schwarz-Christoffel Transformation

Schwarz-Christoffel Transformation determines the specific function which conformally maps (bounded
or unbounded) polygons to upper half plane and consequently to any region into which the half plane can

be transformed such as unit dask.

Formula of this transformation is

dw A 22 =2
E:A(z—xl),r Y(z-x,)x (z—x,)=

or W=A_[(z—xl)%*l (z=%,)* Holz—x, )" dz+B



where au, a2, aas,....., are the interior angles of the polygon of the w- plane with verticies Az, Az ....... , An
are mapped into the points xi, Xo, ....... , Xn On the real axis of the z-plane and A and B are complex

constants.

Examples

Example.12. Find the bilinear transformation which maps the points z = 1, i, -1 onto the points w=

i,0, -i, Also find the invariant points of this transformation and image of |z| <1.

Solution.Consider the given points z: = 1,z; =i, z3 = -1 and z4 = z maps onto the points wi=i, w, = 0, ws=

-i and wa = w.

The bilinear transformation of four points cross-ratio is

(Wl _Wz) (Ws B W4) _ (21_ 22)(23_24)
(Wz_Ws) (W4 _Wl) - (22_23)(24_21) )

or (i-0)(-i-w) _(@-i)(-1-2)
(O0+i)(w-1)  (i+1)(z-12)

or (w+i) @—i)z+1)

(w—1) (@+i)(z-1)

Applying componendo and dividendo, we get

2w _ 1-2)(z+1) +(1+i)(z-1)
2i 1-i)(z+1D)—(1+i)(z-1)

or W (z-zi+1-i) + (z+zi—-1-i)
i (z—-zi+1-1)—(z+zi—-1-i)
_2i(z-1
- 2(1-zi

N—"

or w

.3

N—"



1+iz
W_

or =0
1-1z

which is the required bilinear transformation

To find the invariant points of the given transformation, we put w = z in equation (3),

1+iz
W:—_
1-1z
or 7—i2=1+1iz
or z—-i2-iz-1=0
o g (L—i)t(@-i) -4
- 2i

7 =

@—i)x\/(~1+1-2i)-4i
2i

:%[(l+i)]i\/a (4)

which is the required invariant points. Now equation (3) may be written as

wW—iwz=1+iz

or z(-iw-i) = 1-w
or g= _1-W
—i(w+1)
or =1 1_—W
7 14w
15 2] [L=W)
(L+w)

or [1+w| > i[ |[L-w| =0



or (1+u?d) +v¥>(1-u)?+ V2

or 2u >-2u

or 4u >0

or u>0
or Re(w) >0

Hence the interior of the unit circle in the z-plane is mapped onto the entire half of the w-plane to the right
of the imaginary axis.

2 2
Example.13. Show that the transformation w =z +a4—2b, a and b are real transforms the circle of

1
radius > (a + b), with center at (0, 0) in z-plane into an ellipse having a and b as semi-axis in w-plane.

Solution. It is given that the transformation

a’-b?

W=z +
47

(1)
Also given the circle specification is

2]=5(a+b)

=7 :%(a+b)e‘0...(2)

Using equations (1) and (2), we have



=acos@+ibsinéd

= u+iv =acoséd+ibsing

u =acosd, v=>bsing

Which is an ellipse having a, b as semi-axis in w-plane

Example.14. Determine the invariant points of the transformation w= PR
+

Solution. Itis given that the transformation

w=—— (D)

z-1

7=——

z+1

or 22+7-72+1=0
or Z2+1=0
or Z==i

which are the required invariant points.



. z-1 . : .
Example.15. Show that under the transformation W= —1 real axis in the z-plane is mapped into
Z+

the circle |w| = 1. Which portion of the z-plane corresponds to the interior of the circle?

Solution. It is given that

z-1

We have lw| =
z+1

X+iy—1
X +iy+1

For real axis in z-plane (i.e., y=0) transforms into

[x2 +1]1/2

[x2 +1]1/2

Therefore the real axis in the z-plane is mapped into the circle |w| =1.

For interior of the circle i.e., {|1| < 1|}

[xz +(y -1y ]1/2 9

> [x2 +(y+1) ]1/2 B

or X2+ (y -1)P< %+ (y + 1)

or -4y <0



or y>0
Hence the upper half of the z-plane corresponds to the interior of the circle |w| < 1.

iz +2

, transformation the real axis in z-
4z +1

Example.16. Prove that the bilinear transformation w =

plane into a circle in the w-plane. Find the centre and radius of the circle and the point in the z-plane

which corresponds to the centre of the circle
Solution.The given bilinear transformation is

w=12+2
4z +1

From equation (1), we have
4wz +wi=iz +2
or z(Aw —i)=2—wi

or = 27W )
4w —i

The real axis in z-plane (i.e., y = 0), then we have

y=0
or 2iy=0
or z-7=0

Using equation (2), we have

2-wi  2+Wi _
Aw—1i AW +i

0

or  (2-wi) (4W +i)— (2w +wi) (4w—i)=0

or 8w —4iww+2i+w—-8w—-4iww+2i—w=0



or —8iww+7(Ww—w)+4i=0

or 8i(u? +v?)—14iv+4i=0 {(“w=u+iv,w=u—iv}
+ +7U 1—0
or u? + v? 73"

which is the equation of a circle in w-plane with centre at (0, - é)

This imoli —0 7 Ti
is implies w = 5= 3

and radius = \/(0)2 + (_ g)z - (_ %)

Putw = % in the equation (2), we get

Hence the real axis in z-plane is transformed onto a circle of w-plane whose centre is at w = —gl, radius

= Z and the centre of the circle corresponds to the point z = i in the z-plane.



Example.17. Show that the transformation w = 22—+43 maps the circle x? + y> — 4x = 0 into straight
Z_

lined4u+3=0.
Solution. The given the transformation

22 +3
W=

!
z-4 M
From equation (1), we have
wz -4w =2z + 3
or z(w—2) =3+ 4w
or zZ= 4w+3 .(2)
w—2
. 4w+3
so that I=— ...(3)
w-2
Given equation of the circle in z-plane
X2 +y2-4x =0
or 27 -2(z+2)=0
(4W+3j(4v_v+3j [4W+3 4v_v+3j
or - + =0
w—2 )\ W-2 w—2 w-—2
(4w +3)(4w +3) _ {(4w+3)(W—2)4wW +3)w—2)}
or -2 =0
(w—2)(w-2) (w—2)(w-2)
or 16WW + 12(W+W) +9— 2[4WW + 30 —8w —6+4WW +3w—8W —6]=0
or 22(w+W)+33=00r 2(w+w)+3=0

or 4u + 3 =0, which is the equation of a straight line in w-plane.



5.9 Summary

az +b

3 in which a, b, ¢ and d are complex constants and ad — bc =
Cz +

The transformation of the form w =

0 is called a bilinear (or Mobius) transformation. The constant ad — bc is known as the determinant of the

transformation.

The transformation w = az +Z is said to be normalized if ad — bc = 1.The transformation w = az +3 is
CZ + cz +

dw
said to be conformed if ad — bc =0 then E;«ao.

A bilinear transformation maps circles into circles.A bilinear transformation preserves cross-ratio of four

points. The bilinear transformation of four cross-ratio is

(W1 _Wz) (W3 — W4) _ (21_ Zz)(23_24)
(Wz_Ws) (W4_W1) (22_23)(24_21).

5.10 Terminal Questions

Q.1. What do you mean by Bilinear Transform.
Q.2. To show that bilinear transformation maps circles into circles.

Q.3. To show that bilinear transformation preserves cross-ratio of four points.

Q.4.Determine the following transformation is bilinear transformation or not:

. _ (A+dz+1
(i) T 2z4(1+0)
(ii) (2+3i)z+i

T —13iz+(2-30)

@) w=2z



. __z+i(1-0)
(iv) w= iz+(2—1)

Q.5. Find the bilinear transformation which maps the points z = —2, 0, 2 into the points w = 0, i, —i

respectively.

Q.6. Find the fixed points and the normal form of the following bilinear transformation:

. Z .. z—1
(I) w _E(U) w iy

Q.7. In the transformation z= % show that the positive half of the w-plane given by v > 0 corresponds to

the circle |z| < 1 in the z-plane.

Answer

4.(i) No i) No

(iii) Yes (iv) Yes

S5:w=i ((ZZLZZ)).

6.() 0,1, W=0_12-0 (i) i, —i; W=i_ 271
w—-1l 2z-1 Wi Z+i

Suggested Text Book Readings:

1. Ponnusamy, Foundations of Complex Analysis. 2" Edition, Narosa Book Publication, 2008.

2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum's Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.
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Complex Integration and Series

Complex analysis has significant utility in applied mathematics. In 1813, the French mathematician S.D.
Poisson investigated integration in the complex plane. Complex integration is extremely important in the
study of functions of a complex variable. In 1831, Cauchy discovered his famous formula, the Cauchy
integral formula. Cauchy began developing his theorem, the Cauchy fundamental theorem, in 1825. These
contributions are foundational in the field of complex analysis and have had a profound impact on
mathematics.Complex integration plays a significant role in complex geometry, where it is used to study
complex manifolds and algebraic varieties. It contributes to understanding the topology and geometry of
complex spaces. In number theory, complex integration is applied in studying complex multiplication of
elliptic curves and the distribution of prime numbers. Hence the complex integration's versatility and power
make it a valuable tool in mathematics, science, and engineering, with applications in fluid dynamics,

control theory, complex geometry, and number theory.

In complex analysis, certain integrals are path-independent, meaning the integral's value depends only on
the endpoints of the path. This property is crucial for many applications. In complex analysis, series play a
crucial role in understanding the behavior of complex functions. Series in complex analysis are used for
various purposes, including representing functions, solving differential equations, and studying the
properties of complex functions. They provide powerful tools for analyzing complex functions and

understanding their behavior.

In the sixth unit, we delve into the foundational concepts of complex integration and their properties. The
seventh unit covers Cauchy’s fundamental theorem and the Cauchy-Goursat theorem, along with their
applications. Unit eight explores Cauchy’s integral formula, an extension of the formula, the formula for
derivatives, and Cauchy’s inequality. Unit nine provides detailed discussions on Morera’s theorem,
Liouville’s theorem and its applications, the fundamental theorem of Algebra, and the Maximum modulus
principle. Lastly, in unit ten, we will examine Entire functions, Taylor’s theorem and its applications, as

well as Laurent’s theorem and its applications.
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6.1 Introduction

Complex integration involves integrating functions that output complex numbers along curves in the
complex plane. It's an extension of real-valued integration to complex functions. The key concept is to
parameterize a curve in the complex plane and then integrate the complex function along this curve with
respect to this parameter. The most common type of complex integration is the line integral, where you
integrate a complex-valued function f(z) along a curve C in the complex plane. There are several important
results in complex integration, such as Cauchy's integral theorem and Cauchy's integral formula, which are
fundamental in complex analysis. These results establish connections between the values of a complex
function in a region and its values on the boundary of that region, with applications in mathematics and
physics.

Complex integration is essential in complex analysis, a branch of mathematics with applications in physics,
engineering, and signal processing.

6.2  Objectives

After reading this unit the learner should be able to understand about:

the Complex Integration and their applications

. the arc and multiple point on an arc and Jordan arc
. the Contour and simple closed contour

. the Rectifiable curve and its length and integration
. the Connected region and non-connected region

. the Simple and multiple connected region

. some properties of complex integration



6.3 Complex Integration

(i) We know that for the definite integral f:f(x)dx. The path of integration is always along x = ato x =

b or integral a to b.

y=f(x)

e

O X=a

x=b

(i)We know that for the definite integral f: f(y) dy. The path of integration is always along y-axis from

y=atoy=b.

y=b

x=f(x)

y=a

(iii) But in the integral of complex function fff(z) dz, the value of integral depends upon the curve along

with z which assumes values from a to b. But if the curve like C;, C, and C5 along with z takes values from



a to b are regular curve then along whatever curve z vary along a to b or in the other words whatever may

be the path in case of regular curve, integral will have to same values.

z=b

Z=a

6.4 Arc and Multiple point of an arc

An are C is a set of point z = (x, y) in the complex plane such that
x=x(t), y=y@t),as<t<bh
where x(t) and y(t) are continuous functions of real parameter ‘t’ thus an are is represented by
z(t) =x(t) +iy(t),a <t < b, for the curve
x? +y% =a? i.e., parametric equation, where

x =acost, y=asint; 0<t<2m.



Imaginary axis

Lo

0 ¢ X — Real axis

Multiple point of an Arc
Consider z=¢t)+iyp(t) =x+iy
then we have x=¢((t) and y=y(t)

if these equations are satisfied by more than one values of t then the point z on (x, y) is called a multiple

point of arc

z = sin’t +icos?t,where x =sin?t, y=cos?’t 0<t<2m

Put z=1i when t=0
z=1 when t=mw
z=1 when t=2m

z = i is satisfied more than one value of t.
So z =i is multiple point. 0 < t < 2m.

Note. A continuous curve have no multiple point.



6.5 Jordan Arc

Anare z(t) = x(t) + i y(t), a < t < b is said to be (Regular) smooth arc if its Z'(t)
(i) exists (ii) isnon zero and (iii)continuous in [a, b].

Note: A continuous are without multiple point (or arc) is called a Jordan curve or arc.

6.6 Contour and Simple Closed Contour

Contour is a Jordan curve consisting of continuous chain of finite number of regular arcs if A be the starting

point of first arc and B is the last point of last arc then integrating along such a curve is written as ff f(z)dz.

A contour C is said to be simple closed contour if its ending points coincide.For example,circle, boundary

of a triangle or rectangle.

Note:A contour is a continuous chain of a finite number of regular arcs. A contour is an arc consisting of a

finite number of smooth arcs joining end to end.

6.7 Rectifiable Curve and Its Length

Let the equation of the arc of the curve be x = ¢(t) and y = Y (t), where @ < t < . Subdivide the
interval (a, B) by points t,, t;, t, .... t, by the points Py, P; .... B,. The length of two polynomials line
Py, P; ... P,_4, B, is the sum of length of the line Py, P, Py, ... P_1, By.



to = f } t,=8
Let the points corresponding to Py, Py, .. B, be zy,z,z,..2z, having coordinates
(%0, ¥0) (%1, V1) - (x5, ) then the length
P0P1""""PTL:POP1+P1P2+"'+PTL—1PTL

= (1 —x0)% + (11 — ¥0)? + (x2 — 1) + (¥, — ¥1)?

+ it \/(xn —Xpn—1)? + Vn — Yn-1)?

= Z[(xr - xr—l)z + (O — yr—l)z]l/z

The value of the sum depends upon the mode of subdivision and is called length of the inscribed polynomial.

If the arc is such that this sum (the length of all inscribed polygons) have a finite upon bound i for all modes

of subdivision then the curve is said to be Rectifiable and i is the length.

ty =x
Py Zo(x0,¥n)

2, (%1, ¥1)
P, 1(X1, V1

7,(x2,2)

P,

Zn (x7U yn)tn = ﬁ

v



Check your Progress

1. What do you mean by complex integration?
2. Define the Jorden arc.

3. Explain the contour and simple closed contour.

6.8 Definition of Integration

Let a function f(z) of a complex variable z be continuous in a domain D. Let z = a and z = b be two

points in this domain.

Let C be a curve from z = ato z = b and C is completely in the domain D so that f(z) is continuous on
C.

Let a = zy, and b = z, we take a partition
f={a=2zy2,2,, ... Zy,... Zy_1,2, = b} Of thiscurve C
fromthe sum Y7’ (z, — z,_1) f(&,) where z,_; <¢&. <z,

ie., (z1 —2zp) f(&) + (22 —21) f(§) + ...

v



The limit of this sum, if it exists uniquely for any path joining z = a to z = b lying in D whatever may be

the way of partition is called the integral of f(z) over C from a to b and is written as

.[; f(z)dz or.l;bf(z) dz

b n
This [ r@az=jm Y e -z 16
a =0

6.9 Connected and Non-Connected Region

Aregion D is said to be a connected region if any two points of region D can be connected by a curve which

lies entirely with in the region. (Fig. 1)

v
x

Fig. 1

The region in Fig. 2 is not connected because the curve joining z;, z, lies outside the region.

o) Fig. 2

Y

A

v
x




6.10 Simple and MultipleConnected Region

A connected region D is said to be simply connected if all the interior points of closed curve C draw in

the region D are points of the region D.

Fig. 4 is not simple connected region.

S

o Fig. 3

v
x

A region in which every closed curve can be shrunk to a point without passing out of the region is called a

simply connected region otherwise it is said to be multiconnected region.

Fop

</

v

o Fig. 4

If all the points of area bounded by two or more closed curve drawn in the region D area of points of region

D then region is said to be multiconnected region.



Multiconnected
area

If C,,C,,.......C,, are drawn in region D and if all the points of area lying in the closed curve
C;,C,,C3,C4,Cs,Cq .... and so on i.e. the area which is interion to C and exterial to the other curves
Ci,Cyy e and so on the region area of the point region D then region D is said to be multiconnected

region.

6.11 Some properties of Complex Integration

o[ ez = - jc f@)dz

(i)

| r@ar < [ irella
—C C

(iii) f(z)dzzf f(z)dz+f f(z)dz

d
(iv) j f(2)dz = j Fo) ot = f F@2 ®)dt

(U)J; k f(z)dz = kfc f(z)dz



(i) f (@) + f,(2)}dz = f fi(@)dz + f f,(@)dz
(vii)|e®®] = 1

(viii)f f(z)dz=0 and f zf(z)dz=0

c

f z? f(z)dz = 0 where C is closed contour

c

(ix) To prove property (ii) f f(z)dz| < f |f(2)||dz]
c L

Proof. We have

R [Cf f(z)dzlzRU C f(z)dzl

Since C is arbitrary, we may set C =%, where @ is real but arbitrary

The R [e‘ief f(z)dzl =R U e‘ief(z)dzl = fR[e‘ief(z)dz]

< f le= f(z)dz|

[since real part of complex number cannot exceed its absolute value]
- [ 1r@ s
L
Again since 0 is arbitrary, we may set 8 = arg f f(z)dz
L

e—i@

Thenf f(z)dz = f f(z)dz



Left hand side of equation (1) R le"ie

J; f(2)dz

o] -

j; f(z)dz

Hence |[, f(z)dz| < [, If(2)lldzl.

Examples

Exampe 1. Evaluate fc % dz, where Ciscirclez=2z9%0<60<m
1
Sol, We have I = [ - dz (D

z=¢e = dz =ed0o

=izdf

dz
>—=1id6

VA

Using equation (1), we have
s
sz ido = i[0]F
0

= i[mr — 0]
= 1i.

2+i

Example. 2. Evaluate j (z)? dz, along
0

M theliney = x/2

(i) the real axis from x=0 to 2 and then vertically to 2+i.

Sol.We have

2+i
I=J- (2)* dz
0

(1)



P(2,1)

Y=x/2
A X2
> X
0 Y=0 Q(2, 0)
(i) Along the line OP,
y=3=x=2y,
z=x+1iy
z=0Q2+1i)y
z=02 -1y
dz =2 +i)dy

By equation (1), we have

I = jo (2)?dz = Jo (2 -D)%y%. 2+ Ddy

31
B S 5,
=5(2 L)lgl —3(2 i).
(i) NowalongO0Q, z=x, Z=x =dz=dx

andalongQP, z=2+iy, Zz=2—-iy =2dz=1idy

By equation (1), we have



2

1
I=| (2%*dz+ | (2)?dz= f x%dx + f 2—-iy)’idy
0

oQ QP 0

372 1
= l%L+fo [4y + (4 — y®)ildy

—8+41+[4(1) 1]'—1(14+11')
BER 3]' T3 H-

Example 3. Integrate z# along the straight line OM and also the path OLM consisting of two straight
line segments OL and OM where O is the origin, L is the point Z =3 and M the point z = 3 + i. Hence
show that the integral of zZalong the closed path OLMO is zero.

Sol. We have z2 = (x + iy)?
=x2 —y? + 2ixy
On the line OM, x = 3y so
dx = 3dy

Also y — axis from 0 to 1 as z moves to OM from 0 to M

L = J z2dz=| (x?—y?%+ 2ixy)(dx + idy)
oM oM
1
- j (9y2 — y? + 6iy?)(3dy + idy)
0

= f (8 +6i)(3 +i)y?dy
0

=§(8+6i)(3+i) =§(18+26i) = 6+23—6i.

Now we consider the integral of z2 along the path OLM. We observe that on OL, y=0 so that dy = 0 and
along LM x = 3 so that dx = 0. Also z moves along OL from O to L, x varies from 0 to 3 and as z

moves along LM from L to M, y varies from 0 to 1.



M (3, 1)

v
>

L(0, 3)

Hence

Izzf x2d2=f szz+f z? dz
OLM OL LM

=] (x2—y?+2ixy)(dx+idy)+ | (x?—vy?+ 2ixy)(dx + idy)
oL LM

3 1
= ] x%dx — j (9 —y? + 6iy)idy {y=0in (1), (ii)x = 3}
0 0

33 3 231
{?} +i{9y_g+6iy7}
0 0
1
=9+i{9+§+3i}

—9+26' 3

=6+?i

Thus I; = I, in this case

i 26 6
Also since 222 dz = 6+?lwehavez2 dz = —(6+—L>
oM



Hence f z%dz = f z%dz + f z? dz = 0 by equations (2) and (3).
0LMO oLM Mo

1+i

Example 4.Find the value of the integral f (x—y+ix?*)dz
0

(@) Along the straight linefromz =0toz=1+1i
(b)  Alongthereal axisfromz=0toz=1

and then along a line parallel to the imaginary axis fromz =1toz =1 +i.

Sol. Let the point A(1, i) correspondto z = 1 + i and N correspondto z = 1 = x + iy

therefore N is (1,0) OAislinefromz=0toz=1+1.

Hence line OAisy = x

Z=1+i=X+iy

A, i)

Y=x

age

v

0 (0,0) N(1, 0)

@ For integral along 04 - y = x
z=x+iy=x+ix
= dz=(1+1i)dx

Integral along O A f;(x —y+ix¥)dz = fol(ixz)dz



A 1
= if xtdz = if (1 +i)x?dx {dz=(1+1) dx}
0 0

x3)*
=i(1+i){—}
3 0
=i(1+i)g—0}

(-1
-3

(b) Now for integral along ON -y = 0
z=x+ix=>x+i0=x=>dz=dx

Integral along ON fON(x —y+ix?)dz = fol(x — 0+ ix?)dx {y=0, dx=dz}

L VRN N €T R S
_fo(x+lx)dx—{2+l3}0—2+3.

Now integral along NA - x = 1

z=x+iy=1+iy=>dz=idy

A A
f (x—y+ix?)dz = f (1—-y+il1?)idy {x=1, dz=idy}
N N

1 1
:f(1+i—wMy=J"U—1—yMy
0 0

. iy?)"
= O—Dy——}
lo-or-57,

[
=(-1-3

=——1
2

Total — Integral along ON+ Integral along NA



*Hence function is not analytic if function is analytic, we get some result, other not.

d .
Example 5. Evaluate fL ﬁ where L represents a circle |z — a| = r.

Sol. The parametric equation L is
z=a+rcost+irsint=a+rewhere0<t<2m
= z—a=r el

d .
we have Z'(t) = d—i = rielt

dz 2T 1 dz | . 2m
Now f = f —dt = f — . ieltdt =i dt = 2mi.
L Z—a J, z—adt o Te 0

Example 6. Prove that the value of the integral of % along a semi circular arc |z| =1 from — 1 to +

1 is — mi or i according as the arc lies above or below the real axis.

Sol. The parametric equation of the circle |z| = 1 is z = e so that % = ie'* where 0 < t < 2m.

As z moves from — 1 to 1 along the upper semi-circular arc, t varies from  to 0.

Hence in this case, we have

(D)



Also if z moves along the lower semi-circle from — 1 to 1 varies from = to 2 and we have

; f dz fz" ielt dt
2 = _— = -
cpa Z e't

T

2T
=if dt = —mi .2
T

1 1
Note. Since f —dz = —mi We see that f —dz = mi
CBA ABCZ

Hence from equation (2) and (3), we have

1 1 1 ] ] ]
j —dz=j —dz+J —dz = mi + mwi = 2mi.
ABCD Z ABCZ cpa 2

Thus the integral of i round the entire circle |z| = 1 is 2mi.

Example 7. Using the definition of an integral as the limit of a sun evaluate the following integrals
(D) f dz(ii) f |dz|(iii) f zdz
L L L

where L is any rectifiable arc joining the pointsz =a and z = .

Sol. We know that the integrals exists since in integral is continuous in each parts.



(1) By definition, we have

n
f dz = lim Z(zk —Zp_q) = lim[zy —zg+ 2, — 21 ..+ 2y, — Z_4]

=lim(z, —z)]=B8—a sincezo=a, z,=p

n—-oo

In particular if L is closed then <= 8 and fL dz=0

n
(ii)f |dz| = lim lek — Zp_q| = lim|z; — zo| + |2, — 24| + -+ |2/, — 214
L n—-oo = n-oo

= lim [chord z;z, + chord z,z,+. ... ...+ chord z,z,_1]

n—->0o
= |arc z1zy + arc z,z,+. ... ...+ arc z,Z,_4|

= Arc length of L.

(iii) We have 1 =f

L

n
zdz = lim z &0 (Zk — Zp_1) ()
n—oo
k=1

where &, is any point on the sub-arc joining z,_, to z,. Since &, is a arbitrary. We set , = z,, and &, =

Zj—qSuccessively in equation (1) and get

n

n
[ = lim Zx (z — Zx_1) and  lim Z Zi_q (Z — Zx_1)
n—-oo
k=1

n—oo
k=1

Adding these two, we get
n n
21 = lim Z(zk — Zy_1). (2 + zi_1)=lim Z(Z]% —zi_)
n—oco n—-oo

= lim[zf — z§ + 25 — z}+. ... ..+ 22 — Zz2_]=lim (22 — z2)
n—-oo n—-oo



=p%—a? sincezg=a, z,=pf
1
Hence I = E(ﬁz —a?)

In particular, if L is closed, then @ = f and | L Z dz=0.

6.12 Summary

A continuous curve have no multiple point. A continuous are without multiple point (or arc) is called a
Jordan curve or arc.A contour C is said to be simple closed contour if its ending points coincide.For
example,circle, bounder of a triangle or rectangle.

A contour is a continuous chain of a finite number of regular arcs. A contour is an arc consisting of a finite
number of smooth arcs joining end to end. A region D is said to be a connected region if any two points of
region D can be connected by a curve which lies entirely within the region. A connected region D is said
to be simply connected if all the interior points of closed curve C draw in the region D are points of the

region D.

A region in which every closed curve can be shrunk to a point without passing out of the region is called a
simply connected region otherwise it is said to be multiconnected region.

6.13 Terminal Questions

Q.1 What do you mean by Complex integration.

Q.2. Explain the connected and multiconnected region.

Q.3. Write a short note on contour and simple closed contour.

Q.4. Find the value of the integral fC Zd_—za, where C is circle, |z — a| = p.

Q.5. Evaluate f01+i(x2 + iy)dz along the paths y = x and y = x?2.



Answer

4.27i.

5.%(5i -1).

Suggested Text Book Readings:
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2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum's Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.
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7.1 Introduction

In 1831, Cauchy discovered his famous formula, the Cauchy integral formula. Cauchy began developing
his theorem, the Cauchy fundamental theorem, in 1825. This theorem essentially establishes a connection
between line integrals of complex functions and antiderivatives, similar to the Fundamental Theorem of
Calculus in real analysis. Cauchy's theorem is a foundational result in complex analysis that underpins
many key concepts and results in the field. Its importance extends far beyond pure mathematics, with

applications in physics, engineering, and other scientific disciplines.

Cauchy's theorem guarantees the existence of antiderivatives for complex functions that are analytic within
a region. This property is crucial in the development of complex analysis and has applications in various
areas of mathematics and physics. Cauchy's theorem is also a key component in the development of the
residue theorem, which provides a powerful method for computing complex integrals, especially around
singularities of a function. The residue theorem has numerous applications in mathematics, physics, and

engineering.

Hence the Cauchy theorem is central to the study of complex functions and their properties. It provides a
framework for understanding the behavior of analytic functions and has implications for the behavior of

real-valued functions as well.

7.2  Objectives

After reading this unit the learner should be able to understand about:

. the Cauchy Fundamental theorem
. the Cauchy Goursat theorem

. the extension of Cauchy theorem to multiconnected region



7.3  Cauchy Fundamental Theorem

If f(z) is an analytic function of z and if f(z) is continuous at each point within and on a closed

contour C, then

v

f f(z)dz=0. ...(1)
C
Proof. Let D be the region which consisting of all points within and on the contour.

If P(x,y),Q(x,y), g—i, Z—z are all continuous functions of x and y in the region D, then by Green’s theorem

(‘;—2—3—5) dx dy (1)

D

Since w = f(z) = u + iv is continuous on the curve C and f'(z) exists and continuous in D therefore

U, U, Uy, Uy, Uy, Uy A€ all continuous in the region D then these conditions by Green’s theorem.
fc f(z)dz = fc (u+iv)(dx +idy)

= f (udx — vdy) + i (vdx + udy) (2)
c



Now comparing equations (1) and (2), taking P - u, Q - —v

f(udx—vdy) ff <6( v) 6u> dx dy
=—ffD (Z—Z+g—;)dxdy

= 0{by Cauchy-Reimann equation u,=vy,  U,=Vy} ...(3)

Now again comparing equations (1) and (2), taking P » v, Q - u

f (vdx+udy)—1ff _——— dxdy

=0 {byC—Requationu, =v,, U, = —y} ...(4)

Adding equations (3) and (4), we get

f (udx —vdy) + i(vdx + udy) =0 ...(5)
Cc
By equation (2), we get

J, f(2)dz = 0.

7.4 Cauchy Goursat Theorem

Let f(z) be analytic in a simple connected domain D and let C be any closed continuous rectifiable

curve in D. Then [, f(z)dz =0

Proof. To prove the theorem we need two lemmas.



Lemma 1. Given € > 0, it is possible to divided the region inside C into finite number of meshes (square

or partial square) such that with in each mesh a point z, such that

%]Zco(z")—f'(zo) <e (D)

for all value of z in the mesh. Where z# z,,.

Suppose the lemma is false then it fails at least in one mesh i.e. in this mesh condition (1) is not satisfied.
In other words difference of w and f'(z,) is not less then «.
—40

To reduce this difference we subdivided this mesh by lines joining middle points of opposite sides.

Now either the condition (1) is satisfied in each mesh or there is mesh in which it is not satisfied subdivided
this part again the way described above this processes of either stop after finite number of step which
condition is satisfied for every subdivision or the process may gone indefinitely in that case we reach at the

point z, where

f(@) = f(2)

Z_ZO

—f'(zp)| < ¢ ..(2)

Showing that function not differentiable at point z, this contradiction hypothesis that f(z) is an analytic at

all the points within and on C. Hence the lemma is true and hold for all point.

Lemma 2. On a closed contour C, we always have

v




Zg ZZ Zg
f dz = [Z]Z‘)’ =0, f zdz = I—l =0
z C 2 z

0 0

Proof of the Main Theorem

L J@ = f(2)

p—— —f@z)=n n<e
= f(2) = f(20) — (z — 20)f"(20) = n(z — 20)
= f(2) = f(20) + 2f"(20) — 20f"(20) + 1(z — 20)

Let Cy, C,, ........Cp, and so on be a complete squares and Py, P,, ... ..... B, and so on partial square part of

whose boundaries or part of C coincide

]f(z)dz Zr_l:f f(z2)dz

r= Ds

where integral along each continuous is taken in anticlockwise direction in the complete sum the integral
along each straight side of each square {where the complete of partial cancel} and only those integral let

which are taken along curved boundary of the partial squares then sum of the remaining integral
m n
f f(z)dz = Zf f(z)dz + Zf f(z)dz
¢ r=1"¢r s=1"Ps
= f f(z)dz ...(4)
Cc

[ r@adz=[ 1o+ 2/ Go) - 20" o) + 1z - 2)ldz
c Cr



= f(2y) dz + f'(zy) zdz — zyf"(zp) dz+f n(z — z,)dz
Cr Cr c

CT T

Integral around C,

f(z)dz = (z — zy)ndz
Cr o

Similarly

f(z)dz = (z — zy)ndz

Ps Ps

Now by equations (4) and (5)
m n
f f(z)dz=2f (Z—ZO)UdZ+Zf (z—2zy)ndz
¢ r=1"°¢r s=1"Ps
Now we have

< | lz=2lInlldz]|
Cr

jc (z — 200 dz

N2

<IN2.c .41
< 4¢+2I?

< 4g\/24,, where A, is area of r complete square

...(3)



And < | lz=zlnlldz|

Ps

(z—2zy)ndz

Ps

N2

<IN2e(4i+S))
< eV2[4i% + isy]

< eV2[44 + Is,]
jc f(2)dz < Z[{45\/§Ar} + eV2{44, + Is,}]
< £/2[4{Z(A, + A)} + Zlsy]
fc f(2)dz<4%/2A+Lax/2
< £/2[4A + alL]

JC f(2)dz -0

Since ¢ is arbitrary and so making € — 0.



Check your Progress

1. What do you mean by complex fundamental theorem?

2. State the Cauchy Goursat theorem.

Examples

Example.1. If C is the circle |z — 2| = 5, determine whether fc Zd_—z3 is zero.

Sol. We have z — 2 = 5e'? = dz = 5ie'?d@, we get

] dz _ (*" 5ie® 6
. z—3 J, 5iet? -1

-1

21 581’9_1
o, ) e

i .
PR W
5 52 .

ie—Zni e—41‘ti
=1 lZn — — 2 = l

. 1 _omi 2 _ami
=2mi 4 e M 4 —e T 4

mi

2m p—mif 2n
Now f e ™0 = _ l l
0 0

_ _E[e—zm _ eO]



1
=—J[1-1] =0, whenm # 0.
mi

[, = =if"do=2i=0.

The reason that the integral is not zero is that ﬁ Is not analytic at z = 3 which is an interior point of the

circle |z — 2| — 5.

7.5 Extension of Cauchy theorem to multiconnected region

If C is closed curve and Cy, Cs, ... ... ..... C,, and so on are closed curves which lie inside C and if afunction

f(z) is analytic in the region between these curves and continuous on C then

f f(2)dz=| f(2dz+ | f(2)dz+......
c Cq C,

Proof. Drawing cuts ABA,B;.CDC,D; ... ... etc.
Multiconnected region becomes simply connected.

We have, by Cauchy theorem

f f@dz=| f(2)dz—-| f(2)dz—......=0
Cc Cq (o

=>J f(2dz=| f(@dz+ | f(2)dz+......
Cc Cq Cy

If there is only one closed curve C; within C then

f f(z)dz=| f(2)dz
c o

where integral along each curve is an anticlockwise direction.



Particular Case

Theorem.1.Let f(z) be continuous on a contour L or length iand let |f(z)| < M on i. Then

< Mi

.[; f(z)dz

m .
Ca ( G E
Hy F

C1

G
Gy

Az

Proof: We have S, = > (zy — zx—1)f (2x)

n
k=1
Since the modulus of the sum is less than or equal to the sum of the moduli, we have
5ol = [ G = - f )

< ) 1Gx = ze-Df @)
= > 1 =z DI @)l

< Mlek — Zg-1]

- lim |Z(zk - zk_l)f(zk)| < limMZIzk — Zy_1



We know that

n
f |dz| = lim lek — Zj_1| = arc length of L

then

f f(z)dz SM[ |dz| = Mi.

bZ_aZ
Theorem.2.[. z dz (initio ab) =

Prof:We know that initio integral of f(z) is defined as

fc f@)dz = Zf(fr)(zr — )

Where &, is a point between z, and z,_;

Take &, = z,

n

fc zdz= Zwr ~5)= Y 7z~ 7y) ()

r=1
Again take &, = z,_;

n

jc zdz = er_l(zr —Zy_1) ..(2)

r=1

Adding equations (1) and (2), we have

n
f zdz = Z(Zr - Zr—l)(zr + Zr—l)
¢ r=1

Closed contour C



n
=Y G-k = (=g + (=2 + A - ZE)
r=1

-2
z2—z¢ b%?—a?
zdz =
c

. 2 dz (initio ab) = 2=

Examples

Example.2.Evaluate the integral f01+iz2 dz.

Sol. f01+izz dz

Given z=0toz=1+i and we have z=x+iy, z=0=>=0,y=0,z=1+i 2x=1y =
1, f(z) = z?2, which is analytic for all finite values of z, therefore, its integral between two fixed points will

be same is respective of the path joining the two fixed points integrating f (z) along OA.

A(1, 1)

(0,0)

v
x




Wehavey = x this imples dy = dx
1+i 1
f z?dz = f (x + ix)?(dx + idx)
0 0
_ 1 . 2 2 3
= [, (1 +ix)*x? (1 + i)dx
1

=(1+i)3fx2dx

0
371
=(1+i)[x—l
3 0

“lavoe
_3( I’)'

7.6 Summary

If £(z) is an analytic function of z and if f(z) is continuous at each point within and on a closed contour

C, then fc f(2)dz = 0.

Let f(z) be analytic in a simple connected domain D and let C be any closed continuous rectifiable curve

in D then fC f(z)dz = 0.

If C is closed curve and C;, Cs, ... ... ..... C, and so on are closed curves which lie inside C and if afunction

f(z) is analytic in the region between these curves and continuous on C then

f f@dz=| f(z)dz+ | f(2)dz+... ...
Cc Cq C,

7.7  Terminal Questions

Q.1. What do you mean by Cauchy fundamental theorem.

Q.2. State the Cauchy Goursat theorem..
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UNIT-8: Cauchy’s Integral Formula and its Applications
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8.5 Cauchy Integral Formula For Derivative

8.6 The n*" Derivative of Cauchy Integral Formula

8.7 Cauchy Inequality

8.8 Summary

8.9 Terminal Questions



8.1 Introduction

The Cauchy's Integral Formula is of paramount importance in complex analysis, providing a powerful tool
for evaluating complex integrals and understanding the behavior of holomorphic functions. Complex
integration is essential in fluid dynamics, where it helps analyze potential flow, irrotational flow, and
complex fluid motion. It aids in calculating fluid velocities, pressure distributions, and flow patterns. In
control theory, complex integration is crucial for analyzing the stability and performance of control systems.
It assists in designing controllers and predicting the behavior of dynamic systems. Cauchy theorem is the
foundation for the Cauchy integral formula, which allows for the calculation of complex contour integrals
in terms of function values on the boundary of the region. This formula is essential in the study of complex

analysis and has wide-ranging applications.

Cauchy's Integral Formula is a cornerstone of complex analysis, playing a crucial role in understanding the

behavior of holomorphic functions and their applications in various areas of mathematics and physics.

8.2  Objectives

After reading this unit the learner should be able to understand about:

. Cauchy’s Integral Formula

. Extension of Cauchy Integral Formula for Multiconnected Region
. Cauchy Integral Formula For Derivative

. The n'" Derivative of Cauchy Integral Formula

. Cauchy Inequality



8.3 Cauchy’s Integral Formula

If f(2) is analytic within and on a closed contour € and a is any point within C then

f@=5 [ 12

. dz about the point z = a.
2ri ), z —

Proof. Let a small circle 4 of radius r lying entirely within C consider the function %

By Cauchy theorem to multiconnected Region we have

(@, [ L@,
14

c Z—a zZ—a

(LD [ 1@ [ 1@y, [ @,
c zZ—a Y

yz—a zZ—a Vz—a

f(@) dz [ f2)—f(a)
]C Z_adZ—f(a)jy —jy sz

zZ—a

Let z—a=re®=|z—a|l=r

dz=re®® d0 and 7y isacircle

T 0.7, 10 —
f f(2) dz—f(a)fz rie” do :f f@2) - f(a)
C Y Y

zZ—a reif zZ—a

1D 4, - e = | L2ZL@
c Y

[ 124, 2m f(a)‘: [ fo-f@ dz‘
c y zZ—a

Z—aQa

Sf If(Z)—f(a)Ildz|

y  lz—adl

because f(z) is analytic i.e. f(z) is continuous |f(z) — f(a)| < e where |z —a| < §



{f dz = 2nr for a circle}
Y

f(2) . 3 _ €
thus fc Z_adz—me(a) Sfy lZ_alldzl—;Jr |dz|
f @ dz — 2ni f(a)| < onr =2me - 0 {as €—0 (arbitrary)}
c Z—a r
f 1@ 47 = 2mi fla)
c Z—a
> f(a) = L[ 1@ dz.

2ni ), z—a

8.4  Extension of Cauchy Integral Formula for Multiconnected Region

If £(z) is analytic in the region bounded by two closed contour € and €’ and a is a point in the region,

then

1 f@, 1 [@

- - dz where C is out contour.
2nti ), z—a 2rti Jpi z—a

f(a) =

f@

z—a’

Proof. Let a small circle y with centre a point a consider

This is analytic in the region bounded by three contours C. €’ and y by Cauchy theorem for multiconnected

region, we have

dz ...(1)

dz =
c Z—a o Z—a zZ—a

f(2) f(2) dz+f f(2)
14

Now we solve this part

[ [ [ [D-f@+/@,
14 14

Z—a Z—a



f f@2) - f(a)
y zZ—a

put|z—al=p

d 2T ipet® .
Let sz z—Za:f %d@ z—a = pe'
14 o P dz = ipe'® do
And f(Z)—f(a)dZ Sf If (2) - f(a)l
Y z—a Y |z — al

Because f(z) is analytic i.e. f(z) is continuous = |f(z) — f(a)| < e where |z —a| < 6

R ;R T 1

|dZ|Z a=pe” dz =ipe' dbO
Sé‘f le_a|=p

v " izl = lillpl|e®|1d6] = r do

J rdo
<¢ —_
y T

2T
Sef df =2n8 - 0
0

Since ¢ is arbitrary and so making € —» 0

From equation (2), f % dz = f(a)2mi

14

dz + f(a)fy

Z—a

|dz|

.(2)



From equation (1) f & dz = f(2)

dz + 2mi f (a)
c' Z—a

1 f(2) 1 f(Z)
= f(a)_Zm'J.C z—adz

2mi C,z—a

8.5 Cauchy Integral Formula for Derivative

Let f(2z) be analytic within and on the boundary C of a simply connected region D and let a be any

f f(2)

point within C. Then f'(a) = ¢ Ga)

2mi

Proof. Let a + h be any point neighbourhood a point a. We know that by Cauchy integral formula

F@ =3 | T s
Also / (a+h):271n' e = ELZ)— m “
h1—>0f (a+hf)l f(a) thth f L 10T
Fa@=o[ L2

2mi ), (z—a)?



Check your Progress

1. Write the Cauchy integral formula.

2. State the Cauchy integral formula for derivative.

8.6 The n'" Derivative of Cauchy Integral Formula

Let f(z) be analytic within and on the boundary C of simply connected region D and let a be any
point within C. Then f(z) possesses derivatives of all orders and these derivatives are themselves all
analytic at a, their values being given by

fm(a) = 'f U

2mi ), (z— a)™t1

Proof. First we prove for one derivative as above theorem we solve by mathematical induction Let us

assume the proof is true forn =m

o _m [ f@)
f™(a) = f(z_a)deZ.

21l

m m! f(2)
Also frlath) = 2ni ). (z—a—h)m+! dz.
Now f™(a+h) — f™(a)
m! 1 1
- 21i ]C {(Z —a— h)mtl - (z — a)m+1}f(z)dz
fm(a +h) — fm(a) m! 1
h—>0 h h—>0 2nih ), (z—a)m*? (1 ~ L)m+1 —1:f(2)dz
m+1 _ h o\ ™1
fra) = ﬁ}llao hf (z - a)m+1 {(1 z— a) B 1}f(z)dz
_oml 1 1 h(m+1) h%*(m+ 1)2
_ﬁ}llir(l)ﬁ c (z—a)m“{ zZ—a + (z — a)? _1}f(z)d2



that is true form + 1

_ml(m+ 1)!]‘ f(2)dz
= : (

7 — a)m+2

f(z)dz

Hence f"(a) = . m

8.7  Cauchy Inequality

If f(z) is analytic within a circle C given by |z —a| = Rand if |f(2)| < M on C then |f"(a)| < %.
Proof. We know that

. £
NG )_me (z —a)rt? dz

If" (@) =

n! f(2)
Znijc (z = a)nt? dz‘

I
< nJ |f (2)] \dz|
2mi ). |z — a|*?

Mn' R dO
= P ¢ Rm?

2T

< Mn! f _ Mn!
T 2mR"). ~  2mR"

@ <

Theorem: If C if a closed contour origin prove that

a™? 1 ae% 2m
N[—) = 2acos@
@ <n!) 2mi fc n! zn+l dz (i) Z ( ) 2mi ), © dé.

Proof: (i) We take f(z) = e** then f™(z) = a"e** putz =0

= f7(0) = a® (D



We know that by Cauchy integral formula for derivative

fn( ) = n! f f(Z) dz

2mi (z — a)ntt

Puta=0
n! f(2)
n =— .2
1O =g | de @)
From equations (1), and (2), we get
L[ f(2) . a
a = o et dz Now multiply by ) both sides

(a”)z_ 1] a”f(z)d
n!)  2mi), nlzntl z
a™? 1 aet?

) = d
(n!) szc nlzn+1 7

(i)  Take summation on each sides, we get

> (%)

n=0
oo
iz 1 " dz
e
T 2mi c n' z

n=0

oo

n az
X —
ZZm n'f zn+1 dz ¢ =

[f(2) = e?]

B 1 f eazea/zdz 3 ¢ a\" 1
© 2mi c z _Z(;) n!

1 ea(z+§)
= d
2mi fC z z

n=

C is a unit circle



do

1 j‘ZneZacoseieie dz = iei@ de
Cc

2mi el

1 . .
z+—=¢e? 47
z

2 2
(ﬁ) — 1 neZacosedH
n! 2mi J,

NgE

0 = 2cos0

S
Il

Examples

Example 1. Using Cauchy Integral Formula
. dz .
(i)Evaluate j ——,whereCis |z| =3

zdz
—z2)(z + i)

(ii)Evaluate f © ,where C is the circle
C

|z| = 2 described in positive sense.

tz

1
(iii)Evaluate Zni] dz,t > 0,where C is the circle |z| = 3.
c

z2+1

Solution. The Cauchy integral formula is

1 f(z2)dz
f@= 27Tifc z—a
d
or . fZ(Z_) aZ = 2mi f(a)

where z = a is a point inside C and f(z) is analytic function within and upon C.

(i) Given that [ Zd_—Zz,where C is|z| = 3.

We have =
c Z—a z—2

f(z)dz j‘ dz
c

Thena = 2,f(z) = 1, Cisacircle |z| = 3 whose radius is 3 and centre isat z = 0.

(2

(D)



Therefore a = 2 lies inside C.
Using equations (1) and (2), we have

fC Zd__Z2 211 £(a) {for f(2) = 1}

=>f(2)=1
= 2mi (2)
= 2mi (1)
= 27i.
d
(ii) Given that fC @ ZZZ)EZ Y where C is the circle, |z| = 2 described in positive sense.
y
A
/\\c
0 I1 2 -
11 lz] = 2
2
d
We have Izj ZZ z -
c O—2z2)(z+1)
f(z)dz { z
= === .0 v f(2) = ——
J, =@ I8 =6=23

Using equations (1) and (3), we get

I = 2mi f(—i)

_2 ! _1 .o — Z
- 2t 5= O =52



Here f(z) is analytic function within and upon C such that |z| = 2 and z = —i lies inside C.

(iii) Given that

1 etz
I = dz, t>0 ...(4
ZniJ;. z2+1 d )

where C is the circle |z]| = 3.

1 etz
h I = d
We have Znifc z2+1 d
Let f(z) = e'?, then

1 f(2)
I_Zni c Z+1D(z-10) dz

1 f(z){ 1 1 }dz

Tomi), 20 z—1 z+i

1 f(2) 1L f@®

= - -dz — — -dz
4mi? ), z—1 ami ), z—1

Using Cauchy integral formula, we get

11
= z—i{f(l)} - Z—i{f(—l)}

1 . 1

it

=—e'* ——e

21 21

—it

— Z(eit _ eit)

= sint.

sin xz%+cos xz?

Example 2. Evaluate the following integral by Cauchy’s integral formula fc D—2)



where C is the circle |z] = 3.

Solution. The Cauchy integral formula is

1 f(z)dz
fla) 2mi). (z—a)
f@
or . (z—a)dz_sz(a)

where z = a is a point inside C and f(z) is analytic function within and upon C.

Given that dz

j sin xz? + cos xz2
c

(z-D(z-2)

We have f(z) = sinxz? + cos xz?2, C is the circle |z| = 3 whose radius is 3 and centre at z = 0. Therefore
1 and 2 lies inside C.

Using equation (1) and (2), we get

1
z—1

1
I = f (sinxz? + cos xz?) [——
c zZ—2

—( sinys2 (1 _ L 2( L _ L
=J, sinxz ( - Z_l)dz+fc cos xz ( )dz

z— z—2 z-1
sinxz?2 sin xz?2 cosxz? cos xz?
- fc (z-2) -/ (z-1) dz + fc (z-2) dz — fc (z-1) dz

= 2mi{(sinxz?),-, — (sinxz?),-, + (cosxz?),-, — (cos xz?) .}
= 2mi[sin4m — sinm + cos 4w — cos 1|

=2mi[0— 0+ 1 — (1)]

= 4i.
sinz dz ] m 1
Example. 3 Evaluate f ——,where Cis |z — —| =—,
¢ (,_T 4 2
4

Sol. We know that Cauchy integral formula for higher derivative is



f(a) =

n!f (f(z)dz (D
c

21l z —a)"tt

where z=a lies inside C and f(z) is analytic function within and upon C.

Given that
I—f sinz dz 2
. (Z B 2)3
4
Let f(z) =sinz then f'(z) = cosz, f'(z) = —sinz
d £ (/4 = —sing == ——
an s = —sing — = ——.

Using equation (1) and (2), we have

=l 2= (5)

(=3

(-3
Tl
— _ﬁ'

Example.4. Evaluate fc Zz-lfiTZZ-I-Z1 where C is the square having vertices at (0, 0), (—2,0), (—2,—2), (0, —2)

oriented in anticlockwise direction.

dz

Sol.Weh e S
° € avef z2 4+ 272+ 2

Cc

(1)

Where C is square OPQR

Now we have x> +2z+2=(z+ 1)2+1=0

or (z+1)?2=-1=1i?
or z+t1=+i

or z=-1%1i(zy =—-1+1i,2z, =—1—i, assuming



Here z=z,lies inside C.

Using equation (1), we have

Y
A
21
P
(-2,0) 0(0, 0)
22
(0,2)
(-2,-:2)Q R
dz f(2)
I = f = , where f(z) =
G- -z PTG
= 2mi f(z,) {Using Cauchy Integral formula}
2mi
- Zy—2Zq
_ 2mi _ ﬂ
T (m1-D)—(-140)  -2i
= —T.

Example.5. Using Cauchy integral formula



cosh(nz)dz

(i) Evaluate f ,where C is circle |z| =2

c 2z(z2+1)
dz
(ii) Evaluate f —— ,where Cis |z + 3i| = 1.
c Z(z + mi)

Sol. The Cauchy integral formula is

1 f(z)dz
fl@ 2mi). (z—a)
[ f@dz_
or = . (Z_a)me(a)

where z = a is a point inside C and f(z) is analytic function within and upon C.

v
x

lz| = 2

cosh(mz)dz
(i)Given that j (2) ,where C is circle |z| =2

c z(z2+1)

We have

_ cosh(nz)dz
_fc z(z2+1)

.2



Let f(z) = cosh(mz) = cos(inz)

and Cis|z| =2.
_ f(2)
Then = .l-c m Z
_ f(2)
of I= fc [Z(Z +i)(z— i)] dz
A B C
or I:fc [E+Z+i+z—i]f(z)dz'
Now, we have
1 A B C

=—+—
z(z+i)(z—=1i) z z+i z-—i

1
D) e
B 1 B 1 e i
Cz(z—-1) 2 arz=-t
1 1

z(z +10) 2 2T

Here z = 0, —i, i are points inside C.

Using equation (1) and (3), we get

I = 2mi[Af(0) + Bf (—=1) + Cf ()]

N R e
= 2ri|f(0) = 5 £ (=) =51 )]

1 1
= 2mi [cos 0— Ecos(izn) - Ecos(—izn)]

..(3)



=2 '[1+1+1]
B R
= 411i.

dz

(ii)Given that f —— ,whereCis|z+3i| =1
c

z(z + mi)

dz
We have I=f _
c Z(z + mi)

B f(z)dz
o I‘fc [z — (—n)]

{" f@) = 1}
' Z) N Z
Using equations (1) and (2), we have

[ = 2mi f(—mi)

1
(-
T

= 2.
Here z = mi lies inside Cf (z) is analytic within C.

e?Zdz
(z+1)*

Example.6. Evaluate fC where C is |z| = 3.

Sol. We know that Cauchy integral formula for higher derivative is

. _nl f(z2)dz
f®(a) = 2mi -fc (z—a)t?

Puta = —1 and n = 3 in equation (1), we get

. _ 3 f(z2)dz
fE) = 2mi Jo (z+ 1)*

Now take f(z) = e*

(4



then f(z) = 2"e?

-1 = et =

82
Using equations (2) and (3), we get

8 3! e?? dz

e2  2mi c (z+1)*

8mi e?? dz
3e2 ). (z+1)*

e?? dz
Example. 7. Using Cauchy integral formula, evaluate —_—,
¢ (z—mi)
where C is the ellipse |z — 2| + |z + 2| = 6.
Sol. The Cauchy integral formula is
Y
A
Q| 22i
P P
4= X
-3 0 3

Q | 2.2




f@=— [ L&

= d
i), G—a)™

or -fc (;(—ZZI) dz = 2mi f(a) ...(D)

e dz

We have I = i ...(2)

Where C is the ellipse

lz—2|+]|z+2] =6
or |z—2|=6—|z+ 2|
or

|(x — 2)% + y2|V/2 = 6 — |(x + 2)% + y?|1/2

Squaring both sides, we get
x2+y2+4—4x =36+ (x2 +y% +4x +4) — 12[(x + 2)% + y?]'/?
or 12(x% + y% + 4 + 4x)/? = 36 + 8x

or 3(x2 4+ y24+4+4x)V/2 =94 2x

again squaring both sides, we get

9(x% + y? + 4 + 4x) = 81 + 4x? + 36x

or 5x2 +9y2 =45
X2 y?
4+ _=1
or 9 + z
2 2
Comparing equation of ellipse = + = 1, we get

a?=9=>a=3



and b? = 5 = b = 2.2 approximate

Given z = mi = 3.14i lies outside C
Therefore % is an analytic function within and upon C.

= I = 0, by Cauchy's theorem.

8.8 Summary

If f(z) is analytic within and on a closed contour C and a is any point within C then

f@=5[ 12

- dz about the point z = a.
2ni ), z—a

If f(2) is analytic in the region bounded by two closed contour € and C' and a is a point in the region, then

[ f@ g L[ @

- - dz where C is out contour.
2mi ), z—a 2mi Jei z—a

Let f(z) be analytic within and on the boundary C of a simply connected region D and let a be any point
within C. Then

fl(a):Lf f(2) dz

2ni ’C (z—a)?2 T

Let f(z) be analytic within and on the boundary C of simply connected region D and let a be any point
within C. Then f(z) possesses derivatives of all orders and these derivatives are themselves all analytic at

a, their values being given by

Fm(a) = n!J f(2) dz
Cc

2mi ). (z—a)™*1

If f(2) is analytic within a circle C given by |z —a| = R and if |f(2)| < M on C then |f™(a)| < 1‘;—’:.

8.9 Terminal Questions

Q.1. Explain State the Cauchy’s Integral Formula.



Q.2. Write a short note on Extension of Cauchy Integral Formula for Multiconnected Region.

Q.3. What do you means by Cauchy Integral Formula For Derivative

Q.4. Explain the Cauchy Inequality.

Suggested Text Book Readings:

1. Ponnusamy, Foundations of Complex Analysis. 2" Edition, Narosa Book Publication, 2008.

2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum'’s Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.
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9.1 Introduction

Complex integration also plays a significant role in theoretical physics, especially in studying
electromagnetic fields, quantum mechanics, and fluid dynamics. Overall, complex integration provides a
rich framework for understanding and analyzing complex-valued functions, with applications across
various fields of mathematics and science. Morera’s theorem is an important result in complex analysis that
establishes a key condition for a complex-valued function to be holomorphic (analytic) in a region. Morera's
theorem is important because it provides a simple and useful criterion for determining whether a function
is holomorphic. It is often used in complex analysis to prove the holomorphicity of functions and to

establish the existence of complex integrals.

Liouville's theorem provides a clear and concise characterization of entire functions. It states that if an
entire function is bounded (i.e., its values do not become arbitrarily large), then it must be constant. This is
a strong and useful result that helps classify and understand entire functions. Maximum Modulus Principle
is a fundamental result that plays a key role in the theory of complex analysis and has many important
applications.

9.2  Objectives

After reading this unit the learner should be able to understand about the:

Morera’s theorem and its applications

. Liouville’s theorem and its applications

Fundamental theorem of Integral Calculus for Complex Function

. Maximum modulus principle



9.3 Morera’s Theorem

Morera's theorem is an important result in complex analysis that establishes a key condition for a complex-
valued function to be holomorphic (analytic) in a region. Morera's theorem is a key step in the proof of the
fundamental theorem of calculus for complex integrals, which states that if f(z) is holomorphic on a simply
connected domain D, then the integral of f(z) along any path in D between two points is independent of the
path and depends only on the endpoints. This result has important consequences in complex analysis and

its applications.
Theorem: If f(z)is a continuous in a region D and if the integral .[C f (z)dz taken around on a simply

closed contour in D is zero then f (z)is analytic function inside D i.e., L f(z)dz=0.

Proof: Let Z, be a fixed point and z any variable point in the region D then the value integral

Jj f (z)dzis independent of the curve joining zo to z.

Hence taking ¢ as the variable of integration

We write

z+h

Also F(z+h):.[

Zy

f(¢yd¢ L ()
From equation (2) — (1), we get

F(z+h)-F(2)=] "1 (&)ds- [ £ (¢)de

Zy

limF (z+h)-F(z)=lim[""

h—0 h—0Jz

f($)de (3)
Where h— 0, zand z + h as same point

= L f(£)d¢ ie., integral along a closed curve =0



LiLTgF(Z+h)—F(Z)=O

F(z+h)-F(z)

or lim =0

h—0
Now subtract f (z) both sides we get

LimF(Z+hr)l—F(Z)_f(z):Li_rEI:_f(é,)] ....... @

R.H.S. of (4), we have

Now

Iim[F(ZJrhg_ F(z) (z)} =lim(~1/h) £ (£)["d¢

h—0 h—0

z+h
Butas h—0 jdg"—>0

Iim{F(ZJrhg_F(z)—f(z)}:O

h—0




Hence F'(z)exists because F'(z)= f(z).
The inequality of equation (5) holds for every ze D.

Hence f(z)is analytic in D.

Or

From (3), we have

Fzeh)-F(z2)=[""1(¢)d¢

o EENE ) A 1
o FEZRE) )1 yac-L (o) o
Now
F(z+hh)—F<Z>_f(z)‘:‘%jj“{f(;>—f(z)}dc\
<ol MO 1 @) @)
Since f (¢ is continuous is region D the | f (¢)— f (x)| <e - (6)
$|T11| Teldg]
‘F(ZJrhg_F(z)_f(z)gﬁ|h|:e—)0
G e




IimF(ZJrhg_F(z):f(z) or F'(z)=f(z) ... (7)

h—0

Hence F’(z) exist because F'(z)= f(z).

Hence f(z)is analytic in equation (1).

Indefinite Integrals or Primitives

Let f(z) be asingle valued analytic function on adomain D. Then a function F(z)is said to be

indefinite integral (synonymously a primitive or anti-derivate -x) of f (z) is single valued and analytic in

D and
F'(z)=1(2) (zeD)

Theorem. 1: A necessary and sufficient condition for a function f (z) to possess on indefinite integral in

a simple connected domain D is that the function f(z) is analytic in D. Further any two indefinite integrals

differ by a constant.

Proof: Necessary:-Let f(z) possess an indefinite integral F(z)then

Thus F(z) possesses a derivative f(z)at every point ze D and so F(z)is analytic in D. But the

derivative of an analytic function is analytic it follows from (1) that f (z) is analytic in D.
Sufficient:- Let f (z)be analytic in D. Let Zo be any fixed point and z any variable point in D.

Then by {extension of Cauchy theorem to multi-connected Region} the integral f (z)along every curve in

D joining Zo to Z in the same Hence we may write



Where z is the variable of Integration
By Morera’s theorem, we can show that F '(Z) =f (Z)
Thus f (z) possesses an indefinite integral F (z)defined by the equation (1).

Hence every analytic function in a simply connected domain possesses an indefinite integral

We now show that any two indefinite integrals differ by a constant.

Let F(z)and y (z)be two indefinite integrals of f (z)

Then F'(2)=y'(z) zeD

Hence w(z)—F(z)=c, where c is an arbitrary constant.
Thus y(z)=F(z)+c.

Hence the general indefinite integral of an analytic function f(z)is given by F(z)+cwhere

F(z)=[ f(z)dz.

Poisson integral formula for a circle

Let f(z)be analytic in a region according a circle |z| < p then prove that for 0<r <R

o 1 (2 (RP-r?)f(Re”)dg
f(re )_EIO R*—2Rrcos(0—¢)+r?

Where z =re"is any point of the domain |z|=R



Proof :- For circle |z|=Rsuchthat 0<r<R<p given z=re"

ijmdz

By Cauchy integral formula f(a)z2 _
zidez—-a

Also f(z):ziﬂijc%dw (1)

: . : . R® : . .
The inverse of the point z with respect to ¢ is — and lies outside C so that the function
z

LW)Z is analytic on and within C.
R

W——
z

Therefore L f(w) dw =0

RZ
W_i
z
1 ¢ f(w)
or 27zij<> _Edw_o (2)
z

From equation (1) — (2), we have

1 ¢ f(w) 1 f(w)
f = _
(Z) ZHiICW—ZdW ZﬂiICW_I?ZdW
VA

NI
27idc | w—1z R?
W_i

z

f (w)dw

Putz =re?z =re “w=Re",dw= Rie’d¢

(re“’—r\;ze‘@jf(Re”’)
i i w R
(Re¢—re¢)(Re¢—re‘9j

f(re”)= 2:7Lri L Rie“d¢



e’(r’*~R?*) f (Re")Re” dg

—ir”
27 Jo r(Rem_reie)ei;ﬁeiqu(eie_Rei¢j
r

1 2 (rP-R?)f(Re¥)dg
- ZJ‘O (Rei“’— re'’ )(re"g - Re"¢)

=if” (r’—R?) f (Re")dg

27°0 —R?+Rre 4 Rre (") _p?

12 (RP-r?)f(Re”)dg
_EJ.O RZ+Rr(ei(0—¢)+e—i(9—¢))+rg

:ij.zﬁ 2(Rz—rz)f(Re“")dgb {Cosgze‘9+e“0}
2770 R*+2Rr cos(0—¢)+r’ 2

9.4 Liouville’s theorem

Liouville's theorem is a fundamental result in complex analysis that places significant constraints on the
behavior of entire functions, which are functions that are holomorphic (analytic) on the entire complex
plane. The theorem states that every bounded entire function must be constant. Liouville's theorem has
important applications in complex analysis. For example, it is used to prove the fundamental theorem of
algebra, which states that every non-constant polynomial with complex coefficients has at least one

complex root.

Theorem: If a function If a function f(z)is analytic for all finite value of z and is bounded then it is

constant.

Proof:- Since f (z)is bounded so there exist a positive integer M such that

[f(z)|]<M (1)



—
*Z, L/

&

Let z,and z, be two point of z plane take the contour C to be a large circle with it can be origin and including

points z,and z, that R be the radius of circle then R>|z,[,R>|z,|

By Cauchy integral formula, we have

()= e

271 Y¢c 7z — Z,

f(2,)=—— Lﬂd

2ridez—1z,

Now we have

<—~|z,-z], & |Z TewAy ([J0z| = 27R)

Mzl oLl o L2



Mz-2) ,p {1—@}{1—@}
27R? R R

This implies for R — oothen |f (z,)— f (z,)] -0
Consequently f(z,)=f(z,).

Hence f(z)is constant.

Check your Progress

1. State the Morera’s theorem.

2. State the Liouville's theorem.

9.5 Fundamental Theorem of Integral Calculus for Complex Function

The Fundamental Theorem of Integral Calculus for complex functions is a result that relates the integral of
a function over a curve in the complex plane to its antiderivative (or primitive) along that curve. It is
analogous to the Fundamental Theorem of Calculus for real functions, but it applies to complex-valued

functions of a complex variable.

Theorem: Let f (z) be single valued analytic function in a simply connected domain D if a,be D. Then

we have

Proof:- Let ¢(z)=_|.b

a

f(wdw (1)

Then by theorem (1) above the indefinite integral F(z) of f(z) is given by



and F(a)=¢(a)+c

Thus we have

Now from equation (1) we have

#(0)= [ 1 (wpw
and p@)=] t(waw=["f(z)ez ... 3)
Since F(z)is an indefinite integral of f(z).

Now by the definition, we have F'(z)= f(z)

Hence the equation (3) may be written in the form

9.6 Maximum Modulus Principle

The Maximum Modulus Principle is a fundamental result in complex analysis that describes the behavior

of holomorphic (analytic) functions on bounded domains. he principle can be used to prove properties of

harmonic functions, which are real or complex valued functions that satisfy Laplace's equation. For

example, it can be used to show that the maximum (or minimum) of a harmonic function in a domain occurs

on the boundary.



Theorem. Let f (z)be analytic within and on a simple closed contour c. Then | f (z)| reaches its maximum
value on c unless f (z)is a constant in other words if M is the maximum value of |f (z)| on and within c

then unless f is constant. | f (z)| < M for every within C.

Proof:- Since f (z)is analytic then f (z) continuous inside and on C. It follows that |f (z)| does

have a maximum value M for at least one value of z inside or on C. suppose this maximum value is not

attained on the boundary of ¢ but it attained at an interior point i.e.
[f(a)|<M

Let c,be a circle inside C with centre at a if we exclude

f (z) from being constant inside c, then there must be a

Point inside c,say b, such that

[f(b)|<M
Let |f (b)|=M-e, where e>0

Since f (z)is continuity at b for any e>0we can find & >0t

Hf(z)‘—‘f(b)”<§ wherever |z—b|< & (1)

e [f(2)<|f(B)+3=M-ec+Z=M- (2)

(S
2
for all points interior to a circle c¢,with centre at b and radius b. Construct a circle ¢, with centre at a which

passes through b. on part of this circle c,included PQ in it.

By equation (2) |f (z)|<M —% on the remaining part of circle ¢, we have



[f(z)|<M.

Radius of circle c,|b—a|=r,say By Cauchy integral formula

()= [y

277i a

Putting z—a=re", we have

1 e f(a+re“9)r_ i

= J'O 7 rie’do
1 (2 i
==, f(a+re")d¢9

If we measure a counterclockwise from OP and Let < PoQ =ocwe have

f(a)= 2171 f(a+re'9)d9+—f a+rei9)d6?

‘f(a)‘gzij‘:‘f(aﬂe‘@)‘ f(a+re‘9)‘d0
T

1 (M ——jde+—j M do

272' 2
i{ —E}+M{27r—oc}
27 2 27

M =‘ f (a)‘ <M —ZE which is contradiction
2

Hence | f (z)| cannot attain its maximum at any interior point of C and so must attain its maximum on C.

Minimum Modulus Theorem

Let f(z)be analytic inside and on a closed contour c and let f (z) =0 inside C Then | f (z)| must reach its

maximum value on C.



Proof:- Since f (z)isanalytic inside and oncandsince f(z)=0insidec, itfollowsthat 1/ f (z)isanalytic

inside C.

By the maximum modulus theorem it follows that 1/ f (z) cannot assume its maximum value inside ¢ and

so | f(z)| cannot assume its maximum value inside c.

Then since |f (z)| has a minimum this minimum must be attained on C.

9.7 Summary

If f(z) is a continuous in a region D and if the integral L f (z)dz taken around on a simply closed

contour in D is zero then f (z)is analytic function inside D i.e., _[C f(z)dz=0.

If a function If a function f (z) is analytic for all finite value of z and is bounded then it is constant.

Let f(z)be single valued analytic function in a simply connected domain D if a,b € D . Then we have

_[b f (z)dz=F(b)—F(a), where F(z)is any indefinite integral of f(z).

a

Let f(z)be analytic within and on a simple closed contour c. Then | f (z)| reaches its maximum value on
cunless f(z)is aconstant in other words if M is the maximum value of | f (z)| on and within c then unless

fis constant. |f (z)| < M for every within C.

9.8 Terminal Questions

Q.1. State and prove Morera’s theorem.
Q.2. State and prove Liouville's theorem.

Q.3. Explain the Maximum Modulus Principle.
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10.1 Introduction

In this unit we discuss the two types of series. Taylor’s series and Laurent’s series, which are very important
series in complex analysis. This unit is devoted mainly to series representations of analytic functions. T
Power series are important in complex analysis because they can represent many analytic functions,
meaning functions that are locally given by convergent power series. Analytic functions play a fundamental
role in complex analysis, and power series provide a powerful tool for studying them.he direct
generalization of the Taylor’s series of real function is complex Taylor’s series. Laurent series is useful in

evaluation of real and complex integrals and summations of series. A series of the type

ian(z—zo)” =ay(2—29)+ ety (2-2)) +ees is called a power series.
n=0

10.2  Objectives

After reading this unit the learner should be able to understand about:

. the entire function
o the Taylor’s theorem and its applications
. the Laurent’s theorem and its applications

10.3 Entire Function

A function which has no singularities in the finite part of the plane is called an entire function.In entire
function in complex analysis is a function that is holomorphic (complex differentiable) at every point z in
the complex plane C. In other words, an entire function is a function f: C—C that is complex differentiable

at every complex number.

An entire function can be represented by its Taylor series expansion around any point in C. Since an entire

function is holomorphic everywhere, its Taylor series converges to the function itself for all z in C. This



property distinguishes entire functions from more general functions that may only be holomorphic in some
region of the complex plane.

10.4 Taylor’s Theorem

The Taylor series provides a way to approximate a function by a polynomial near a point. If the function is
analytic (holomorphic) in a neighborhood of zo, then its Taylor series converges to the function in that

neighborhood.

If a function f(z) is analytic within a circle C with its centre z = a and radius R then at every point z inside
C

or f(z):ian(z—a)n

where a, =

Proof. Let f(z) be analytic within a circle C whose equation in circle
[t—a] =R.

Let z be any point with in C such that

[t—a]=r<R

By Cauchy’s integral formula

f(2) - 1 I f(t)dt_ 1 L( f(t)dt D

S 2zict-z  2zidc(t-a)-(z-a)

We have = !
t-z (t-a)-(z-a)



ft) f(t) (z a) N (z—a) z—a) "
t-z (t—a) (t— )Zf(t) (t a)””{ }

Expansion expresse we find series up to infinite nton +1....c0

Now integrate each term around C and divide by 2ri

LA e Y 10 L e

27 t—z 27 (t—a)

] B it

Now by equation (1), we have

()—f(a)+( 2) f(q) + (222 )f(a)+ .....

o @ 2)
f(d%_ézj iﬁﬁt
f' (a)_ 2721'[ (f(tzj)g

where . -

(z- - [ Z—a}1
U, = f 1-2-¢9
and " (h+1) @) t—a )



(Z - a)n+l n+l (t - aj . .
= — f _—
(n +1)! (a) 5 (Using equation (3))

:(z—l)”*lj f(t)dt (t—aj

27 c(t—-a)™ (t-z

M =max, value of | f(x)|on C
jc|dt|= 27R

M[L]Mj dt
“27\R) *(t-a|-|z-al)

r n+1 1
(&) welra

|z-a| jlf(t)lldtl
) ° Jt-z|

n+1
) r r
For n »> o Un+1—>00r{for lim (—j =0 asE<1

n-xo{ R

Now by equation (2), we have

f(z)=rl1imo{f(a)+(z+la)f'(a)+ ..... +Mf”(a)}

=§:an(z—a)n , where a, =¥
n=0 .

This is known as Taylor’s series.
If we put a = 0 in the equation (3), we get f(z) => a,z"
n=0

This known as Maclarin’s series.



Check your Progress

1. What do you mean by entire function.

2. State the Taylor's theorem.

11.5 Laurent’s Theorem

The Laurent series allows us to analyze the behavior of functions near singularities, such as poles and
essential singularities. It provides a powerful tool for understanding complex functions and their properties

in the complex plane.

Suppose a function f(z) is analytic in the closed ring bounded by two concentric circles C and C’ of centre

aand radii Rand R’(R’ < R). If zis any point of the annulus. Then

where a, = 1_[
"2z (t—a)"™’ " 2z

f (t)dt b o L I(f(t))dt
c t_a—n+1

Proof. Let f(z) be analytic in the closed ring bounded by two concentric circles and C and C’ of centre a
and radii R and R’ (R’ < R).

Then if z is any point within the ring space, then C

\/



R'<|z—a|=r<R

By Cauchy’s integral formula, we have

f(t)de 1 . f(t)dt
f(z )_ij (t—z)_27ri IC' t—z

f (t)dt I f (t)dt
(2~

27 -[C (t—a)- (z—a) 27 a)—(t—a)

= ik (tf—(ta)l)[ Td” 2 b (zf_(t;)[ zt:ﬂ a

N 1-I.f(t){1+(t_aj+ ..... +[t‘_a)+[t‘_aj {1—ﬂ}_ }dt (1)
27idcz-a z-a Z-a z-4a t-a

f(t)dt 1 i) |
clt—a)™ ° =2 (t—a)™

We let a, _[

Then by equation (1), we have

fz)=[ao+(z—alar +....+ an(z—2a)" + Un+1]

by b, h
+ {(z—a) + (_ay +..t (Z-ay +Vn+1} ..(2)

where

e L e e )2 )




1

f(t)(z—a)"™

and Vn+1=

2tk (t-a)(t-a)™

ij clt-z)t—-a)™

1

2

1

(t_a)dt
z—a

t)(Z— )n+1 dt

27i

f
Jez

f (t _ a)n+1

ij (z-1) &

Let M = max, value of |f(t)] on C

M’ = max, value of |f(t)| on C’

From equation (3), we have

Un+1 =

|Un+1| =

~ 27 (R-1)R™

)n+1

fz-a)y”

1
L

1

t—z)t—a)™

£(t)z—al™

M

M

27T

I

r

—z|t —a

n+l

r

| dt]

n+1

n+1

(z—a
Z—t

dt

al™
} dt
Z—a

L f_(t)(t:aj”*l{ -
(t) (t—a)™

—a (Z_a)n+1

e

()

|z—al=r
|z—al=R
t—z|=(t-1)-(z—a)=R-r

Ucldt|:27zR



n+l
Iim|Un+l|:IimM[Lj 1 oasf<n .(5)
N=co N+oo R 1_L R
R
Now from equation (4), we have
1 |f(t) [t-d™
\Y <— — dt —1|= — —\l—- =r—-R'
| n+1| 27Z'J.C'|Z—t| |Z_a|n+l| | |Z 1| |(Z a) (t a)l r R

Solving above

n+l
lim V., |=lim M (Ej
N=c0 N+oo r

— 0 as B'< 1or%>1

19 r
R

Now by equation (2), using equations (5) and (6), we have

f(z)= ian (z-a) +ibn(z —a)"

n=0 n=1

f (t)dt b 1 f (t)dt

1
h -
where &= o k (t—a)™’ " 2 k t—a)y™’

..(6)

Examples

Example.1. Expand the following functions in a Taylor’s series about z = 0 and determine the region of

convergence in each case.

Sol. (i) Let f(z) = €. Then f(z) = ¢?

Hence f(0)=¢°=1, f"(z) = ¢’

Since €?is analytic for every value of z, we have

ZZ

f(z)=e*=£(0) +% £0)+ 5 £ (0)+....



=1+—+Z—2+ =i£ where | z |=o
R TRAR 2
(ii) Letf(z) =sinz
Then f(z) =cos z, f(z)=-sinz, "’ ’(z) = -C0S Z etC
J0)=0,10)=1f0)=0.f"(z) =-1
In general  f"D(0) = (-1)"1
Since sin z is analytic for all value of z, we have
o z ., z% ..
f(z) =sin z = f(0)+ if (0) = o f (0)+........
3 2n-1
0+ 2 4+0-2 z ()™ +
1 3! (2n—1)!
3 5 2n-1
S SN S S A\
1 3t 5l (2n—1)!
o0 . Zanl h
=3 (=)™ , :
;( ) 2D when | z| < «
(i) Let  f(z) =cosz
We can show that above part (ii)
© ZZr‘I
cosz =1+ (-1) when|z| <o
— 2n!

(iv) Let f(z)=sinh z f(0)=0
f'(z)=coshz f'(0)=1
f"(z)=sinh z f"(0)=0

f"'(z)=coshz f*'(0)=1
f¥(z)=sinh z f¥(0)=0



z ., 7% ..
coshz = f(O)+if (o)+5f ) +......
2 4
=1+ 0+Z— +0+ Z
2! 41

z
, when|z| <o
nl

Example 2. Show thate’ = e + eZ% when |z | <.
n=0 n:
Sol. f(z) =€~

We know that e’ =1+ Z— |z]|<o0
el

Replacing Z =z -1, we get

Multiply by e both sides, we get

n=1 -

Example 3. (a) = Z n+1( 2j,when|z—2|<1.

2

1 1 1&, . z-2Y
(b)? = Z+Z 2 (—l) (n +1)(Tj , when | Z—2|<l.

(©) z_+1 nZz(;(—l)n 2", when|z| <1
Sol.(a) Let f(z)=~=—+ -1 __p_ (211

22 [z+1)-1F [p-(z+1)f

=1+2(z+1)+3(z+1f +4(z+1)° + ..........



0

=1+ > (n+1)(z+1)

() fl2)=r f0)=1

()= - (132)2  1(0)=1
f <z>=(lfz)3 (0)=2

() = —(1fz)4, £(0)=—6

(1+2z)
_:f(0)+zf (0)+Z_2f (0)+Z—3f (O)+ .......
1+7z 1 3
2 3 4
IS LA YR AR
1 21 3 4l



ﬁzg(—l)” z" when | z| <1.

: . : : %
Example 4. Explain cos z into a Taylor series about the point zo = o

Sol. Let f(z) = cosz

We know that the Taylor series

f(z)=(z,) + (2-25) F'(25) +erevrerns
f(z)=cosz f(z12)=0 f
f'(z)=-sinz f'(z/2)=—1 f
f'(z)=—cosz f"(z/2)=0  "(0)=-1
f*'(z)=sinz  f"(z/2)=1 f
f¥(z)=cosz f¥(z/12)=0  £"(0)=1
f¥(z)=-sinz  f'(z/2)=-1 £'(0)=0

= +0 + +orenn
u 3
3 5
s s
71— — 71— —
T ( 2] ( 2j
=—|Z—-—— |+ — Forrren,
[ 2} 3 5



-1
1 1 1 1 z
47-1 4z1-2 z 47 4
4711-—
4
1 z 72 7°
= + — +—2 + —3 T+t
4z 4 4° 4
1,127
Gttt e
1,1,z 7
4z 4% 4 4 T
Z—Z - 4n+1
Example 6. Represent the function f(z) :m by a series involving positive and negative powers
z-1)(z-

of z-1 which converges to f(z) when0 <1 |z - 1| < 2.

Sol. f( )=m putting z—1 =uin f(z)
= z=u+l
f()— u+1l :—i+ 3 0<|U|<2

“uu-2) 2 2u-2)



n+2 !

f(z)=- %(z—l)‘l—3i(z_l) where z =u +1.

Example 7. Prove that 2# 0.

sin!zz? 1 22 * z
it A
Z A 3 5 7!

Sol. Clearly the given function is analytic at z =0.

F(2) = sin(zz)

Z4

Replacing z2 = u in equation (1), we get

sin u
f(u)= ~7— Now choosing f(u1) = sin u

We know that

: o
f(ul):smu=u——'+§— .....
sinu 1 u? o’
Now f(u)= = _u—z{u—gdrﬁ—........}

(1)



Again replacing u = z

sin!zz? 1z 2z 7
=— S 4 - 4
23 I

z* z

Example 8. Expand log (1 + z) in a Taylor’s series about z = 0 and determine the region of convergence

for the resulting series.

Sol. f(z)=log (1+2) f(0)=0
Then f'(z) = 1 f'(0)=1
1+z
1 )
f (Z)= (1+Z)2 f (O)_ 1
w2 w(0)—
f(ﬂ_@+zf f*'(0)=2
iv _ 6 iv -
f¥(z) = e ) f(0)=-6
Therefore f(z) = log (1 +z) = f(0) + % f'(0) +Z?2| £(0) +.....
—0+2_ z 2—3—62—4

If U, denotes that nth term of the series then

e

n+1

n1Z"
Vo = Uam ey

n

n+1

nz

1
| Z]

n+l

= lim =

n—o

. lim

n—o0

Hence by D’ Alembert’s ratio test, the series converge for |z| < 1.



The series can be shown to converge for |z| =1 except for z = -1.

Note that z = -1 is the singularity of log (1 + z) nearest the point z = 0. Thus the series converges for all
values of z within the circle |z| = 0.

Example 9. Expand _ for

7 -37 +2
(i) 0<|z|<1, (i)l < z| <2, (iii)| z| > 2
Sol.
et f(2) L L

T 2-3+2 (2-1)(z-2)

1
z2-2 17-1
() When0 < |zl <1

By equation (1), we have

which is Maclaurin’s series

(ii) When 1<|z]<2



Then —<1,—<1
2

which is Laurent’s serieS

(iii) When |z| >2.
Then i< 1:>i<1< 1
|z| lz| 2

1(, 2" 1(, 1\°
By equation (1), we have f(z)= ;(1_Ej -z (1——)

which is Laurent’s series

1 :
Example 10. Expand ~(2—) for the regions
2\z2° -2z +2
(i) 0<]z]<1 (i)1<|z]<2 (iii) |z]>3
Sol.

(i) When 0 <|z| <1, then



1 1 11 1
f&):2@2—22+1):ZQ—JXZ—Z):[EE_Z-i_F%Z—ZJ

[ 1 1 1 1 } 1 z z2?
Sl t o e - ===+
22 2z 22 22 6 18 54

2
:i[l_l iz_........}_i 1303
22 7 1z 2z 7 Z
_[1 1 1 }{_ 1.3 9 }
oy T 5p7 T opT oy 5,7 5g8 Tre
_ 1 4 13
—_2__3 _4_ ........



(iv) For 1 < |z+1] < 2, we have

Letz+ 1 =u,then 1 <|u| <2and we have

1 1 1 1 1 1, uT?
2(z+1)  2(z+3)  2u 2u+2) 2u 4] 2

1 1|, u u?

= =l
2u 4|7 2 2

1 1 u u?

= — = +———+.....
2u 4 8 16

2u 4 8 16

1 1 (z+1) (z+1)2+

2
Example 11. Find the Taylor’s and Laurent’s series which represent the function ozl
(z+2)(z+3))

(i) When |z| < 2 (iwhen2 < |z] <3 (iii) when |z] > 1

Sol. We have f(z)= 2" -1 43 8
(z+2)z+3) (z+2) (z+3)

Now we find the expansion of f(z)
(i) When |z] < 2

fo)-1+ > 8
z+2 z7+3

-1 -1
:l+§ 1+E _8 1+E
2 2 3 3
2 2
:l+§ 1—E+Z—— ....... —§ 1—£+Z—— ......
2 2 4 3 3 9

_1 +gi(—1)” Gj -

n=0

(i) When 2< |z| < 3



O BErE
=1+§(1 %]l - %(1+§]1
w250y (225

Example 12. Prove that cosh

(z +%)=ao +>a, (z” +zi”j where a, = Zi‘[z” cos né cosh (2cos@)de.
| T

Sol. The function f(z) = cosh [z +1j is analytic everywhere in the finite part of the plane exceptat z = 0.
z

I.e.., it is analytic in the annulus r <jz||<R where r is small and R is large. Hence f(z) can be expanded in

Laurent’s series.

cosh(z + %) = iauz” + ibn z"
n=0 n=0

where C is any circle with origin as center.

1 dz 1 i
{Where a, = 2_7zi'[0 f(Z)F’ b, = o=k f(z)z"*dz

Taking Cto be the circle |z| = 1. So that z = €'¢, dz = ie®d@

i“do

ei(n+1)¢9

n

2z
a, = Zi jcosh(e”g + e"‘g)
m 0
1 2z )
= Icosh(Zcose)e‘”"gdH
4 0
2z
:2i Icosh(Zcose){cos nd—isinn@} de
4 0
2z | 2z
= jcosh(Zcose)cos no da—z—jcosh(Zcose)Sin ng do
0 T 0

2z
_1 jcosh (2cos@)cosng do -0
2r



Since by the integral property

Tf(@)de =0if f(2a-0)=-(9)

0

Also cosh(z+1j = ian " + ibn 2" = ianz” +ian z"

z n=0 n=1 n=0 n=1

2z
where a, = 1 J'cosh (2cos @) cos né dé.
21+,

Example 13. Prove that
Yive ks n ks n
er =>az +>bhz
n=0 n=1

2z
where a, =2i '[exp {(u+v)cosd} cos{(v—u)sind—ns} do
4 0

2z
b, :2i Iexp {(u+v)cos®} cos{(u—v)sino-no} do
4 0

u

Sol. Let  f(z)=e?

Then f(z) is analytic everywhere except at z = 0. So, it can be expanded in the region r < |z| <R in a

Laurent’s series where r is small and R is large but finite.

f(z)= ian 2" +ibnz‘n
n=0 n=1
_ 11

where a, =5 kg

_ 1 1
dz, bn_z—mjcf(z)z dz

and C is any circle with centre at origin

Let C be the unit circle defined by |z| = 1. Then z = €', dz = ie'?, dz = ie'? d6. Now we have



1 Fexplue™ + e},

n _% ) ei(n+1)0 1€
1 2z ) )
:2_ e(u+v)cos€ e(u+v)cos¢9e|[(v—u)sm 9—n6]d0
T 0
2z
= Zi e cos{(v—u)sin @—no} +isin{(v—using —no)lde
T 0
2z
=2i e cos{(v—u)sin@-n@} do+0 {by int egral property}
4 0

b

n

27
_ i J'e(ue’ewe")ei(n—l)eieiede
27 3

Also
1 2 ) )
- = J'e(u+v)cose el[(u—vl)sme—ne]de

2

2z
- zi [ et [cos {(u —v) sin 6 —ng}—isin{(u—v)sin 6-noldo
T%

2z
-1 I e cosf(u—v) sin@—ne}do [the secondintegral becomes zero]

0
. 1 o - 2
Example 14. Show that Sln{C(HEj} can be expanded in a series of the type > a,z" + > bz
n=0 n=1

27
where the coefficient of both z" and z" are Zi J.sin (2C cos8)cosna dé.
7[ 0

Sol. Let  f(z)=sin {C(Z+%)}

Then f(z) is analysis everywhere except at z = 0. So it is analytic in the annulus r < |z| < R where r is small

and R is large. Therefore f(z) can be expressed in a Laurent’s series in the region r < |z| <R.

Thus f(z)= i a,z" + ibnz‘”
n=0 n=0




and C is any circle with centre at origin.
Let C be the unit circle defined by |z| =1
Then  z=¢"?, dz =ie' d@

ie'’do

Now a, = % zfsm {C(eie +e7i0)ei(n+l)a9

2z
-1 jsin (2Ccosf)e™d6
27

2z
_ L jsin (2C cosd)(cosn@ —isinng)do
27 3

|Using property of oddintegral Il partis zero

2
_ L [sin (2C cos@)cosng do-0
27 4

: . . : . 1
Since the given function remains unchanged if we put S

27
b, =a_, :iJ‘sin (2cos@) cos(-nH)de
2r -,
1 2z
= Isin (2cos@)cosnfdo =a,
2r
Hence Sin {C(Z+1)} =ianz” +ibnz_n
VA n=0 n=1
= ianz” +ibnz‘n
n=0 n=1

= a, Jrianzn +Zw:anz’”
n=0 n=1

for z therefore we have

[where an = bn]



sin{C(z +%)} —a, +ian(2n + Zn_l)

n=1

2z
where a, =h, :2i Isin (2C cos@) cosénd da
4 0

n

1 z,i 0 27
Example 15. Show that e? () = Y where a, =2i'fcos(m9—Csin 6)do.

m=—oo

1,1
Sol. Letting f(z): ezc[ zj

The given function is analytic at every point the z-plane except at z = 0 so it is analytic in the annulus r <

|z| <R, where ris small and R is large. Therefore it can be expanded in a Laurent’s series in the region r

<|z|<R.
o) _
f(z)= Za z" +Zb z"
1 f(2) 1 1
Where a, = ZL it 02D, = | f(z)z"dz

and C is any circle with the centre at origin.

Let C be the unit circle defined by [z = 0. Then z =¢'?, dz =¢€'?d@

1 .
_ l J-eEC(lemH) Ry
2 0

J'el(Csm9 n@)dg

2z

:2i I[cos(Csin 6—-n6) +isin(Csin#-no)|do
4 0



27
= ZL I[cos(Csin 6-nd) dd—isin(ng — Csin0)do]
4 0

27
1 J cos(nd—Csind)d6—0 [The second part of integral is zero]
2r g

2z
1 '[cos(ne—C sin@)de
2r

Now the given function remains unchanged by replacing z by (— 1) therefore by = (-1)"an.
z

1

—C Z—l 00 o0 [ee] [e'e]
Hence e? =) =>az"+ >bz"=>az"+ > (-1)'az"=>a,z"
n=1 n=1 n=1 n=1
Example 16. If the function f|z| is analytic and one valued in |z-a] < R. Prove that, when 0 <r <R.

2z
f'(a) = % _[P(H)e*“9 d @ where P(6) is the real part of f(a + re'9).
0

Sol. Since f(z) is analyticin |zl <Rand r <R.
It follows that f(z) is also analytic inside the circle C defined by |z-a]=r

Hence by Cauchy’s formula for the derivative, we have

1 f(z) . ..
— [ dz=f'(a) ..(D
Also f(z) can be expanded as a Taylor’s series about z = a in the form

f(z)=Ya,(z-a)

m=0

Putting z — a = re'?, we have {and (z — a)™ = r™e™?

f(2) = f(a +re'%)= a,r"e™
m=0



27
=0 [ J’ e (Mg = o} .2
0

Adding equations (1) and (2), we get

£(a) 1 I f(z)+f(z)OIZ

27 ¢ (z-a)

_ 1 J- 2rea|partoff(z)d
27c  (z-af

- % real parﬁ;)efm(ga vre’) rie'’ do [-z—a=re?]

- = J'P(G) do [where P(6)is the real part of f(a+re™ |

10.6 Summary

The Taylor series is a powerful tool in complex analysis and is used to study the properties of complex

functions, compute integrals, solve differential equations, and understand the behavior of functions near



singularities. The Laurent series allows us to analyze the behavior of functions near singularities, such as
poles and essential singularities. It provides a powerful tool for understanding complex functions and their
properties in the complex plane.

In complex analysis, the Laurent series is a representation of a complex function that includes both positive
and negative powers of the variable z. It is named after the French mathematician Pierre Alphonse Laurent.
The Laurent series is particularly useful for functions with singularities, such as poles.

10.7 Terminal Questions

Q.1. Explain the entire function.
Q.2. State and prove Taylor’s series.
Q.3. State and prove Laurent’s series.

Q.4. Expand Taylor’s series of

2z° +1 . o . .
about the point z = i. (ii) f(z) = > about the point z = .

. B 1
Wre =", G2

Q.5. Expand Taylor’s series of

sin z

()f(2) =sinzaboutthe z = /4 (ii)f(z) = about the z = 7.

Z—T

Q.6. Expand f(z) = in the region

_r
(z-1D(z-2)
D)zl >1,G1< |z <2

(iD)|z] > 2 ()0 < |z — 1] < 1.

SZ . .
in Laurent’s series about z = 0.

Q.7. Expand f(z) =

1-co
z3

Q.8. Find the laurent’s expansion of f(z) = — 7222 _inthe region1 < (z+1) < 3.
(z+1)(z—-2)
Q.9. Expand the Laurent’s series for f(z) = (Zizl)z bout z = 1.

Q.10. Find the Laurent’s series expansion of



() —2=5L_ inen on3 <242 <5
Y eD-3)(zr2) e TEGION z _

(i)

> aboutz = Qin the region 3 < |z| < 3.
+5x+6

Q.11. Expand the following function in Laurent’s series:

. z
(l)meT‘lZ—1|<2

() s

(Z+1)(z+2) in powers of (z+ 1)for therange 0 < |z + 1| < 2

Q.12. Expand for the regions

z(z2-32+2)
MD0< |zl <1GD1 < |z| <2
(iii) |z| > 2.

Answers

10 (5-3)+(3+3) -0+ Yl -

(ii)%. 1+ Z(—l)n n+ D+ )"

1-0n

5. Y% psin(2n+ 1) - (z — —) (()—1+= (Z —m)2—= (z — )%+,

6. (i) +3 JZ+3 z2 += 15 3+. .. ....which is a Taylor's series

B 1 1 1 111 1, 1, o ,
(i) ——m———————=—— z ——2z%——2z>—. ... which is a Laurent's series.

z¥ z3 z2 7z 2 47 8 16

1
(z—l)_[1+(z_1)+(z_1)2+(Z—1)3+......]



_ ( 1)21’1 1 2n—-1
‘_ Yn=1 (2n+2)!
_Zz 1 1 . _2 (CAE VN A Vi
8. z+1+(z+1)2 (z+1)3 + [1+ + 32 + 33 + Oo]'
0. 5[2z- D +2z- DT+ 141z - 1)+
(z4+2)%2  (z+28
10. (1)—+(Z+2)2+(Z+2)3+ R R

St

22 23 8 z z* Z3
3 32 33

1 1 1 1
+(z+1ﬂ'&z+1ﬁ+kz+1y+kz+1)

1o, v, 1 Iv, 1x
12.(1)Z+Zz _ZZ(E) (ll)z——zz +ZZ

1l _lwew n 1y (z)”
(i) - —-Xn=0z "+ Xn=0 ) -

—14+@Z+1)—-(z+ 1%+

6
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Block-4

The Calculus of Residues

Singularities are important in complex analysis because they provide information about the behavior of
functions, especially near these points. The study of singularities is crucial for understanding the properties
of complex functions and their applications in various areas of mathematics and physics. In complex
analysis, the residue of a function at a singular point is a complex number that captures the behavior of the
function around that point, particularly in the context of contour integration. Residues are important for
evaluating complex integrals, especially those along paths that enclose singularities. Residues also play a
crucial role in the study of meromorphic functions (functions that are analytic except for isolated

singularities) and have applications in various areas of mathematics and physics.

Complex integration is a powerful tool with wide-ranging applications in mathematics, physics,
engineering, and other fields. Complex integration is essential for calculating residues of functions at
isolated singularities. Residues play a crucial role in evaluating complex integrals, solving differential
equations, and analyzing the behavior of functions. Complex integration allows us to evaluate integrals of
complex-valued functions along curves in the complex plane. This is useful for calculating quantities in
physics, engineering, and mathematics that involve complex variables. In physics, complex integration is
used in the study of electromagnetic fields and potentials. Techniques such as the method of images, which
involves complex variables, are used to solve problems in electrostatics and magnetostatics. In engineering,
complex integration is used in signal processing and control theory. The Fourier transform, which involves
complex integration, is used to analyze and process signals in communication systems, audio processing,
and image processing.In complex analysis, a meromorphic function is a function that is holomorphic
(analytic) everywhere in its domain except at isolated points where it has poles. In other words, a
meromorphic function is a function that is "mostly” analytic, except for a finite number of singularities,
which are poles. Meromorphic functions play a fundamental role in complex analysis and provide a rich

framework for understanding the behavior of complex functions with singularities.
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11.1 Introduction

In this unit, we deal with the singularities, poles, residue at pole, Cauchy’s residue theorem and their
applications. Singularities are important in complex analysis because they provide information about the
behavior of functions, especially near these points. The study of singularities is crucial for understanding

the properties of complex functions and their applications in various areas of mathematics and physics.

In complex analysis, the residue of a function at a singular point is a complex number that captures the
behavior of the function around that point, particularly in the context of contour integration. Residues are

important for evaluating complex integrals, especially those along paths that enclose singularities.

11.2  Objectives

After reading this unit the learner should be able to understand about:

o The Zero of Analytic Function

o Singularities of an Analytic Function

o Principal part of f(z)

o Isolated Essential Singularity and Remove Singularity
o Pole, Polynomials and Residue at Pole

o Cauchy’s Residue Theorem



11.3 The Zero of Analytic Function

A zero of an analytic function f(z) is a value of z such that f(z) = 0.

If f(z) is analytic in the neighbourhood of a point of a point z = a then by Taylor’s theorem. We have

f(z)= nZ:;an(z —a)'  wherea, = f:](!a) (1)

ie, f(z)=a,+a(z-a)+a,(z-a) +....+a,(z—a) +....

If ao= 0, but a1 =0, then f(z) is said to have a simple zero at z = a.

Ifao=ai=a=.......c.ee e oo eovoo..= @m1=0, but am= 0, then f(z) is said to have a zero of order mat z = a.

This zero is said to be simple, double, triple in the casesinn=1, 2, 3.....

It may also be seen that, since a, = f (Ia)_
m!

Hence, At a zero of order m, we have

f(a)= f'(0) = f"(@) =..... f™L(a) =0

but f"(a)=0.

11.4 Singularities of an Analytic Function

If a function is analytic at all points of a bounded domain except at a finite number of points then these

exceptional points are called singular points or singularities.

Thus the singularity of a function is a point at which the function, cases to be analytic.

72 +5

For example. The function f(z) = z(z _ 3) 7241

is analytic at every point except z =0, 3, #1i.

1

There are isolated singular points of f(z). Consider the another function f(z) :W.
rlz



It has infinite number of isolated singularities which lie on the real axis fromz=-1toz=1.

These isolated singularities are given by z zi%, n=123,.......... Then origin (z = 0) is also a

singular point but it is not isolated since in every neighbourhood of zero there are finite number of other

singularities.

11.5 Principal part of f(z)

Let f(z) be an analytic function in a domain D except at the point z = zo. Then there exist a deleted

neighbourhood 0 < |z — zo| < R in which f(z) is analytic.

In this annulus 0 < |z — 20| <R the Laurent expansion of f(z) is
f (Z) :Zan(z - ZO)n + an (Z - ZO)_n

The term f(z) =ibn (z—z,)" of the Laurent series is called principal part of f(z) at z = z.

n=0
Now there are three possibilities:

(1) The principal part contains infinite number of terms.

(i) There are finite number of terms in the principal part.

(iii)  All the b, are zero i.e., there is no terms in the principal part.

The three possibilities defined above give three kinds of singularities.

11.6 Isolated Essential Singularity

If there are infinite of terms in the principal part of f(z) at z = zo, then zo is called an isolated essential

singularity of f(z).



1 . N .
For example. Sin — has an isolated essential singularity at z = 0,
z

. 1 1
since sin —=—+ - — +— —/ +...90

z 217°

z =0 is an essential singularity

Note. lim f(z) does not exist if z=a is an essential singularity.For example sin PEPLaLY
Z J—

Z—a

Check your Progress

1. Define the zero of an analytic function.

2. What do you mean by singularities?

11.7 Removable Singularity

If the principal part of f(z) at z = zo consists of no term, i.e. if all the coefficients b, are zero then zo is said

to be a ‘removable singularity of f(z).

sinz

For example. (z)= has removable singularit y at z =0

_ sinz 1 22 7 2z z*
since =—|Z—-——+—+...|=1-— 4+ —
z I !

sinz . . .
Thus —~ contains no negative power of z. If we get f(z) = 1 at z = 0, then f(z) becomes analytic at 0.

or



If a single value function f(z) is not defined at z =a but lim f(z) exists, then z = a is called a removable
7>

singularities.

72 _ 32 72 _ 32
has removable singularit ies at z = a, becauselim =2a.

For example. f(z)=
Z—a z»a 7—@a

11.8 Pole

If the principal part of function f(z) at z = zo consists of a finite number of terms say m, then zo is said to

pole of order m of f(z).
A pole of order one is called a simple pole.

If zo is a pole of order m, then f(z) has an expansion of the form

f(z):ian(z—zo)"+ b b i Pn
n=0

z2-2, (z—2z,f (z—z,)"
2 2
If f(z) has a pole at z = 0 then lim ~—2 — o
zZ—a Z—a
z° +a’® . z°+a’
For example, f(z)= — has a pole at z =abecause lim — =
For example,
(z-a) _ _afP
e _ 1 2 1+(z a)+(z a) L
(z-af (z-a) L 2!
1 1 +1+(z—a)+(z—a)2+
“(z-a)f (z-a) 2 3 4

Here we have only two terms in the negative power of (z-a) i.e. there are only a finite number of terms in

principal part of the function.

Hence the function has a pole at z = a of order 2.



11.9 Polynomials

An expression of the form
P(z)=a, +a,z +a,z% +........ +a,z

where ao, ay, ........ an are complex numbers and an=0 is said to be a polynomial of degree n.
In particular every constant is a polynomial of degree.

The degree of the constant polynomial O remain undefined

For example, z" is a polynomial of degree n.

4  + 472 + 27%is a polynomial of degree 3.

11.10 Residue at Pole

Let zo be a pole of order m of the function f(z). Then we have

_N ) b, b, by, -
f(z)_nzzc;an(z z,)" + (Z—Zo)+(Z—Zo)2 +....+(Z_ZO)m ,  bmz0

If m =1, then zo is called a simple pole.
The coefficient b’s which may also be zero is called the residue of f(z) at z = zo.

If z = zois simple pole, then we have

b, = lim(z—z,)f(2)

27,

Case I. The coefficient by of in the Laurent’s series is called residue whatever be the order of pole,

-1,

then

b, =lim (z-2,) f(2).

7512,



Case Il. Let z = zo is a pole of order m, then () is of the form ((D(—Z))m, where ¢(z) is analytic.
-1,

Residue of f(z) at z = zo is

1
)
1 L( ¢(2)

27 z2—2,)"

m-1
- qzm (1Z; .) (By Cauchy's integral formula)

b, f(z)dz

Case I11 Residue at infinity

(i) lim (- z) f (z), if it has a definite value

Z—

(i) Let f(2) has a pole of order mat infinity t hen f (1/w)has a pole or order mat w =0

g
The residue at infinity = — %J'C f(z)dz

= is the (-iv) of the coefficient of % in the expansion of f(z) in the neighbourhood of z = 0.

Note. If degree of Numerator < degree of Denominator then we will apply (i) method.

11.11 Cauchy’s Residue Theorem

Let f(z) be a single valued and analytic within and on a closed contour C except at a finite of singularities

21, 2o, ... znand let Ry, Ro,....., Ry be respectively the residue to f(z) at these points then prove that

|, f(2)dz =24 (R, +R, +......R,)

Proof. Lety,, 7,,.ee.... .7, be the circles with centres at z1, o, ....., zn and radius which is small, then these

circles lie completely in the closed curve C.

Let Ry, Ry, ..., Rn be the residue to f(z) at z1, zo, ...., zn respectively, we have



R, =—| f(z)d
S RLar:

R,=—1 flz)d
RO

1
R-17 s
2 ), ()2

LORNG

c

Now by Cauchy Goursat theorem for multiconnected regions, we have

'[C f(z)dz—j f(z)dz—j f(z)dz—........ —Ln f(z)dz=0

L f(z)dz= Ll f(z)dz+L2 f(z)dz+........ + Ln f(z)dz

=27R, +27R, +...... +27R
=272 (R, +R, +........ +R,)
=27 x (Sum of residue of f(z)at its poles within C)

()

Check your Progress

1. Define the residue at pole.

2. State the Cauchy’s Residue theorem.



Examples

Example 1. Show that the function e'? actually takes every value except zero, an infinite number of times

in the neighbourhood of z =0

Sol. f(z) = e
Now
e1’2:1+1+i2+i3 ........
z 212 3z
=11
=1+) ——
nZ:;n! z"

11
:1n Z

Thus the principal part of f(z) is

which contains an infinite number of terms. Hence z = 0 is the isolated essential singularity of f(z) as

desired.

Example 2. Show that the function e” has an isolated essential singularity at z = o
Sol. Let f(z)=e’.Then f (%) =e™
The nature of singularity of the function f(z) at z = c will be the same as that of the function
f[ij atw=0
w

w w

Hence the principal part of f[ j is =+ ==+ which consists of an infinite number of terms. Hence
W !

w= 0 is an isolated essential singularity of eVand consequently z = oo is an isolated essential singularity of

eZ

Example 3. Discuss the nature of singularities of the following functions:



(i) tan 2 (i)

21—z
.\ Z .\ Sinz
(i)~ WGy
Sol. (i) Let f(z)=tan z _Sinz
c0Sz
Poles of f(z) are given by
cosz =0
or z=(2n +1)%,n=(0,i1,i2, .......... )

Let f(z) :Zlfj)singularit y of f(z)is given by

z(l- 22):0 orz=0,+1

which are simple poles

(iii ) f (2) = 2

1+2*

singularity of f(z) are 1 +z*=0 =z = (-1)¥*

z ={cos(2n+1) z+isin 2n+)} ¥

= cos(2n +1)% +isin(2n +1)% NG

Puttingn=0, 1,2, 3.....

3aul4 L57l4

izl4 e

Z =€ , €

which are the simple poles of f(2).



f(z)= LZZ singularit y of f(z) are given by (z-n)’ =0

Let (7r - Z)
or z =mis adouble pole
or z = mis a pole of order two of f(z)

Example 4. Find the kind of the singularities of the following functions:

(i)% atz=0and z = (ii)sinéathl
(iii)sinz — cosz and z = oo (iv)cosec%atz:o
Sol. (i) Let f(2)= cotnz  cosnz 1 i

(z—af sinm (z-a)
Poles of f(z) are given by putting the determinator equal to zero.

ie &inz. (z—af} and{ (z—a)’=0 = z=aHencez=a isadouble pole.}
i.e. sinmz =0 ornz = nx

or z=n m=0,%+1,%2,...)

and z=0,+1,£2,..... are simple pole.

Z = o is the limit point of the sequence of these poles hence z = « is a non-isolated

.. . 1
= _atz=1
(i) sin -—— atz

.1
Let f(z)=sin —
e (z)=sin -

zeros of f(z) are given by



sin— =0 e =Nrx
-z 1-z
or 1—z:i = I= S
Nz Nz
1
= z=1-—(n=0, £1, +2,........)
Nz

z =1 is a limit point of these zeros. Obviously z = 1 is an isolated essential singularity
(iii) sinz -coszatz=o
Let f(z) =sinz - cos z
zeros of f(z) are given by
sinz -cosz =0

sinz =cosz
/4
tanz=1lor z=nzr—
4
.z = oo is a limit point of these zeros which is there an isolated essential singularity.

(iv) cosec atz =0

Z
Let cosec1 at z=i
7 .1
sin =
Z
Poles of f(z) are given by
sin—=0 or E =Nz
Z Z
1
ie., z= —(n=0.+1+2....)



Obviously z = 0 is the limit point of the sequence of these poles.

Hence z = 0 is a non-isolated singularity.

(v) tan% at z=0

Poles of f(z) are given by cos% =0

or z:;l(nzo,il,iZ)

Since z =0 is a limit point of these sequence therefore z=0 is a non-isolated essential singularity.

ec/(z—a)

Example 5. Show that z = 0 is an isolated essential singularity of the function

z/la

e’ -1

c/(z-a)

Sol. Wehave f(z)= =

eZ/a - 1 l+(2;a)




Since in the expansion of f(z) there are infinite numbers of terms containing negative powers at ﬁ
z—a
Hence z = ais an isolated essential singularity

Example 6. Find the kind of singularities of the following functions:

N 1—e’ . 1
= —— —atz=x/4
(I)1+ e’ atz = (")sin z—cosz arz=n
(iii )sin Latz o (iv)zcoseczatz=w
z
Sol. (i) Let F(2)=1=% atz=o0
1+e’

Poles of f(z) are given by putting the denominator equal to zero.
—1l=cosz +isinz
—1=cosz+isinz = €" =cosz+isinz e —cosz+isinz isin 2z
2nri

= e“™ =cos2nz +isin2nz e —cos2nr +

1 +e2=0 = el=-1=¢".1

eZ — e2nm’+ i

z =(2n+)7 (n=0,£L+2,....)



Hence z = (2n+1)xi are the simple poles of f(z). Obviously z =« is a limit point of these poles therefore z

= o0 IS @ non-isolated singularities.

i) — > at 27
Sinz —Cco0Sz 4

1
Let f(z) = ———
¢ (Z) sin z— co0sz

Poles of f(z) are given by
sinz—-cosz=0

ie. tanz=1

z:nﬂ+% (n=0,+1+2,...)
T . .
Atn=0, Z:Z iIs asimple pole.
1
(iii) sin—atz=0
z

Let f(z)=sin%

Poles of f(z) are given by sin%:O or 1 =Nrx

Since z = 0 is a limit point of zeros of f(z) therefore z =0 is an isolated essential singularity of f(z).

(iv) zcoseczatz= o

Let f(z)=zcosec z = ——
sin z

Poles of f(z) are given by



sinz=0or z=nn m=0, +1.%2,...)
z = oo is an non-isolated essential singularity.

Example 7. Show that the function e™'*" has no singularities.
Sol. We have f(z) = e V% ...(0)
The zeros of f(z) are given by

e'=0  {e”=0}
or z°=0

z =0is a zero of order 2.

Since zeros have no limit point therefore, there is no singularity of f(z).

Poles of f(z) are given by
e’* =0, which is not possible for any value of z, real or complex

Hence e *'*" has no singularities.

2
- -22
Example 8. Find the residues of f(z)= at all its poles in the finite plane.
P (2 (z+1f (2> +4 P P
2
- -22
Sol. Let f(z)=
) (z+17(2 +4

Poles are given by (z + 1)? (22 +4) = 4
or z=-1,-1, £2i
So f(z) has a double pole at z = -1 and two simple poles at z = + 2i.

Now for double pole at z = -1, we have



7*-21
f =
) (z+1f(2* +4

_ 4(2) P-2
= (Z+1)2,Where¢(z)— 0

¢(-1)

Because z = -1 is a pole of order 2, then residue at z = -1isT

_7°-2z . 21-4

Now  4() e U ea
27°-81-8
¢()= (22_4)2
(—1)=2
#(-1)=
Residue at z = 2i is
= nn}(z-zi)f(z)
. . 221
= lim (z-2i)—2
Zer;i(z I/(z+1)2(22+4)
. . 221
= lim (z-2i)—=
) )
—4— 4

T Qi+ @i+2)

—4(1+i)
(—4+1+4i) 4i

—(@A+i)-4+3i) —(@+i)

i(—3+4i) (-4-3i)

—(L+i)f-4+3i) —(-4-4i+3i-3)

25 25




(-7-i) _7+i
25 25

Similarity, residue at z = -2i is

lim (z+2i)f(z)

z—>-2i

Example 9. Evaluate L z%"? dz around | z |=1.

2

Sol. Let f(z)=2%"" :ei’z

Poles of f(z) are given by 7= 0
ie., z=0
Here z =0 is a simple pole

Now we have f(z) = z%*

., 1 1 1
=291+ ———+ ——+.....
{ z 2z 37 }

S S SN (D)
21 31z

The residue at z = 0 is the coefficient of 2 in the series expansion (1). Thus we have Residue atz=0is =

Using Cauchy’s Residue theorem, we have

Therefore L 2%V dz =24 . %

ol



23

Example 10. Find residue of f(2)= (Z _1)(2 _2)(2 _3)0r 2=1,2,3. Also find residue at infinity. Then

prove that the sum of all these residue is zero.

3

Sol. Let f(z)= (z-1) (22—2)(2—3)

Here z = 1, 2, 3 are the simple poles of f(z)

Z3

R, =lim(z-1)f (z)=lim(z-1) R )

71

1 1

=\
@1-2)1-3) 2
Residueatz =2 is

Z3

R, =IZiLr21(z—2) f(z)=lim(z-2) -1(-2)-3)

752

8

(2-1Y2-3)
Residue atz =3 is

Z3

R A e T e e

73 >3

27 27

3-1)3-2) 2

Now we have

1

f(z)= (Z_l)(zz_sz)(z_3) ) [1_lj(l_2j(1_3j

z z YA




Coefficient of %is =1+2+3=6

Residue at infinity = —{coeff of Lin f(z)} =-6
z

Hence the sum of residue f(z) atz=1, 2, 3, ©

1
=—-8 +£—6
2 2
1-16+27-12
5 :

=0.

Example 11. Find residue of 1 atz=aiandz=-ai.
(22 +a2)2

Sol.  Let fz)= —L _

(z2 +a2)2

Poles are given by
2 2\? . . :
(z>+a®) =0or z =ai,ai, —ai,—ai
So f(z) has pole of two order at z = ai and z = -ai

Here f(z)= 1 - 1 _ o(2)

(2% +a2)2 (z+ia)’ (z-ia)" (z-ia)’

1

where #(z) = Z+ia)

2

The residue of function f(z) at z = ia is a ¢ (ia)



2

We have ()= ———
@y

Hence the residue at z = ia is ¢ '(ia)

2 2 1 —1

_ - _ =4 =
(2ia))  8i*a®  4dia® 4a°

and residue at z = -ia is ¢ (ia)

Here p(z)=

: 2 -2 1 i
S "(— = — = = — =
° #(ia) (-2ia)’ -8a%°  4ia® 4a°

23

Example 12. Find the residue of (z _1)4(2 - 2)(2 _3)

Z3

2-1)(z-2)z-3)

Here z =1 is a pole of order 4

Sol. We have f(Z)Z(

_ z’ __4(2) _
S Py PRy e I ey AL AC i ey ey

3

Because z = 1is a pole of order 4, then residue at z = 1is ¢ 3'(1)

Now we have



A ey e R R

N

r)=— f62)4 G 5143)2

O o s s
pesidvoatz =1 #70) _ 30878 101

ZZ

Example 13. Find the residue of (Z —a) (Z —b)(Z _C)

The residue of f(z) at infinity = lim {~z f (z)}

2

= lim (- z)

i>o(z—a)fz-b)z-c)

i3] () (-]

=lim (—1){1+a—bC +higher power of 1}
z z

Z—®©

=-1.
2
Example 14. Evaluate Lmdz over the contour C enclosed by|z|:;
Z2
Sol. Let 1°(Z)=(Z_1)2 (-2)

Poles are given by (z-1f (z-2)=0o0or z=11,2
L . 5
So f(z) has a double pole at z =1 and z = 2 is a simple pole. Hence both poles lie inside | z | = >

Now for double pole at z =1, we have



2

i ey ey
) whereg(z) = —

2

(z-1)" 22
. : . #)
Because z = 1 is a pole of order 2, then residue at z =1 Is S

Now
z? 4
#(z) = - =(Z+2)+§
, 4
¢ (Z):l_(z _2)2
$(2)=1- 4 1_4--3

-lm (z~2)— e
=lim (zz_l)z

22
N

By Cauchy’s Residue theorem

_[C f(z)dz = 27i x(Sum of residue of f(z)at its poles with C)

We have

2

ey

dz = 27i(-3+4)=27

Zzen

22 +1

Examplel5. Evaluate I dz, where Cis the circle|z|=2and tis independent of z.



Sol. Let f(z) =25

Poles are givenby z> +1=0o0rz=+i
So f(z) has two simple pole z = + i and both of them lie inside |z| = 2.
Residue at (z=1)is

=lim (z-i)f(z)

i

Residue at (z=-i) is

By Cauchy’s Residue theorem, we have

| T (z)dz =27i x(Sum of reside of f (2) at its poles within C)

Now we have

2.1t H H
I 22e dz =27 [le“—le"j
L2741 2° 2




=—2#sint.

11.12  Summary

A zero of an analytic function f(z) is a value of z such that f(z) = 0.

If a function is analytic at all points of a bounded domain except at a finite number of points then these

exceptional points are called singular points or singularities.

Let f(z) be an analytic function in a domain D except at the point z = zo. Then there exist a deleted

neighborhood 0 < |z — zo| < R in which f(z) is analytic.

If there are infinite of terms in the principal part of f(z) at z = zo, then zo is called an isolated essential

singularity of f(z).

If the principal part of f(z) at z = zo consists of no term, i.e. if all the coefficients b, are zero then zo is said

to be a ‘removable singularity of f(z).

If the principal part of function f(z) at z = zo consists of a finite number of terms say m, then zo is said to

pole of order m of f(z). A pole of order one is called a simple pole.

Let f(z) be a single valued and analytic within and on a closed contour C except at a finite of singularities
Z1, 2o, .....znand let Ry, Ro,....., Ry be respectively the residue to f(z) at these points then prove that

|, f(2)dz =27 (R +R, +......R,).



11.13 Terminal Questions

1. Find the residue at the pole of the following function:

. z
() f(2) = —
sin z
. 1
i) f(z) =
(i) f(z) s
2
e
i) f(z) =———
(i) £(2) 2(z +1)°
. Z+2
v) f(z2) =——.
) 1) (z+1)*(z-2)
. . 7C0Sz
2. find the residue at pole f(z2)=——
2
3. find the residue of f(z) = cotz—c;cf[m atz=0.
z
4. Find the pole and their residues at these points for the function f (z) = .1+—e.
sinz+zcosz
5. Evaluate J'C cosech z around |z| = 4.
6. Evaluate f tan 2 4, around 1z = 2.
c z
7. Find the residues at the poles of the following functions.

(i) cosec’ atz=0

... e?cosnz
(i 2(z-1)?

Z4

("l) m at z= —ai

at z=0



dzaround C :|z| = g

Z2
8. Evaluate L (Z-12(z-2)

327 -2
(z-1)(z% +9)

9. Evaluate I dzaround C : |z + 2| =4.

dzaround C : |z +i| = /3.

z—-1
10.  Evaluate L DT

21

e
11. Evaluate_[ 5 dz around enclosed by the square with vertices 2 + 2i,—2 + 2i,—2 — 2i,2 — 2i.
cz(z°+1)
Answers
. o 1+0 1-0 1+0 —1+i
1. | —1nnﬂ' ) — ) y ’
D NN AN N
-2 i 4 4
m)l — ) ——, —.
(i) S (iv) 3’9
2. -2
2
3. -2
90
4. 1
5 -2 6.0
. N . ia’
7. (10 (i1 (|||)7
8. 2 9. 67 10. 47

11. 27 (1—cos?2).
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12.1 Introduction

Complex integration can be used to evaluate real integrals, particularly those involving trigonometric,
rational, or exponential functions. By using techniques such as contour integration and the residue theorem,
real integrals can sometimes be transformed into complex integrals that are easier to evaluate. Complex
integration allows us to evaluate integrals of complex-valued functions along curves in the complex plane.
This is useful for calculating quantities in physics, engineering, and mathematics that involve complex
variables. Complex integration allows for the analytic continuation of functions from their domain of
definition to larger domains. This is important in understanding the global behavior of functions defined on

complex domains.

Complex integration has numerous applications in mathematics, physics, engineering, and other fields.
Complex integration is used to solve differential equations, particularly in the context of complex analysis.
Techniques such as the Laplace transform, which involves complex integration, are used to solve ordinary
and partial differential equations in engineering and physics.

12.2  Objectives

After reading this unit the learner should be able to understand about the:

Evaluation of real definite integrals

. Integral round the unit circle
. Evaluation of the integral If(x)dx
. Jordan’s inequality

= Jordan’s Lemma



12.3 Evaluation of Real Definite Integrals

Some problems of real definite integrals whose evaluation by usual methods sometimes becomes very
tedious, can be easily evaluated by Cauchy’s theorem of residues. In this method we take a curve part of
which consists of real axis and the remaining part consists of straight lines or arc of circles. We evaluate
the real definite integrals using the method of contour integration. The contour may be a semi circle, circle

and quadrant of circle.

The process of integrating along a countour is called contour integration. Before proceeding to the

evaluation of definite integrals, we discuss two useful identities:

(i) If lim(z—a) f(z) = A.and if Cis the arc 6, < 0 < 6, of the circle |z—a|=r, then
lim L f (2)dz =iA(6, - 6,).

(i) IfCisanarc 6, <6 <0, of thecircle|z—a| =R, then if lim z f(z) = A, then
lim L f (z)dz =iA6, - 6,).

Note. Cauchy’s residue theorem apply only those pole or singularities that lie inside the contour otherwise,

the residue at pole lying outside the contour is zero.

12.4 Integral round the unit circle

Consider the integral of the type
27 ;
| = _[0 f (cosd,sin 6)de ..(1)
where f(cosé,sin ) is a rational function of cos®@and sin 8.
Put z=¢e',thendz =ie'?d@ =iz d@

dz _
iz

de



We know that

cos0 e’+e z+z7
2 2
. eiH _e—ie Z_Z—l
sin@ = . = -
2i 2i

Then we have

1 1
J'Z”f(cose,sine)de _le(zrz z7z \dz
0 i 2 2i z

= _[C g(z)dz
where g(2) is a rational function of z and contour C is the unit circle |z| =1.

Therefore we have

27 .
I =_[O f (cosd,sin 8)do

= _[C g(z)dz
Using Cauchy’s residue theorem, we get

| = 27 x (sum of residues of g(z) at its poles within C).

Check your Progress

1. How to evaluate the real definite integrals.

2. What do you mean by integral round the unit circle?



Examples

27 de
Example 1. Evaluate _f ——,a>b>0.
° a+bcosé@
Sol. Let | ='[2”L,a>b>0 (1)
° a+bcosé
Let C be the circle |z| =1.
Putting z=€“ = dz=ie"d#
or dz=iz d@
or E =do
iz
Using equation (1), we get
| ZJ' bdZ
¢ iz{a+(z+zl)}
2
_2p___dz
i *c[2az +bz? +b]
2
= L f (z)dz (2
where C is the unit circle |z| =1.
Poles of f(z) are given by
z° +§z+1:0
b
or bz* +2az+b=0
or Z:—Zai\/4a2—4b2 —a++a®*-b?

2b



Let z, =

Since a>b>0, we have |z,|>1.But |z,z,| =1.s0 that |z,| <1.Hence Z = Z; is only simple pole inside

2|=

C.

Residue at (z=2z,)=1lim(z-2z,)f(2)

. 1
ST G e

S ...(3
2va? —b? ©)

Using Cauchy Residue theorem, we have

J:: f (z)dz = 27 x (Sum of residue of f(z) at its poles within C) ...(4)

By equations (2), (3) and (4), we have

2
[ =ch f (z)dz

—3 27i —b
b 2\a? b2
2




Example 2. Show thatj dé

°© 1+acoséd ,/ —a2

| :J‘Zﬂ do

Sol. Let _
0 1+acosé

Let C be the circle 7| =

Putting z=€¢“ = dz=ie’dd=izdo

:>$=d0
iz

Using equation (1), we get
dz

c iz{a+t2)(z + z‘l)}

2 dz

i '°[2z +az”® +a]

2
= jc f(z)dz
where C is the unit circle 7| =1

Poles of f(z) are given by

22 +2241=0
a

or az’+2z+a=0

a® <.

—2++4-4b* -1t++1-a’

or Z=
2a a
—a++1-a’ ~1-+1-a?
Let Zl = ,22 =
a a

-2

Q)



Since 22>1, we have |z,| >1.But |z,z,| =1.50 that |z,| <1.Hence z =z, is only simple pole inside C.

Residue at (z=2,)=1lim(z-2,)f(2)

. 1
=B G e =)

= ..(3
241-a? )

Using Cauchy Residue theorem, we have

_[C f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)
By equations (2), (3) and (4), we have

2
[ :EL f (z)dz

Example 3. Show that r”d—g =a>b>0.

o (a+bcoss)?®

Sol. Let | =

J‘ZH do a>b>0.

o (a+bcosh)?’

~..(4)

(1)



Let C be the circle 7] =1.

Putting z=€" = dz=ie"d9=izd@

:>£=d¢9
iz

Using equation (1), we get

I:j dz

¢ iz[a+2(z + 2‘1)}

4 zdz
i ’c[2az+bz® +b]?

_ -4

), @)z 2

where C is the unit circle 2| =1.

Poles of f(z) are given by

22+%z+1=0

or bz? +2az+b=0
or Z_—2ai\/4a2—4b2 _—at<a®-b?
2b b
—a++a?-Db? —a—+va?-b?
Let Zl= b ,22: b

Since a>b>0, we have |z,|>1.But |z,z,| =1.s0 that |z,| <1.Hence z = z, is only of order two inside C.

Now we have



B z
R AR
= 1 D(z), where ®(2) -z
C(z-z) T (z-1z,)°
We have q)v(z){(z—zz) —z.(f—zz)}
(Z_Zz)
_1-2,-22
- (2_22)3
_ (Z_Zz)
- (2_22)3
' _ (Zl_zz)
(D(Zl)_ (21_22)3
_2a
_ b
8(a2_b2)3/2
b3
:L .(3)

4(a2 _b2)3/2
Using Cauchy Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

By equations (2), (3) and (4), we have

4
| = “hk f(z)dz

4i , . ab’
_b_22m4(a2 _b2)3/2

()



27a
= (a2 _b2)3/2 '

Example 4. Show that _Lz”emg cos(n@ —sin O)do = 2n_7'r

Sol. Let |= _[Ohe”w cos(nd —sin 6)do. ..(1)

Let C be the circle 7] =1.

By equation (1), we have

_ LZﬂecosﬁ COS(nH—sin 49)d0
27 L
= Rea| part Of IO ecosHel(smH—nQ)dg
= R.P.of J‘zﬂecoséhrisin 97in6d9
0

= R.P.of J:”eeige“”"de

Putting z =€" = dz=ie"d0 = %:de
iz
= R.P.of J‘Cezz‘”z
iz
1 e’
= R.P.of 7-[02”” dz
—RP.of 1] f(2)dz (2
1 C

Pole of f(z) are given by

Zn+l :0

This has pole at z =0 of ordern+1.



_ 1d"
Residue at (z=0) = alds" [e l:o

- -(3)

Using Cauchy Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

By equations (2), (3) and (4), we have

1
':?Ic f (z)dz

=%.27ri.1
i n!

27

n!t’

Example 5. Show that [ ado

T
- = ,a>0.
°©a’+sin’d \|ia?

| :r adég

ﬁ,a>0.
°a®+sin“ g

Sol. Let

_J-fr 2ad@
0 2a% +2sin% @

_J‘fr 2adé
0 2a% +1-c0s260

Putting 260 = @, we get

()



:J’”a—d¢ ()

0 2a® +1-cos¢
Again putting z=e" = dz=ie"d¢
= dz=izde

d _
iz

dg

Using equation (1), we get

adz

I :.[c_ 1
|z{2a2 +1—§(z + z‘l)}

_2a dz
i c4a’z+2z-272%-1

2 dz
i cz®-2z(2a® +1)+1

= 2a|.[c f(2)dz
Where C is the unit circle |z| =1.

Pole of f(z) are given by

7> -2z(2a® +1) =0

2@ +D+ J4(2a% +1)? -4

or

2
or z=2(a>+1) +2aya’+1
Let z, =(2a° +1)+2ava* +1

and z, =(2a*+1)—2ava’+1

(2



Since |z,z,| =1,we have |z,|<1then clearly |z,|>1.

Hence z =z,is only pole inside C.

Residue at (z=1z,) = lim (z - z,)

- —4a/a’ +1

Using Cauchy’s Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

By equations (2), (3) and (4), we have

| = 2ai jc f (2)dz

—2ai2d -
—4aa®+1
_ T
a’+1

1
(2-2,)(z2-2,)

_z(l-p+p?)

2
Example 6. Show that r”l 2Cos 39229 2
0 1-2pcos260+p

Sol. Let | _J~2n cos’360do
' ~ b "1-2pcos26+ p?

Let C be the unit circle |z| =1

O<p<l

(3)

()



_[2” 1+ cos® 66
o "2(1l—2pcosé+ p?)

do

66
_1 Real part of | ALY ()
2 0 1-2pcoséd+p

Putting z=¢€Y = dz=ie’dd=dz=izdé

dz
= —=
1Z

do

Using equation (1), we have

1 1+ 2%

== dz
2%iz[l— p(z2 + %) + p?]

1

1 z(1+z°)
=— dz
2i -[C 22 —pzt +p’z®-p

_1 z(1+z°)
2i’c (2% - p)1-pz?)

1
= [ f@)d (2)
Where C is the unit circle |z|=1.

Poles of f(z) are given by

(2> - p)A-pz*)=0

or z=+/p+ %

Here only z =+./p lie within C because 0<p<1.

Residue at (z=+/p) = lim (2 - Jp)p()



_ lim (2 z(1+2°)
i, @ VP G - )

6
i z(1+2°)

b (z+4/p)(L- pz*)

_ p+p?)
(2{p)2- p?)

_ 1+p°
- 2(1-p?)

Similarly, residue at (z =—/p)

_ A+ p?)
(-2{p)- p?)

_1+p°
2(1-p*)
3
Sum of the residuesat z=+./pis 1+ p2 ..(3)
1-p)

Using Cauchy’s Residue theorem, we have

_[C f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)
By equations (1), (2), (3) and (4), we have

1
I=R%mmmeLf@mz

3

= Real part of i_.27zi.1+ P
2i 1-p

2

_ z(l+ p?)
1-p?)

~..(4)



_z(l-p+p?)
Srra

Equating real part on both sides we get

rn cos’ 360 _z@-p+p?)
0 1-2pcosfd+ p® 1-p

oy
Example 7. Show that IOersmb—éd@g =i—7; a—+a’—-b’ ]a> b>0.
a+bcos

| :J-er sin’ @

Sol. Let - -
0 a+hcosé

Izz 1-cos26
o0 2(a+bcosfh)

(1_ eZiH)

Then | =R.P.of [["-V-—% )
oni=REo IO 2a+bcos@

Putting z=¢Y = dz=ieYdd=dz=izd@

dz _
iz

do

Using equation (1), we have

@1-z%)
iz[2a+b(z+2z )]

| =R.P.of jc

(1—2z?)dz

dz
[2a+bz? +b]

1
=RP1ﬁTL

2
_RP.of L @-27)

bi C[zz +2baz+1}

dz




1
=R.P.ofEL f (2)dz (2

Where C is the unit circle |z|=1.

Poles of f(z) are given by

22+%+1:0

or bz? +2az+b=0

or

L —2at+/4a’—-4b®> —at+a®-b?
- - b

2b
Let , _—a++va’-b®> —a—+a’-b?
1~ 1
b b

Since a>bh>0, we have

|z,| >1.But |z,z,| =1, s0 that |z,| <1. Hence z — z, is only simple pole inside C.

Residue at (z=2z,)=Ilim(z-z,)f(2)

_ 2
_lim(z—2,)— =%
77 (z-2))(z—-2,)
_ 2
_ jim =2
£oh (Z_Zz)
17
C7,-17,



Using Cauchy’s Residue theorem

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

By equations (2), (3) and (4), we have

1
| =R.F>.ofajC f (z)dz

_R.P.of L 2zix
bi b

—a+\/a2—b2}

2
Example 8. Show that [——%20__q9- ™1 a1

0 1—2acosd+a’ l1-a

c0s26
1-2acosf+a?

Sol. Let | :J‘O”

_ I” cos26
0 (1+a?)? —4a’®cos’

dé+2a

B J-zr cos26(1+a%)
0 (1+a%)*—2a’(1+cos26)

_J-zr cos26cosd
0 (1+a”)* —2a*(1+cos26)

.(3)

.4



_In (1+a®)cos 26
0 (1+a®)? —2a*(L+cos 26)

Putting 260 =¢, we have

B Izn (L+a®)cosg¢
~Jo 2[(1+a?)?—2a%(1+cosg)]

_lj'z” (1+a”®)cos¢
o [1+a*—2a”cosg]

2 df

Now putting z=¢e" = dz=ie”d¢g=dz=izdg¢

dz
= —=
1Z

d¢

Using equation (1), we have

Nfz+27
(1+a)[ 5 jdz

K gz
2 fi+at —a%(z+27)]iz

dz

3 (1+a2)J- (z° +1)
4 eza+a*)z-a’z? -a?|

:_(1+a2) (z% +1) dz

2 C
4a’l z[z2 —(az +12jz +1}
a

@+ad)i
432

L f (2)dz
Where C is the unit circle |z|=1.

Poles of f(z) are given by

z[z2 —[az +i2jz +1}:0
a

{Using definite integrals property}

()

(2



or z[a’z® —(a* +1)z+a’]=0

or 2(z —az)(z —izj =0
a
1
or z=0,a%,=.
a

This implies f(z) has simple poles at z = O,az,a—lz.

Here only z =0, a*lie inside the circle since a’<1.

Residue at (z=0) = Iirrg) zf (2)

~lim z. (2 +1)
z—0
z[z2 —(az +12jz +1}
a
_lim (2* +1)

70
{zz —[az +12j z +1}
a

=1

Residue at (z=a”) = lim (z—a*) f (2)

_ lim (z-a%).(z* +1)

22— az)(z - 12j
z




a*+1

Tat-1

Sum of residues at poles z =0 and z = a2, we have

a‘*+1

=1+
a‘-1

Cat-l+at+l
a'-1

_at+a’

a‘-1

- -(3)

Using Cauchy’s Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

By equations (2), (3) and (4), we have

_(1+a?)i

I
43*

L f (2)dz

_(@+a’)i, . 2a’

27l
4z a1

_ —(1+a’*)ra’
a‘—a

Example 9. Show that IOZHB 2C0(iz o :—%(ﬂ+2i).
- +

()



Sol. Let |:jh' do
' 0 3-2c0sf+sind

Putting z=¢€"Y = dz=ie"dd=dz=izd6&

dz
- _

— =06
iz

Using equation (1), we have
dz

I :,[c -1
iz[s—(z +77h)+ (2 _2|Z )

=2J' dz

¢ [6iz —2iz* —2i+ 2% —1]

:2J‘ dz
c[z® —2iz” +6iz —1-2i]

o]

22(1—2i) + 6iz — (L + 2i)

=2Lf(ndz
Where C is the unit circle |z|=1.

Poles of f(z) are given by

22(1— 2i) +6iz — 1+ 2i) =0

o Zz—ahtJ@02+4a—2na_2n

2(1-2i)

_ —6i++/-36+20
2(1-2i)

()

2



 Bi+2i

S @-2i)
Let 21:_3|+.2|: —|_ :—|(1+_§|):—|+2:2—|
@a-2i) @-2) @-4° 5 5
and 21=_3l_.2| _ —5|_ =_5I(1:2|)=_5(1+2|)=2—
a-2i) @-2i 1-4i°) 5
Since |z,z,| =1, we have |z,| > 1, then |z,| <1.
Hence the pole z =z, lies inside C.
Residue at (z=2z,)=Ilim(z-z,)f(2)
. 1
=lim(z-z)————
on N (2-2,)(2-2,)
=lim
u(2-12,)
1
(Zl_ZZ)
3 1
S 2-i .
———(2-1
- —(2-)
—8+4i
= (3
: ©
Using Cauchy’s Residue theorem, we have
L f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C) ...(4)

By equations (2), (3) and (4), we have

[ =2jc f (z)dz



- 2.2m.£_8+4'j
5

167 ]
=———(1+21).
- (1+2)

12,5 Evaluation of the Integral [ f (x)dx

Suppose the function f(z) is such that it has no poles lies on the real line and some poles lie in upper half of

z-plane. Then we evaluate the integral

[ f(9dx

by considering the integral of f(z) taken around a closed contour C. Consisting of the upper half of the circle

|z| = Rand part of the real axis from — R to R, provided that the integral round the semi-circle y tends to a

limitas R — 0.

Thus by Cauchy Residue theorem, we have

jc f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

or [ f@dz+ fR f(x)dx=[_ f(2)dz



12.6 Jordan Inequality

We know that as @increases from 0 to % ,C0S@ decreases steadily and the mean ordinate of the graph of

y = C0S@ over the range 0 < x < #also decreases steadily. But this mean ordinate is

1rcosx dx:smg
O o
Therefore then 0<o< %
We have ESSImggl
T (2]
or ESSiﬂHS@
T

This is known as Jordan’s inequality.

12.7 Jordan’s Lemma

If f(z) is analytic except at finite number of singularities and if f (z) — O uniformly as z — oo, then

lim | €™ f(z)dz=0,m>0
'

R—w

Where y denotes the semi-circle |z|=R,and R is taken so large that all the singularities of f(z) lie within the

semi circle y not lies on the boundary of semi-circle.

Examples

Example 10. Show that J:O ax :%.

1+ x?




o dX

Sol. Let | = (1
J.O 1+x° @
Suppose the integral .[C f(z)dz
Where f(z)= !
1+7°
R
We have L f(2)dz = Lf(z)dz+ LR f (x)dx .2

Where C is the closed contour consisting of y the upper half of the large circle |z| = R and the real axis from

—~RtoR.

Poles of f(z) are given by

1+2*=0
= Z=+li
Here only one simple pole z =i lie inside C

Residue at (z=i) = lim(z i) (2)

1
=lim(z-i
zai( )(ZZ+1)
. 1 1
=lim—==.



By Cauchy’s Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

:27ri><£_
2

=7 ..(3)

Now we have

lim af (z) = lim 5
|20 2>+ 27

Then  lim | f(2)dz=i(r-0).(0)=0 ..(4)

R—x

Using theorem, if !{im zf (z) = A, then

Limofyf (2)dz=i(6, —6)A

Where C is an arc 6, <@ <@,0f the circle |z|=R.

Making R — ooin equation (2) and using equation (3) and (4), we get

jc f (2)dz =L i (z)dz+£1 f (x)dx

7=0% :1f)>(<2
o -[Zlf):@ -7
= Zjowlf);Z =7
o I:lf):(z :%'



Example 11. Show that f ?X id

© X +1:\/§'

Sol. Let I =.ro x‘(‘jxl ..(1)
Lo x4+

Suppose the integral IC f (z)dz

Where f(z)= 41
2" +1
We have
[ f@dz= f(2)dz+ j_RR f (x)dx 2

Where C is the closed contour consisting of y, the upper half of large circle |z|= R and real axis from — R

to R.

Poles of f(z) are given by

2" +1=0

or 2t =-1
or 74 — p@n)a
or z =e'@D74 \wheren=0,1, 2, 3.

Here only two simple pole z =e'*’*,e**'*lie within C.



Let z, =e"'*and z, =e¥""*.

Residue at (z=2,)=Ilim(z-z,)f(2)

. 1 0
:!er;l(z—zl). i1 {from&]H

[z*+1=0]

Similarly, residue at (z=2,)is = —%2.

Sum of residue at z=z, and z =1z,is

_ _%[eizrlél N efiﬂ/4]

_ _% :ei7rI4 _ efiﬂ/4:|

= —l 2isin E}
4




By Cauchy’s Residue theorem, we have

L f (2)dz = 27 x (Sum of residue of f(z) at its poles within C)

.o -1
=27 x ...(3
Wi 3)
_ T
V2
Now we have lim zf (z) = lim —%— =0, then
2> 2> 2% 41
lim [ (2)dz = i(z~0).(0) =0 (@
—>00 Jy

Making R — ooin equation (2) and using equations (3) and (4), we get

jc f(z)dz = L f(z)dz+ f; f (x)dx

V4 o 0X
or —=0+
J2 Lo x* +1
or [——
= xt 4l V2
Example 12. Show that JmL”:s—”.
o (1+x°)° 16
o dX
Sol. Let | = (1
IO (L+x%)® @)
. 1
Suppose the integral | f(z)dz, where f(z)=——
pp gral | f(2) D=1y
R
We have L f(2)dz = Lf(z)dz+ LR f (x)dx .2

Where C is the closed contour consisting of y, the upper half of large circle |z|= R and real axis from — R

to R.



Poles of f(z) are given by
(22+1)°=0

Here f(z) has poles of three order at z=+iand only z =i lies in the upper half plane

19 _
M=y = e e d(2) =

_1
(z-i)®
Residue at (z=i) is ¢"2(|i)

1
Now ¢(Z) _ W

3
(z+i)*

¢ (2)=-

" 12
¢ (Z) :m
" 12 12 3
P0Gy i
Residue at (z=1i) :‘9_(')
2
1 3



Now we have lim z f(z) = lim %:Othen
|20 2> (1+27)

iim [ f(2)dz =iz ~0).0) =0 ..(3)

‘Z‘A)oo
By Cauchy’s Residue theorem, we have

_[C f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)

=— (4
Making R — ooin equation (2) and using equations (3) and (4), we get

jc f(z)dz = L f(z)dz+ f’; f (x)dx

3 o0 1
or =0+ ———dx
8 Lo 1+x?)°
o 1 3
or — _dx=—"—
I—w (1+x%)° 8
o0 1 3z
g L™ s
or [ 3
o (1+x%)® 16
© XSIN X
Example 13. If a > 0, prove that _[O )(zs—alzdx:%ea
+
X SIN X
Sol. Let | :J‘O de (l)
+



iz

ze
z°+a’®

Suppose the integral L f (z)dz, where f(z) =

We have jc f(2)dz = Lf (2)dz + fR f (x)dx .2

Where C is the closed contour consisting of y, the upper half of large circle |z| = r and real axis from — R

to R.

Poles of f(z) are given by

22+a’=0
= Z==la
y
A
/ -
R o) R

Here only z =iais simple pole lie inside C.

Residue at (z=1a)is Iima(z —ia).f(2)

iz

. . ze
=lim(z—-ia)
z

ia z*+a’

. ze"
=lim ——
z-ia 7° +ja

_iae™

2ia
e—a

5

By Cauchy’s Residue theorem, we have



L f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)

—a

=271 X
= rrie™® ..(3)
Now we have lim z f(z) = lim z -=0
|z] >0 | 2|00 Z +a
Then by Jordan Lemma
lim | f(z)dz=0 ..(4)

R—w0 Jy

Making R — ooin equation (2) and using equations (3) and (4), we get

jc f(z)dz= L f(2)dz+ [ f(x)dx

m0e[ 25

ix

o X
or [
= X° +a

> dx = zie™

Equation imaginary part from both sides, we get

o XSIN X _
'[ ﬁdxzﬂe a
-© X +a
XSin X
or ZJ. —d X =7z ?
0 x? +3a°
© XSIN X T
or I ﬁdx:—e 2
0 X“+a
dx 27

Example 14. Show that f; DI 5



o dx
Sol. Let | = (1
Lﬂ (X* +)(x* +2x+2) @)

Consider the integral
[ f@dz=] f(z)dz+_[R f (x)dx .(2)
C 14 -R

Where C is the closed contour consisting of y, the upper half of large circle |z| = R and real axis from — R

to R.

Poles of f(z) are given by

(22 +1)(z* +22°+2) =0

or (22 +1) =0

=N Z =i

or (22 +2z+2)=0
= (z+D*=-1

= z=-1+i

Le., z=4i,-1+i.

Here the pole z =-1+i lie only inside C.

Residue at (z=1)is= IZiLril(z -i)f(2)



—lim(z i)y
zi (z°+D)(z°+2z2+2)

im _ 1
i (2+0)(2°+22+2)

B 1
C2i(i2+2i+2)
1

S 2+ 2i)

Now Residue at (z=-1+1i)is Iirln_(z +1-i)f(2)

= lim (z +1—1) 1

z—1+i (22 —I—l)(Z +1—i)(Z +1+i)

—lim
-1+ (22 +1) (2 +1—1)

1
[(—1+i0)* +2[-1+i+1+i]

!
- 2i(1+2i)

Sum of residue at z=iand z=—-1+iis

I S
C2i(L+2i)  2i(1-2i)

1-2i+1+2i
2i(1-4i%)

_ 2
- 2i(5)

By Cauchy’s Residue theorem, we have



L f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)

= 27i xi_
5i
27
=—. ..(3
5 3
Now we have
lim z £ (z) = lim z L _
j2}>ee e (22 +1) (22 +22+2)
then ‘Ii‘m f(z)dz=0 ...(4)
Z|—>0dy

Making R — ooin equation (2) and using equations (3) and (4), we get

L f(z)dz= L f(2)dz+ [ f(x)dx

27 o dx
= - +Lﬁ 2 2
(X +D)(x* +2x+2)

or

J'OO dx _ 27
(X2 +1) (x> +2x+2) 5

12.8 Summary

The process of integrating along a contour is called contour integration. Before proceeding to the evaluation

of definite integrals, we discuss two useful identities:

(i) Iflim(z—a)f(z)=Aandif Cis thearc 6, <0 <6, of thecircle|z—a| =r, then

lim [ (2)dz =iA(, — ).

Z—a

(i) IfCisanarc 6, <@ <#, of thecircle|z—a| =R, then if FIzim z f(2) = A, then



lim [ f(2)dz =A@, - 6,).

R—

Cauchy’s residue theorem apply only those pole or singularities that lie inside the contour otherwise, the

residue at pole lying outside the contour is zero.

If f(z) is analytic except at finite number of singularities and if f (z) — O uniformly as z — oo, then

lim | e™ f(z)dz=0,m>0

R—o0 Jy

Where y denotes the semi-circle |z| = R, and R is taken so large that all the singularities of f(z) lie within

the semi circle y not lies on the boundary of semi-circle.

12.9 Terminal Questions

Q.1. What do you mean by evaluation of real definite integrals?

Q.2. Explain the Jordan inequality.

Q.3. State the Jordan Lemma.

Suggested Text Book Readings:

1. Ponnusamy, Foundations of Complex Analysis. 2" Edition, Narosa Book Publication, 2008.

2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum's Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.



UNIT-13: Applications of Complex Integration-11

Structure

13.1 Introduction

13.2  Objectives

13.3 Evaluation of Integrals in which poles lie on the real axis
13.4  Summary

13.5 Terminal Questions



13.1 Introduction

In complex analysis, the evaluation of integrals involving complex functions can be approached using
several techniques, including contour integration, residues, and the Cauchy integral formulas. These
methods are particularly powerful because they allow us to evaluate integrals that might be challenging or
impossible to compute using real-variable calculus. Contour integration involves integrating a complex
function along a curve (contour) in the complex plane. The key result used in contour integration is the
Cauchy-Goursat theorem, which states that if a function is holomorphic inside a simply connected region
and along its boundary, then its integral over any closed contour in that region is zero. The residue theorem

is another important tool for evaluating complex integrals.

The evaluation of integrals is important in several areas of mathematics, science, and engineering. In the
context of complex analysis, the evaluation of complex integrals plays a crucial role in understanding the
behavior of complex functions and has various applications. These techniques, along with others in complex
analysis, provide powerful tools for evaluating a wide range of complex integrals, leading to insights into
the behavior of complex functions and their applications. In complex analysis, integrals along different
paths between two points can be equal, provided the function being integrated is analytic in the region
enclosed by the paths. This property is used to simplify complex integrals by choosing convenient paths of

integration.

13.2  Objectives

After reading this unit the learner should be able to understand about the:

= Evaluation of Integrals in which poles lie on the real axis



13.3 Evaluation of Integrals in which poles lie on the real axis

In a special case when the poles of f(z) lie on the real axis and also within the semi-circular region, then

those poles which lie on the real axis can be avoided by drawing semi-circles, y,,7,etc., about those poles

as centres and small radius r, and r,etc., in the upper half of the plane. This procedure known as “indenting

at a point”.
y
A
?"7\
" X
R+ o R
We have

L f(z)dz= jR f (x)dx+ L f(z)dz+ j " £ (x)dx+ L f(z)dz.

Check your Progress

1. How to evaluate the integrals when poles lie on the real axis.

Examples

Example.1. Apply the calculus of residue to prove that

2 SN MX s
j dx=~—.
0 X 2

Sol. Let | = st'nxmx dx ..(1)



imz

Consider the integral jc f (z)dz, where f (z) =—.
z

We have L f(z)dz= jR f (x)dx+ L f(z)dz+ er f (x)dx+ L f (z)dz ..(2)

Where C is the closed contour consisting of y, the upper half of large circle |z| = R and real axis from — R

to R idented at z=0. Let ¥ be the radius of small circle y,. Pole of f(z) are given by z=0.

Here no pole of f(z) lie inside contour C.

By Cauchy’s Residue theorem
_[C f (z)dz = 27 x (Sum of residue of f(z) at its poles within C)
=2mx0=0 ..(3)

For small circle y,, we have

imz

LILI‘(\) zf (2) = Izlirg)z . =1
Then Iirrg) f(z2)dz=-i(7-0).1
Z—>! N
=—ir ..(4)

Here negative sign is taken because the semi-circle y,is negatively oriented.



1
Since — —0as z — wand by Jordan’s Lemma
z

imz

lim dz=lim [ f(z)dz=0
/4

R—oxdy 7 R—o

Making r — 0,R — «in equation (2) and using equations (3), (4) and (5), we get

jc f(z)dz= jR f (x)dx+ L f(z)dz+ j " £ (x)dx + L f (2)dz

or 0= f(dx+] f(@dz+[ f(dx+] f(2)dz
or o= F(dx—iz+[  f (x)dx+0
or iz=[" f(x)dx
- eimx ]
dx=iz.
or J:w X X=Ilr

Equating imaginary parts both sides, we get

© SiN mx © SiN MX T
J dx=7x7 or j dx ==—.
I '( X 2

Example.2. Prove that J': X(stin Xaz) dx = ZZZ (1-e?),a>0.
+
= SinX
- - eiz
Consider the integral _[C f (z)dz, where f(z) =m
-r R
We have jc f(z)dz= j _FO)dx+ L f (z)dz+ j f (x)dx+ L f (x)dx

..(5)

(2



Where C is the closed contour consisting of y, the upper half of large circle |z| = r and real axis from — R

to R idented at z=0. Let z be the radius of small circle y,.

Poles of f(z) are given by

z2(z*+a*)=0 ?/7\

" X

or z=0,tia
Here only one pole z —ialie within C.

Residue at (z—1ia) = Iima(z —ia) f(2)

iz
=lim(z-ia) ———
imz-a) 2(2° +a%)

iz
=lim -
zia 7(z +ia)

—a

e
2a’

By Cauchy’s Residue theorem, we have

_[C f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)

- .(3)

For small circle y,, we have



ze"”
limzf (z) =lim—————
z—0 z—0 Z(Z +a )

Then we have

lim | f (2)dz = —i(ﬂ'—O).é
__ir (4

Here negative sign is taken because the semi-circle y,is negatively oriented.

Since Ilim

70 Z(Z2

+a?)
Then by Jordan’s Lemma, we have

eiz
lim —Zdz =lim

f(z)dz=0
70 yz(22+a) 70 dy ()

Making r — 0,R — «in equation (2) and using equations (3), (4) and (5), we get

jc f(2)dz= j‘; f (X)dx+ L f(z)dz+ jo“’ f (x)dx+ L f (2)dz

I7ze2 :_[O e2 dX2 _|_7§ r%dx+0
a = X(x“+a“) a° P x(x“+a“)
= e¥dx  im
or ————=—{[1-e*
-[—w x(x* +a%) az[ |

Equating imaginary parts from both sides, we get

..(5)



J' sin x
%x(x +a )

T -a
= g[l—e 1

©  sinX Vs a
jo dx = ——[1—-e].

or —
X(X“+a%) 2a

log xdx T

Q+x*)? 4

Example.3. Prove that I

» log x
Sol. Let 1= Lr X7 dx (1)

' i logz
Consider the integral | f (z)dz, where f(z):—(ljfiz)2
We have L f(z)dz= J‘_:f (x)derL1 f(z)dz +J'rR f (x)dx+L f(d)dz ..(2)

Where C is the closed contour consisting of y, the upper half of large circle |z| = R and real axis from — R

to R idented at z=0. Let r be the radius of small circle y,.
Poles of f(z) are given by
(1+12%)* =0
or Z=1i £l
Here f(z) has only one pole of order two at z = i within C.

log z
(z+1)?

¢ (i)

Residue at (z =1) = ST where ¢(z) =

And ()= fle;

1 i
(z+i) E—Iog 2.2(z+1i) 27 (z+i)—2logz

(z+1)" T (@24i)

¢ (2)=



~ Li)-210gi
o (i)=12 e
(z+1)

_2-2logi
-8i

By Cauchy’s Residue theorem, we have

_[C f (z2)dz = 27 x (Sum of residue of f(z) at its poles within C)

—oaix i Z
2\'7 2

For small circle y,, we have

limz f (z) = lim-21292_ [letz:l]
z—0 z—0 (1—|—Z ) t

i @/ log/t)
Hw@+anff

_ t*(logl—logt)
toe (17 +1)°

=Iim( t J(_Iogtj
e | (t? +1)? t




=1.0=0

Then Irl_rg ) f(z)dz=-i(z-0).(0)=0 ..(4)

Here negative sign is taken because the semi-circle y, is negatively oriented.

Now we have
zlogz
im 2 (2) = lim =2
lim z° Iog z
=lm| 575y =(0)(0)=0
Then lim | f(9)dz=-i(z-0).()=0 ..(5)

Making r — 0,R — oo in equation (2) and using equations (3), (4) and (5), we get

jc f(z)dz= j‘; f (x)dx+ L f(z)dz+ f f (x)dx+ L f (z)dz

(.7 0 0
or E[|E—1j=jwf(x)dx+0+jo f (x)dx+0
or J-oo—log2<2 dz+_.'O —Iog>2< 3 dx:z(iz— j
0 (1+x°) - (X + X°) 2 2
or 'fw Iog;< ~dz +_[O —IOg(_X)(_d):) =£(i£—1j
o (1+X°) Tt 202
or Iw Iog;< - dz +IO —Iog(—>2<)2 dx:z(if—lj
0 (1+x7) - (1+—x°) 2\ 2

J“” log x dz+J‘ Md _E(iz—j
0 (1+x?)? (1+-x*)? 2\ 2

J-oo log x I(|09X+|7T) _E[if_lj
1+ x?)? @+-x*)? 2



Equating real parts from both sides, we get

- log X /4
2.[0 dx =

Q+x3)?2 " 2
= logx oz
or b @oer ™2

13.4 Summary

The assessment of integrals holds significance across mathematics, science, and engineering fields.
Particularly in complex analysis, the appraisal of complex integrals is pivotal for grasping the
characteristics of complex functions and finding practical applications. These methodologies, coupled with
others in complex analysis, furnish potent mechanisms for assessing a diverse array of complex integrals,

unveiling deeper understandings of complex function behavior and their practical utilities.

In complex analysis, integrals taken along distinct paths between two points can be equivalent, provided
the integrated function is analytically defined within the enclosed region. This feature is leveraged to

simplify complex integrals by selecting advantageous paths for integration.

13.5 Terminal Questions

Q.1. Explain the concept of Evaluation of Integrals in which poles lie on the real axis.

Suggested Text Book Readings:

1. Ponnusamy, Foundations of Complex Analysis. 2" Edition, Narosa Book Publication, 2008.

2. K.P. Gupta, Functions of complex variable, Sixteen Edition, Pragati Prakashan, 2002.

3. J. B. Conway, Functions of One Complex Variable, Narosa Publishing House, New Delhi, 2002.

4. Priestly, H. A.: Introduction to Complex Analysis, Oxford University Press, 2008.

5. Ahlfors, L.V.: Complex Analysis, McGraw Hill Education; 3rd Edition, 2017.

6. M. Spiegel, J. Schiller, S. Lipschutz, Schaum's Outline of Complex Variables, 2ed (Schaum's Outlines)
7. James W. Brown & R. V. Churchill: Complex variables and applications, McGraw-Hill, 2006.
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14.1 Introduction

In complex analysis, a meromorphic function is a function that is holomorphic (analytic) everywhere in its
domain except at isolated points where it has poles. In other words, a meromorphic function is a function
that is "mostly™ analytic, except for a finite number of singularities, which are poles.Meromorphic functions
are important in complex analysis because they behave nicely in many ways such as poles, residues, partial
fraction decomposition and analytic continuation etc. Meromorphic functions arise naturally in many areas
of mathematics and physics, including number theory, algebraic geometry, and quantum field theory.
Meromorphic functions can often be analytically continued from their domain of definition to larger

domains, allowing for the study of their behavior over a wider range of complex numbers.

The singularities of a meromorphic function are isolated poles, which are relatively simple to understand
and analyze compared to other types of singularities. Hence the meromorphic functions play a fundamental
role in complex analysis and provide a rich framework for understanding the behavior of complex functions

with singularities.

14.2  Objectives

After reading this unit the learner should be able to understand about the:

= Meromorphic functions

»  Mittag Leffler’s expansion theorem

= Number of poles and zeroes of a meromorphic function
=  Principle of argument

=  Rouche’s theorem



14.3 Meromorphic Functions

A function which has poles at its only singularities in the finite part of the plane is said to be a meromorphic

function.
or

A function is said to be meromorphic in a region D if it is analytic in D except at a finite number of poles.

14.4 Mittag Leffler’s expansion Theorem

Theorem: Suppose that the only singularities of f (z)in the finite part of the z-plane are simple poles at

a,,a,,.......a, arranged in the order of increasing absolute values.
Also suppose that

(i) residues of f(z)at a,,a,,....,a,be b;,b,,......b
(if) <C, >is asequence of circles (or rectangles or squares) of radii R, or R_ is the

minimum distance of C_from the origin) C, encloses a ,a,,....,a,and no other poles.

On the circle C,

f (z)|<M,where M is independent of nand R, —0as n— oo.

Then for all values of z except poles,

f(z)= f(0)+gbn[z—la +aij

n n

Proof: Consider the integral




f(t
z being any point (except pole) inside the circle C . The function Lhas simple pole at

t=z

Evidently any pole of f (t)isapole of f(t)/(t—z).But f(t)hassimple poles at

t=a,a,,...,a,Hence, yhas simple poles at z,a, (m=12,...,n).

Residue of % at z is Itim(t—z) 0 =f(z).

f(t
Residue of #at a, is
-1

For residue of f (t)at a,is b,.

By Cauchy’s residue theorem, we have



— =f
o 2miC t—1z (Z)+m:1a -2

m

Suppose f (t) is analytic at t =0.Putting z=0in (1),
1 f(t) n
— | ——=dt=1(0 -
27l Ln t ( )+

Subtracting equation (2) from (1),

27i o (t—2z)t —=a,(a,—-z
But 1_I z f(t)dt| _ ‘ I |2|.| f (t)|.|dt]
27i“% t(t—2z) | |27 it|(1t|—12])
1 M |z]|
< t| =
*2r R (R ) =1
For  lmR, =0  ..lim| Ad_,
n—o n—o JC, —Z)t

Making n — oin (3) and noting this,

or f(z):f(0)+i[ b, +2_J

l.f Zf(t)dt:f(z)—f(0)+ b,

(1)

l2)



>

Finally f(z):f(0)+ib£ L +ij.

Check your Progress

1. What do you mean by meromorphic function?

2. State the Mittag Leffler’s expansion theorem.

Examples
Example.1 Prove that
1 < 1
cotz==+2zy ————.
z nzzl: 7 —n’z?
Solution. Let f (z):cotz—lzw ...... (1)
z zsinz

Poles of f(z)aregivenby sinz=0, or z=nzwhere n+1,+2,.....

z=0is not a pole of f(z).

. . 7C0SZ—-sinz 0]
For lim f (z) =lim————= [form—
z—0 z—0 ZSINnz

. —zsinz+cosz—cosz | 0
=lim - ,| form—

20 sinz+2zcosz 0

. —sinz—zcosz 0
=lim =—=0

250 C0SZ+C0SZ—2zSinz 2

or lim f (z)=0,so that f(z)has aremovable singularity at z=0.

z—0

So we can define



f(0)=0.Res (z=nz)=lim(z—nz) f (z)

>Nz

_ lim (z—nx)(zcosz—sin Z),from %

z-nx zsinz

_im (z—nx)(-zsinz+cosz—cosz)+1.(zcosz—sinz)
o sinz+1zcosz

_nreosnz

= 1.
N7z COS Nz

LetRes (z=nz)=b,and z=nz=a,.
ThenRes (z=a,)=h, =1.(z=a,)=b, =1.

Let the contour C, be the square ABCD with centre at the origin and each side of length

(2n+1)z. R, =minimum distance of C, from z=0is (n+%j7z—>ooas n— .

7,

r |

O nn I‘FK
(r+ )n

A
o

2iz = 2ix+(2n+1) 7. Here x varies from —(n+%ﬂj to (n+%jﬂ.

Hence ‘EZiz 2ix.e(2n+l)7z _ 17 :e(2n+l)7z




Also and |i|=1.

<
[2-2| " [2]-[z|

_e?+e? | e? 41
cotz=i——=i.———.
e’ —e e -1
ol <li ‘eiZZ _|_1_e(2n+1)7r 41
|CO Z|_|I|"e2iz _1_ e(2n+l)7r 1

1+ e7(2n+1)ﬂ'

= 1 .
1—exp[—(2n+1)7 | e e

|cot z| <1as n — coalong AB.

The same can be proved for other sides also.

Therefore |cotz|<las n—soon C,.Evidently L, 0as n—>co. It means that f (z)is bounded. Now
z

applying Mittag Leffler’s theorem, we get

e
=1 —+ + +
~\\nz z-nrx -nzr  Z+nNx

1 & 2z
or cotz==+) ———

Example.2. If C isacircle |z—a|=r, then



Lgpd
2ri*Cz—-a

Solution. On circle |z—a|=r, we can take z—a =re"so that
dz =re"i dé.

_ 1 @
2riCz—a

1 J-er re’ido
2790 re"

145 The number of poles and zeroes of a meromorphic function

Theorem.If f(z)is meromorphic inside a closed contour C and has no zero on C, then

1 f'(z)
o f(z) dz=N-P

Where N is the no. of zeros and P the number of poles inside C, (a pole of zero of order m must be counted

m times).

Proof: Let z=4a, (i =12,....m) be the zeros of f (z)which lie inside C and r; be the order of g, .

Again suppose b, i =(1,2,..n) be the poles of f (z)inside Cand S,be the order of b, . Then we have to show

that




Enclosing each zero and pole by non- overlapping circles A, A,,....,A,and B, B,,....., B,

respectively each of radii p . Since poles and zeros are isolated. We can always find such p . Therefore

1_; (2) Zh (2) @i_fsi%dz_(l)

27l z 27i f z = 27
Since ais a zero of order r,of f(z).We maywrite f(z)=(z-3a)" ¢(z)
Where ¢ is analytic and non zero at a, Taking log of both sides. We get
log f (z)=rlog(z—a)+log 4 (z)
Differentiating both sides w.r. to z we get

@) _ 1 ()
f(z) z-a ¢(2)

We have J‘Aqﬁ‘—(z)d =0. Since ¢ (Z)lsanalytlcat z_aandj dz=r I ple ~d0=27xir,

(/ﬁ.(Z) ¢i(2) al
- 1 fl Z mo1
;ijAf 7 dz—;2—m2mr_zr

Since b, is a pole of order S,of f(z).Wehave f(z)=y,(z)/(z-h)

Where y, is analytic and n&n zero at b, Taking log of both sides and diff. w. r .t. z. We get

fa)_vi(® s

f(2) wi() (z-b)

As above similarly

ZLIB ];((ZZ)) dz = ianlziﬂi(—z;zisi )= —le s, (3)

= 2l

Using (2) and (3) we get by (1)



14.6 Principle of Argument

1
Theorem: N—-P=—ACarg f(z
27 9 ( )

Where AC denotes the variation in arg f (z)as z moves once round C .

Proof: Using above theorem

N—P—ijmdz

27 f(z)
Let f(z)=Re"”. Then R=|f(z)|,¢=arg f (z)and

Let f'(z)dz=%(f(z))dz=d(Re‘¢):e‘¢(dR+iRd¢)

1 R . 1 R 1
We have N-P=— (d—+|d¢j:__ d_+_J‘ dg
27\ R 2 R 2x-c

drR
NOW ICF:[IOQR]C :0
Since log R retains its original value if z moves once round C. Also
1 1 1
— | dgp=— =—Acarg f (z
27z'J-C ¢ 272'[¢]° 27 J ( )

Hence we have

1
N—-—P=—Aca f 5
27r carg (Z) ( )



Thus the excess of the no. of zeros over the no. of poles of a meromorphic function equals (1/ 27r)times

the increase in arg f (z) in z goes once round C.
This is known as argument principle.

Note: When f (z)is analytic. We have P =0and in this case

=i_ f (Z)dz:iAcargf(z)
27l vc f(Z) 27

i.e. the number of zeros of an analytic function f (z)within C is (1/27z)times the increase in

arg f (z) as z goes once round c. This is known as the argument principle for an analytic function.

14.7 Rouche’s Theorem

Theorem. Let f(z)and g(z) be analytic inside and on a simple closed curve C and let log|g(z)|<|f (z)|

on C. Then f(z)and f(z)+g(z)have the same number of zeros inside C.
Proof: Give that |g(z)|<|f (z)| onC 1)

First we shall prove that neither f (z)nor f(z)+g(z)has a zero on c if possible let
f(z)=0or Cthen |f(z)=00onC (2)

By (1) and (2) =|g(z)| <0on C. which is contradiction Again let g(z)+¢(z)=00onC
then g(z)=—f(z)on C =|g(z)|=|f (z)|on c which contradiction by relation (1)

Hence neither f(z)nor f(z)+g(z)has a zero on C. Now by argument principle zeros of f(z)and
f(z)+9(z) are  respectively given by (P=0). Let F(z)=g(z)/f(z)then

0(2)-F(2) 1 (1) g~ 1 'F+ IF



M i f—dzandN:i f+g

= - dz
2rivc f 2ri’c f+g

Now N_M:1J'f+f|:+f|:dz lj'f
C c

27i f+g 2riJe f

1 f(W+F). 1 R 1, f
J f(+ = )dz+27rij e

27 cf+fF  27idc f
:i_ 1E—dzjti_ F'(1+F)_1dz—i_ f—dz
27 e f 21 JC 2 ¢ f
_1 F'(1+F) 'dz

271 °¢C

jCF'dz+i F'Fdz+....=0

27l °¢

_ 1
27i

Since f(z) and g(z)are analyticand g(z)# Oat any point on C. So F and F’ are also analytic within and

on C. Consequently each integral is separately zero.

Hence N=M i.e., f(z)and f(z)+g(z)have the same of zeros inside C.

Schwarz lemma: Theorem. If f (z)is analytic for |z| <1 and satisfies the conditions |f (z)<1 f (0)=0

then | f (z)|<|z]and | '(0)| <lequality sign holds only if f(z)is a linear transformation w= ez, where

oc is a real constant.
Proof: Since f (z)isanalytic in disc |z| <1expanding f (z)in taylor’s series about the origin.
Weget f(z)=a,+az+a,z" +.........

By hypothesis f (0)=0.Sowe have a,=0.. f(z)=az+a,2" +......... Let



g(z):@:a1+azz+a322+ ........
In the annulus |z| <1 g(z) g(z)is analytic (if g(0)=a, = f'(0)) suppose z =ais any arbitrary point of

this region choosen rs.t. a| <r <1. Since | f (z)|<1. We have

|7 (2)]

<
2]

l9(2)| =

(2)

1
.

f(a)|

By the maximum modulus principle (2) also holds in the region |z| <rso |g (a)| :‘

=|r

When r —1. We have |g(a)| < fga) <1 or |f (a)|<[a] in particular |g (0)|=|f '(0)|<1

Since a is arbitrary. We have | f (z)| < |z|for all z satisfying |z| <1. If this result holds at a single point then

|g(z)| will attain its maximum value and hence g(z)must reduce to a constant by (maximum modulus

theorem). Thus g (&) =1holds only when g(z)= mwe‘°‘. Where ocis a real constant
z

Hence f(z)=2ze". Where ocis a real constant.

Examples

Example.3 Use Rouche’s theorem to show that the equation z” —5z° +12 = 0lies between the circle
|z|=1and |z|=2.
Solution. Let c, represent the circle |z|=1and c,represent the circle |z|=2. Suppose f (z)=12and

g(z)=2""" we observe that both f (z)and g(z)are analytic within and on c,. Now



7' —52°
12

|z|7+‘—523‘ |z|7+5‘23‘ 145 1
12 12 12 2

9(2)]
1)

<1

Since |z|=1onC .. ‘ 9(2)

f(2)

or
l9(2)|<|f (z)|on ¢,

Hence by Rouche’s theorem f (z)+g(z)=2z"—52° +12has the same no. of zero inside c,as f (z)=12.
Since f(z)=12has no zeros inside c,theorem f(z)+g(z)=2"—-5z°+12has no zeros inside C.

Now consider the circle C,. Take F(z)=2"¢(z)=12-5z°. We observe that both F(z)

and ¢(z)are analytic within and on c,. We have

_[2-52°| _p2j+5)7 12452 _ 52 -1
ol T | 27 128

2)
)

since |z|=2 on C,
Thuson C,, |4(z)|<|F(z)|

Hence by Rouche’s theorem F(z)+¢(z)=2z" —5z°+12 has the same no. of zeros as F(z)=2z"inside C,.
Since F(z)=2z"has all the locked at the origin therefore Il the seven zero of z’ —5z%+12 lie inside the

circle C,.

Hence all the roots of the equation z” —5z° +12 = Olie between the circle |z|=1and |z|=2

: . : 3
Example.4: Use Rouche’s theorem to show that the equation z° +15z +1=0 has one root in the disc |Z| < 3

. 3
and fur roots in the annulus > < |z| <2.



Solution: Let f(z)=zand g(z)=|5z+1Now on the circle |z| = 2.we have |f (z)|=|z[ =2° =32
|9(z)| =[5z +1]<15|z|+1=31]|g(z)|<|f (z)| onthecircle |z|=2

Hence by Rouche’s theorem the function f (Z) =2°. Since the function

f (z) has a zero of order 5 at z =0 therefore all the five roots of

z°+15z+1=0 must lie inside the disc |z| < 2 Again for || <g. We have
|2 +1 <2 +1E+1£=|152|i(z =§j
32 2 2

. . 3 : . .
The function z° +15z +1has an many zeros in |z| < 5 as the function 15z. Since 15z has exactly one zero in

: : . .3
this region. So does z° +15z +1. Hence four of the zeros of z° +15z +1must lie in the ring E < |z| <2.

f
(Z) dz , where C encloses zero of

f(z)

Example.5: If f(z)=2°-3iz®+2z+i-1 then evaluate IC

f(z)?

Solution. Given f (z)has 5 zeros. .. N =5, it has no poles.

-.P=0. By Theorem N —P =2iAC arg f (2)
T

ij @)y _N_ps_0=5
27ide f(z)

or jc f (Z)dz=107zi.



14.8 Summary

A function which has poles at its only singularities in the finite part of the plane is said to be a meromorphic function.

Suppose that the only singularities of f (z) in the finite part of the z-plane are simple poles at a,,a,.,.......3,

arranged in the order of increasing absolute values. Also suppose that
(i) residues of f(z)at a,,a,,....a,be b,b,,.....h,
(if) <C, >is a sequence of circles (or rectangles or squares) of radii R, or R, is the

minimum distance of C_ from the origin) C, encloses a,,a,,....,a,and no other poles. On the circle

C,.|f (2)]<M,where M is independent of nand R, —coas n— oo.
- 1 1
Then for all values of z except poles, f(z)="f(0)+ an( " +a—J
n=1 Z— n n
_ N 1 f'(2)
If f(z)is meromorphic inside a closed contour C and has no zero on C, then 240 () dz=N-P
7i z

Where N is the no. of zeros and P the number of poles inside C, (a pole of zero of order m must be counted

m times).

N—-P= Zi ACarg f (z), where AC denotes the variation in arg f (z)as z moves once round C .
T

Let f(z)and g(z) be analytic inside and on asimple closed curve C and let log|g(z)|<|f (z)|on C. Then

f(z)and f(z)+g(z)have the same number of zeros inside C.

14.9 Terminal Questions

Q.1. What do you mean by meromorphic function?



Q.2. Explain the Mittag-Leffler’s expansion theorem.

Q.3. What do you mean by principle of argument?

Q.4. State and Prove Rouche’s theorem.
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